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PREFACE 



TO 



THE SECOND EDITION. 



Trigonometry is a department of mathematical 
science which in its nature is essentially analytical. 
It borrows from geometry no principle except the 
proportionality of the sides of similar triangles, 
and even this property may perhaps be more simply 
and clearly expressed by the language of analysis 
than by the phraseology of geometry. All the 
results of this science are matters of computation^ 
the quantities engaged in it are all numerical^ and 
the operations to which these quantities are sub- 
mitted are arithmetical. Some of the processes and 
quantities no doubt admit of geometrical expression; 
but in many instances this is not the case. Rela- 
tions are contemplated and combinations are formed 
wholly foreign to geometry ; problems are solved 
and investigations instituted under which the feeble, 
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though degajoU agency <^that science would sink 
poweiless. Nevertheless in most <^the dementaiy 
works which have been publidied on this part of 
mathematics, and parti<nilariy those in oor l a n guage, 
the subject has been presented under a geometrical 
form. An impression seems to have fixed itself on 
the minds of teachers that whatever was ei^lained 
by geometry was easily comprehended, but that 
the attainment of any thing which assumed an 
algebraical form was necessarily attended with 
Much difficulty. The fact that geometrical rea. 
acmiiig was understood with more fiuality than the 
language and principles of algebra, is not to be 
questicmed. I iq>prehend, however, that this did 
not arise from the difficulty cf the algebraical 
method or the superior simplicity €£ the geome- 
trical, but Jhmi the circumstance of the student's 
having previou^y obtained an extensive and ac- 
curate acquaintance with geometry and a practical 
fiucniliarity with its processes, while algehra was 
either wholly omitted or comparatively neglected. 
L«t a student be equally iamiliar with gecmietry 
and algebra, and it will 80on appear how much 
greater fiicility he will acquire in trigonometrical 
investigations by the lattvr« 
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The system has however been changed, and 
analytical science has in these countries at length 
obtained that attention as an elementary part of 
mathematical education^ to which its importance so 
justly entitles it« Students who are about to com- 
mence trigonometry have now generaUy obtained 
a competent knowledge of algebra, and the reasons 
which hitherto rendered it expedient to treat the 
subject geometrically no longer exist. In the fol- 
lowing treatise I have accordingly brought to my 
aid the powerful resources of analysis. On the 
property of similar triangles, already mentioned, as 
a basis, I have attempted to raise the whole super- 
structure of trigonometrical science by reasoning 
purely analytical. Nor have I found it necessary 
to resort to any principles beyond what must be 
considered the rudiments of algebra, except in 
those higher departments of trigonometry which 
are only read by students who have made consider- 
able progress in mathematics. Those who are 
conversant with the first principles of elementary 
algebra are competent to study all those parts of 
the present work which are necessary for the ele- 
ments of natural philosophy, and which are di- 
stinguished by an asterisk in the table of contents. 



Vm PREFACE. 

The power and facility of investigation which the 
student obtains by the use of the analytical method 
are not its only advantages. The great generality 
-of the theorems, the beautiful symmetry which 
reigns among the groups of results, the order with 
which they are developed one from another, offer, 
ing themselves as unavoidable consequences of the 
method, and almost independent of the will or the 
skill of the author, the singular fitness with which 
the sjnnbolical language of analysis adapts itself so 
as to represent, even to the eye, all this order and 
harmony, are effects too conspicuous not to be im- 
mediately noticed. Nor is the elegant form which 
the science thus receives from the hand of analysis 
a mere object pleasurable to contemplate, but 
barren of utUity. All this order and symmetry, 
which is given as well to the matter as the form, 
as well to the things expressed as to the characters 
which express them, not only serves to impress the 
knowledge indelibly on the memory, but is the 
fruitful source of further improvement and dis- 
covery. 

The table of contents presents so complete an 
analysis of the work, that any further account of 
its arrangement would ,be superfluous. The first 
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three sections of the second part might, perhaps, 
more properly come under the title of sph^cal 
geometry. However, as the formulae and theorems 
of spherical tr^nometry have an intimate and 
necessary connexion with the subject of these 
sections, and as they are not cmitained in other 
works commcmly used in the universities, to have 
omitted them would be going too fiur in the sacri- 
fice of utility to system. I have devoted consider- 
able attention to the section on the solution of 
spherical triangles, and hope that I have succeeded 
in rendering the discussion of it more full and 
satis&ctory than is usual. 

GeodsBsy, a subject of peculiar interest and 
much neglected in trigonometrical works, occupies 
the tenth section of the second part* This would 
form an interesting subject for a separate treatise ; 
but as we have no such work in our language, I 
conceived that it might be useful to introduce in 
the present work the rapid sketch contained in 
that section. For the materials of it I am indebted 
for the most part to B€ise du Systhne Metrique, 
&c. of Delamhre^ Traitt de Giodisie of Puissant^ 
2^he Survey of EngUmd and Wales by General 
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Boy 9 Col. Mudge, &cc. besides several other sources 
of later information. 

To Poinsofs Memoir on the Analysis of Angular 
Sections I owe those important corrections and 
improvements of the common formulae, expressing 
the relations of multiple arcs, which are now for the 
first time introduced into an elementary treatise. 

In this second edition numerous corrections and 
improvements have been introduced in almost every 
part of the work. Many of the most important 
have been suggested by my friend Professor De 
Morgan ; among which the demonstration of the 
fundamental formulae in p. 28 merits particular 
notice. The demonstration given in the former 
edition was derived from the property of a quadri- 
lateral inscribed in a circle, of which, indeed, the 
formulae themselves are little more than an ana- 
lytical translation. The present proof, however, 
has the advantage of being derived immediately 
from the definitions of the sine and cosine pre- 
viously given in p. 16. By this change all the re- 
sults of the science are, as they ought to be, con- 
nected immediately with its definitions. 
* The articles marked with an asterisk in the 
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Table of Contents form the course which Professor 
De Morgan recommends for those students in the 
university who intend to limit their mathematical 
studies in the university to one year. 

Extensive tables of trigonometrical formulas are 
placed at the end of the volume for the general 
purposes of reference. 



London, 
3S, Percymiireet, Bedford^square, 
May, 1828. 



CORRIGENDA. 



Page 96, line xXufor %m,c — , read tan.c -|-. 

120, line 2 from the bottom,^ cos.a =, read oo8.a 
Table IV. eO^fir tan,«(45'> + ^), read taii.*(46<» - ^). 
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PART I. 



THE ELEMENTS OF PLANE TRIGONOMETRY. 



* SECTION I. 

Page 

Of angles and arcs 1 

(1.) The object and uses of trigonometry.' 

(2.) Manner of expressing angular magnitude adopted by 
English mathematicians, or the sexagesimal division, notation 
of degrees, minutes, seconds, and signs. 

(3.) Method adopted by some foreign mathematicians, or the 
decimal division. 

(4.) Method of transmuting decimal denominations into sexa- 
gesimal, and vice versa, 

(5.) Application of these divisions to arcs. 

(6.) Similar arcs are of the same denomination: given the 
denonnnation of any arc and the absolute length of the whole 
circumference, to find the absolute length of the arc. 

(7.) Approximate value of the radius of a circle expressed in 
seconds of the circumference. 

(8.) Given the radius and an angle in seconds at the centre of 
the circle, to find the length of the corresponding arc. 

(9.) Given the length of the arc and the angle in seconds 
which it subtends at the centre, to compute the length of the 
radius. 

(10.) Given the length of the arc and the length of its radius, 
to compute the seconds in the angle which it subtends at the 
centre. 

(11.) Cor, Angles are as their ai'cs directly, and as their radii 
inversely. 
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(12.) Manner of expressing angles and arcs by reference to a 
raditts unity. 

(13.) Given the radius and an angle at the centre related to 
the radius unity, to compute the length of the corresponding arc. 

(14.) Given the length of an arc and the angle which it sub- 
tends at the centre related to the radius unity, to compute the 
length of the radius. 

(15.). Given the length of an arc and the length of the radius, 
to compute the angle which it subtends at the centre related to 
the radius unity. 

(16.) Angular magnitude susceptible of unlimited increase. 

(17.) Manner of expressing angles of different degrees of mag- 
nitude by means of general symbols. 

(18.) Negative angles : manner of expressing circular arcs. 

(19.) Dg^*. Complement of an angle : supplement of an angle. 



* SECTION II. 

Defimtions of trigonometrical terms and their rnvtuoi re^ 

lations 16 

(20.) Property of a right-angled triangle the foundation of 
trigonometry. 

(21.) Definitions of the sine, tangent, secant, cosine, cotangent, 
and cosecant of an angle. 

(22.) These trigonometrical quantities properly numbers : how 
represented by right lines. 

(23.) Definitions of versed sine, coversed sine, suversed sine, 
chord. 

(24.) Rule for transforming any formula composed of quan- 
tities related to the radius unity into another related to any pro- 
posed radios. 

(25—34.) Formulse expressing the mutual relations of the 
several trigonometrical terms deduced from their definitions^ 

(35.) Table exhibiting at one view the results of the preceding 
articles. 

(36.) Manner in which the sines and cosines change their signs 
according to the values of the angles to which they are related. 

(37') The signs of. the tangent^ cotangent, &c, depend on 
those of the sine and cosine : signs of the sines, cosines, &c. of 
the several arcs terminated in the several quadrants. 

(38.) Arcs whose sines and cosines are equal. 

(39.) A change in the sign of an angle makes no change in its 
cosine, but changes the sign of its sine. 

(40.) Another series of arcs whose sines and cosines are 
equal. 
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SECTION III. 

On the relations between angles and their sums and dif- 
ferences 28 

* (42.) Twice the sine of any arc is equal to the chord of 
double that arc, 

* (43.) Given the sines and cosines of two arcs^ to find the 
sine and cosine of their sum and difference, 

sin.(a;±:ei;')=sin.c(icos.tt;'±:sin.tt;'cos.e(i . . . • H], 
co8.(a; + tt;')=cos.tt;cos.a;'-Psin.a;sin.c<;' .... ^2^. 

* (44.) Four formulae deduced by adding, subtracting, midti- 
plying, and dividing the two formulae Ql]]- 

* (45.) Formula expressing the sine of the sum or difference 
of two arcs in terms of their tangents and cosines. 

* (46.) Four formulae deduced from the formulae p] by the 
four arithmetical operations. 

* (47*) Formula expressing the cosine of the sum or difference 
of two arcs in terms of the cotangents and sines. 

* (48.) Given the tangents of two angles, to determine the 
tangents of their sum and difference. 

(49.) Given the cotangents of two angles, to find the cotan- 
gents of their sum and difference. 

(50.) Given the secants and tangents of two angles, to find 
the secant of their sum and difference. 

(5 1 .) Given the cosecants and cotangents of two angles, to 
find the cosecant of their sum and difference. 

* (.')2.), (53.) Transformation by which a formula expressing 
relations between the sum and difference of two angles and the 
angles themselves, may be changed into one expressing a relation 
between the angles and their half sum and half difference. 



* SECTION IV. 

On the relations between the sines^ cosines^ S^c. of angles^ 
and those of their dmibles and halves. Trigonoinetriccd 
terms connected with particular angles .... 34* 

(55.) To determine the sine and cosine of double a given 
angle. 

(56.) To determine the tangent and cotangent of double a 
given angle. 

(57.) To determine the secant and cosecant of double a given 
angle. 
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(58.) To determine the sine and cosine of half of a given 
angle. 

(59.) Cor. Formnla for the sine of an angle in terms of half 
that angle. 

(60.) To determine the tangent and cotangent of half of a 
given angle. 

(61.) To determine the secant and cosecant of half a given 
angle. 

It 
(62.) To determine the sine, cosine, &c. of— or 45^. 

If 
(63.) To determine the sine, cosine, &c. of — or 60®. 

(64.) To determine the sine, cosine, &c. of -^ or 30*. 





* SECTION V. 

On the solution of plane triangles ... 40 
(fi^^) General the(Mry. 

I. The solution of tight-angled triangles. 

(fi7') All questions of the solution of right-angled triangles 
reducible to four cases. 

(68.) 1®. Given the two sides, to find the hypothenuse and 
either angle. 

(69.) 2®. Given the hypothenuse and one side, to find the 
other side and either angle. 

(70.) 3®. Given the hypothenuse and one angle, to find the 
sides. 

(71.) 4®. Given a side and an angle, to find the hypothenuse 
and the other side. 

II. The solution of oblique-angled triangles. 

(72.) The sides of a plane triangle are as the sines of the op- 
posite angles. 

(73.) The sum of two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles to 
the tangent of half their difference. «. 

V.74.) FormulaB for the sine, cosine, tangent, and cotangent of 
half the difference of any two angles of a plane triangle. 

{7b.) The square of any side of a plane triangle is equal to 
the sum of the squares of the two remaining sides diminished by 
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twice the rectangle under them, multiplied by the cosine of the 
included angle* 

(76.) Formulae for the sine of an angle^ the sine and cosine 
of its haif^ and the tangent of its half, expressed in terms of half 
the perimeter^ and adapted to logarithmic calculation. 

(77') Area of a triangle in terms of the semiperimeter. 

(78.) tan.^B =s cot.^c , 

s 

tan4-B s—c 



tan^c s—b' 

(79.) All problems respecting oblique-angled triangles may be 
reduced to one of five general cases. 

(80.) 1°. Given two sides and the angle opposite to one of 
them. 

(81.) 2°. Given two sides and the included angle. 

(82.) 3^. Given two angles and the side opposite to one of 
them. 

(83.) 4°. Given two angles and the included side. 

(84.) 5°. Given the three sides. 

(85.) If in a plane triangle any three parts be ^ven, one at 
least being a side, the other three may be computed. 

Note on hgaritJims. 

(86.) The use of logarithms in the solutidn of triangles. 

(87.) Fundamental theory of logarithms. 

(88.) Logarithmic tables. 

(89.) General rules for multiplying and dividing numbers by 
the aid of logarithms. 

(90.) General rules for performing involution and evolution by 
logarithms. 

SECTION VI. 
Geometrical appliaxtions of plane trigonometry • • 57 

(91.) Given the base and vertical angle to construct the tri- 
aagle> so that the sum of its sides shall be a maximum. 

(92.) Given two sides and the difference of the opposite an- 
gles, to compute the angles and the remaining side. 

(93.) Given two angles and the sum or difference of the op- 
posite sides, to compute the sides severally. 

(94.) Given an angle, one of the including sides, and the dif- 
ference of the remaining sides, to determine the triangle. 

(95.) To compute the segments of the base made by the bi- 
sector of the vertical angle. 
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(58.) To determine the sine and cosine of half of a given 
angle. 

(59.) Cor, Formula for the sine of an angle in terms of half 
that angle. 

(60.) To determine the tangent and cotangent of half of a 
given angle. 

(61.) To determine the secant and cosecant of half a given 
angle. 

It 
(62.) To determine the sine, cosine, &c. of— or 45^. 

If 
(63.) To determine the sine, cosine, &c. of— or 60®. 

If 

(64.) To determine the sine, cosine, &c. of -^ or 30*. 





* SECTION V. 

On the solution of plane triangles ... 40 
(fi^*) General theory. 

I. The solution of right-angled triangles. 

(fi7>) All questions of the solution of right-angled triangles 
reducible to four cases. 

(68.) 1®. Given the two sides, to find the hypothenuse and 
either angle. 

(69.) 2®. Given the hypothenuse and one side, to find the 
other side and either angle. 

(70.) 3®. Given the hypothenuse and one angle, to find the 
sides. 

(71.) 4®. Given a side and an angle, to find the hypothenuse 
and the other side. 

II. The solution of oblique-angled triangles. 

(72.) The sides of a plane triangle are as the sines of the op- 
posite angles. 

(73.) The sum of two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles to 
the tangent of half their difference. «> 

V.74.) FormulaB for the sine, cosine, tangent, and cotangent of 
half the difference of any two angles of a plane triangle. 

(75.) The square of any side of a plane triangle is equal to 
the sum of the squares of the two remaining sides diminished by 
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twice the rectangle under them, multiplied by the cosine of the 
included angle. 

(76.) Formulae for the sine of an angle> the sine and cosine 
of its half^ and the tangent of its half, expressed in terms of half 
the perimeter^ and adapted to logarithmic calculation. 

(77') Area of a triangle in terms of the semiperimeter. 

s — o 

(78.) tan.-^B =s cot.^c , 

s 

tan.TB 8—c 
tan. 4c s—b' 

(79.) All problems respecting oblique-angled triangles may be 
reduced to one of five general cases. 

(80.) 1°. Given two sides and the angle opposite to one of 
them. 

(81.) 2°. Given two sides and the included angle. 

(82.) 3^. Given two angles and the side opposite to one of 
them. 

(83.) 4°. Given two angles and the included side. 

(84.) 5°. Given the three sides. 

(85.) If in a plane triangle any three parts be ^ven, one at 
least being a side> the other three may be computed. 

Note on logarithms. 

(86.) The use of logarithms in the solutidn of triangles. 

(87.) Fundamental theory of logarithms. 

(88.) Logarithmic tables. 

(89.) General rules for multiplying and dividing numbers by 
the aid of logarithms. 

(90.) General rules for performing involution and evolution by 
logarithms. 

SECTION VI. 
Geometrical applications of plane trigonometry • • 67 

(91.) Given the base and vertical angle to construct the tri- 
angle^ so that the sum of its sides shall be a maximum. 

(92.) Given two sides and the difference of the opposite an- 
gles^ to compute the angles and the remaining side. 

(93.) Given two angles and the sum or difference of the op- 
posite sides^ to compute the sides severally. 

(94.) Given an angle^ one of the including sides, and the dif- 
ference of the remaining sides^ to determine the triangle. 

(95.) To compute the segments of the base made by the bi- 
sector of the vertical angle. 
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(96.) Given an angle^ the sum or difference of the containing 
sides, and the opposite side, to compute the remaining angles. 

(97.) Given an angle> one of the including sides, and the sum 
of the other two sides, to determine the remaining angles. 

(98.) Given two sides and the included angle, to compute the 
segments of that angle made by a perpendicular upon the third 
side. 

(99.) Given two sides and the included angle, to compute the 
segments of that angle made by the bisector of the opposite side^ 

(100.) Given the four sides of a quadrilateral whose opposite 
angles are supplemental^ to determine its area and angles. 

(101.) To determine the distances of two inaccessible but 
visible objects, from the observer and from each other. 
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* SECTION I. 

Of the sphere 67 

(102.) Def, Genesis of a sphere. Its radii and centre. 

(103.) The section of a sphere by a plane is a circle. 

(104.) Cor, The greatest section is that whose plane passes 
through the centre, and all such sections are equal. 

(105.) Def, Great circles. 

(106.) Def Lesser circles. • 

(107.) Cor. Lesser circles equidistant from the Centre are 
equal. 
. ( 108.) To draw a tangent plane to any point upon a sphere. 

(109.) Cor. .Tangent planes, through the extremities of the 
same diameter, are parallel 3 and more than one cannot be drawn 
at the same point. 

(110.) To determine the locus of the centres of a system of 
parallel circles on a sphere. 

( 1 1 h) Def The axi9 of a circle. 

(112.) Def The poles of a circle. 

(113.) Def Secondaries. 

(114.) Cor. 1 . To determine the poles of a great circle. 
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tU5.) Cor, ^4 The arcs of ail secondaries between the primary 
and its poles are = 90°. 

(116.) Cor, 3. If three great circles be mntually secondary, 
the intersections of the planes of any two will be the axis of the 
third, and the intersections of the circumferences of any two will 
be the poles of the third. 

(117.) All great circles bisect each other, and a secondary 
bisects all parallels to its primary. 

(1 18.) To determine the relation between the radius of a lesser 
circle, its distance from the great circle to which it is parallel, 
and the arc of a secondary intercepted between them. 

(119.) Two secondaries intercept similar arcs of parallels to 
their primary, and these arcs are as the cosines of the arcs of the 
secondaries between the parallels and the primary. 

(120.) The angle under two great circles is equal to the angle 
under their planes. 

' (121.) Cor. If two great circles intersect^ the angles vertically 
opposite are equal. 

' (122.) Distances on the surface of a sphere are measured by 
arcs of great circles. 

' (J 23.) But one great circle can be drawn through two points 
on the surface of a sphere, which are not opposite extremities of 
the same diameter. 

(124.) The angle under two great circles is equal to the 
distance between their poles. 

(125.) The angle under two great circles is equal to the arc 
of a common secondary intercepted between them. 
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Of spherical triangles . • • • • 7S 

' (126.) Definition of a spherical triangle. 

(127.) Any two sides of a spherical triangle are together 
greater than the third side. 

(128.) Cor, The difference of any two sides is less than the 
third side. 

(129.) The sum of the three sides is less than the circum- 
ference of a great circle. 

(130.) Cor, The periphery of a spherical polygon is less than 
the circumference of a great circle. 

(131.) Eight triangles formed by three great circles. 
, (132.) Cor. 1. Given any one of these eight triangles to de- 
termine the others. 

(133.) Cor, 2. Any four of the eight triangles different each 
from each other roust be together equal to a hemisphere. 

(134.) If the intersections of three great circles be the poles 

b 
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of three otliers^ the intersections of the latter will be the poles 
of the former. 

(135.)9 (136.) General theory of polar triangles. 

(137.) Def. Qnadrantal triangle. 

(138.) Car. 1. The polar triangles of a right^ngled spherical 
triangle are quadrantal. 

(139.) Cor, 2. To express the semisiuns of the sides of the 
fotir polar triang[les in terms of the semisnms of the angles of the 
given triangle. 

(140.) The snm of the three angles of a spherical triangle 
cannot be less than two right angles, nor greater than six. 

(141.) Cor. 1. The angles of a spherical triangle may be all 
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PART L 

THE ELEMENTS OF PLANE TRIGONOMETRY. 



SECTION I. 

Of Angles and Arcs. 

{1.) The object of Trigonometry was ori^nally the solu- 
tion of problems, in which some of the sides and angles of a 
triangle are given to compute the others. Like all parts of 
sdence, however^ its objects became more extensive as know*- 
ledge advanced and discovery accumulated; and this depart- 
ment of mathematical science, which was at first confined to 
the solution of one general problem, has now spread its uses 
over the whole of the immense domains of the mathematical 
and physical sciences. In the wide range of modem ana- 
lyas, there is scarcely a subject of investigation to which 
trigonometry has not imparted clearness and perspicuity by 
the use of its language and its principles ; and the physical 
investigations of philosophers of our times are still more 

b2 
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largely indebted for their conciseness, elegance, and ge- 
nerality, to the symbols and established formulae of this 
science. 

In its present improved and enlarged state, trigonometry 
might not improperly be called the angvla/r calctdus; for 
however extensive and various its more remote uses and 
applications may be, its immediate object is to institute a 
system of symbols, and to establish principles by which 
angular magnitude may be submitted to computation, and 
numerically connected with other species of magnitude ; so 
that angles and the quantities on which they depend, or 
which depend on them, may be united in the same analytical 
formulae, and may have their mutual relations investigated 
by the same methods of computation that are applied to all 
other quantities. 

(S.) There are two methods by which angular magnitude 
may be numerically expressed. The first consists in assuming 
arbitrarily some angle as the angular unit, and expressing 
other angles by the numbers which are related to the nu- 
meral unit in the same manner as the proposed angles are 
to the angular unit. 

Two right lines drawn through the same point at right 
angles divide the space surrounding the point and in the 
plane of the lines, into four equal angular spaces called 
right angles. If lines be supposed to be drawn through the 
point of intersection of these two lines dividing each of the 
four right angles into ninety equal angles, each of these angles 
is called a degree; and therefore the entire angular space 
around the point consists of four times ninety, or 360 degrees. 
If each of these angles, called degrees^ be divided into 60 
equal angles, each of these smaller subdivisions is called 
a minute. 

In like manner each mimde being subdivided into sixty 
equal angles, these subdivisions are called seconds. 
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A second is the smallest angle which has received a 
distinct denomination. All smaller angles are usually ex- 
pressed as decimal parts of a second. 

Thus, according to this division of angular magnitude, a 
second may be considered as the angular unit. 

In astronomy another denomination is sometimes used ; 
the third part of a right angle, or thirty degrees, being 
called a sign. 

Thus, all the angular space in the same plane surrounding 
a point con^ts of twelve signs *. 

Degrees are expressed by placed over their number. 

Thus, forty-five degrees, or half a right angle, is ex- 
pressed 45^; thirty degrees, or a third of a right angle, 
thus, 8(K>. 

Minutes are expressed by an accent ' placed over their 
number, thus, ff signifies five minutes ; and seconds by a 
double accent ^^ thus, 51^ signifies five seconds. 

Thus, 

36^ IT W.S 
signifies thirty-five degrees + 17 minutes + 10 seconds 
+ 5 tenths of a second. 

In a similar way s over the number denotes signs. Hence 
the meaning of 

4* 25^ 17' W.S 
is obvious. 

(8») In some foreign mathematical and physical works a 
different division of angles is used, with which it is necessary 
the student should be acquainted. It has been long con- 
sidered that the division of the right angle into ninety equal 



* This division of the angular space round a point arose 
from the twelve signs of the zodiac, each of which occupies 
thirty degrees. 
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parts was unnatural and inconvenient, and several mathe- 
maticians, both British and continental, have from time to 
time proposed a decimal division. This has been actually 
carried into effect in France, and adopted by many writers 
of that country. They divide the angular space round 
a pdnt into four hundred equal parts, which they call 
d^rees. 

Each degree is divided into a hundred minutes, and 
each minute into a hundred seconds, and so on. 

Thus it is equally easy to express an angle in d^ees 
and decimal parts of a degree, as in degrees, minutes, and 
seconds, 

36^667329 = 3& 5& 73" 29"'. 

The mark "' denoting hundredth parts of a second. 

The degree may here, therefore, be taken as the angular 
unit. 

The former division is called the sexagesimal^ and the 
latter the decimal division. 

(4.) The sexagesimal division is generally thought to 
have originated with the Egyptians, who supposed the 
yea^ to consist of 360 days, and, therefore^ that the sun 
described in each day the 360th part of four right angles. 
Besides, it has been considered that the number 360 is con- 
venient in admitting of a great number of divisors, as 
2, 3, 4, 6, 6, 8, 9, 10, 12, 15, &c. 

Whatever be the advantages of these different divisions, 
custom has almost universally prevailed in favour of the 
sexagesimal division. In the present treatise, therefore, 
we shall generally use it It may be useful, however, to 
give a general rule for translating the expressions for angles 
according to either division into expressions for the same 
angles according to the other. 

Let a; be a degree of the decimal division, and y a d^ee 
of the sexagesimal division. Hence 
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lOOx = 90y, or 10;r = 9y, 
••• a? = y X 0.9, 

,. y = a? + 7r. 

Again, let a? be a minute of the decimal, and y of the 

sexagesimal division. Hence 100«r is a decimal degree, and 

fiOy a sexagesimal degree. 

Substitutrng these for x and t/ in the fcnrmer equation, 

we find 

lOOr = % X' 0.9, 

\x= 6y X 0.09; 

27 
or a: =^3,, 

- SO 
••• & - 27^- 

In like manner, if x be a decimal second, and y a sexa- 
gesimal second, by substituting IOOj? and 60y for x and y 
in the last equation, we obtain 

_ 3* 
^ "" 250^^' 

250 
••• y = -gT^- 

By which formulae, angles expressed relatively to eithei: 
division may be translated into the other. 

In transmuting decimal into sexagesimal denominations, 

the following table may be useful : 

Decimal. SexagesimaL Sexage^mal. Decimal. 

F =54/ =8240" P '=Pll'lFlF,8cc. 

1' = 82".4 1' =V Sfff 1»".61, &c. 

I'' =0»^24.] F =8»8'".64. 

From this table the value of any number of decimal de- 
grees, minutes, and seconds, may be obtained in sexage* 
simal degrees, minutes, and seconds, by nmple multipli- 
cation. 

(5.) The angular space surrounding a point being sup- 
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posed to be divided by lines intersecting at that point into 
any number of angles of any magnitudes, if a circle be de- 
SCTibed with any line as radius, and that point as centre, the 
circumference of that circle will be divided into as many 
arcs as the angular space surrounding the point is divided 
into angles, and the relation of the magnitudes of these arcs 
is the same as that of the angles, each arc bearing to the 
entire circumference of the circle the same ratio as the 
corresponding angle bears to four right angles. 

It is usual to give an arc of a circle the same denomina- 
tion as that of the angle which it subtends at the centre of 
the circle. Thus, arcs of a circle which subtend at the 
centre angles of 1% 2*^, or 3®, are called one, two, or three 
degrees of the circumference of a circle, and the same ob- 
servation extends to minutes, seconds, &c. 

These denominations, however, when used to express 
cirbular arcs, do not express their absolute length, but only 
denote their ratios (o the whole circumference ; thus an arc 
of one degrise is the 360th part of the entire circumference. 

(6.) Similar arcs of circles are defined in geometry to be 
those which bear the same ratio to their respective circum- 
ferences, from whence it follows that they must consist of 
the same number of degrees, minutes, and seconds, or be 
arcs of the same denomination. Let n be the denomination 
of two similar arcs a, a', of which the circumferences are 
c, c'. Hence 

n n , 

360 ' 860 ' 

these formulae show the absolute length of the arc when its 
denomination and the absolute length of the whole curcum- 
, ference are known. 

It is an established principle of geometry, that the cir- 
cumferences of different circles are proportional to their 
radii ; and hence we infer that similar arcs of circles are 
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also proportional to their radii, and vice versa. Two arcs 
of different circles, therefore, which bear the same ratio to 
their respective radii must be similar, and therefore consist 
of the same number of degrees, minutes, and seconds. 

(7.) From these principles it follows that an arc of one 
second of all circles is contained the same number of times 
in their radii, and from the calculation of the ratio of the 
circumference of a circle to its diameter [Geometry (375.) ]» 
it is known that this number differs from 206265 by a small 
fraction. Therefore the radius of any circle differs from an 
arc of 206265 seconds by a small fractional part of a second. 
The circumference of a circle being incommensurable with 
its diameter, it is impossible to express the exact length of 
the radius in seconds and parts of a secoild. 

The number above mentioned, however, gives its length 
with sufficient accuracy for practical purposes. 

We are thus enabled to solve the following problems. 



PROP. I. 

(8.) Given the radius of a circle and an angle in seconds 
at Us centre^ to compute the length of the corresponding arc 
of the circle. 

Let r be the radius, n the angle in seconds, and ^ the 

arc. 

By the principles just laid down, it appears that 

n 
206265 :n::r: X = r . gQgggg- 

Thus, if the distance (r) of any object^ as the sun, moon, 
or a f^net, be ^ven, and its apparent magnitude (n), or 
the angle it subtends at the eye, be measured, its actual 
diameter (x) may be computed. 
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PROP. II. 

(9.) Given the length of a circular arc and the angle in 
seconds which it svitends at the centre of the circle, to 
compute the length of the radius. 

Let a be the arc/ n the seconds of the angle, and <r the 
radius. Hence 

o/ujo^er 206265 

n : 206265 ::a: a: = a . 

n 

Thus, if the absolute diameter (a) of any object, as the 

sun, moon, or a planet, be given, and its apparent diameter 

(n) be measured, its distance (:r) may be computed. 

PROP. III. 

(10.) Given the length of a circular arc and the length 
of its radius, to compute the seconds in the angle which it 
subtends ai the centre of the circle. 

Let a be the arc, r the radius, and x the seconds in the 
angle. Hence 

r : a : : 206265 : x = 206265 • — . 

r 

(11.) Cor. Hence, angles in general are proportional to 
their arcs divided by their radii, or they are directly as 
their arcs, and inversely as their radii. 

(12.) The method of expressing angles and arcs explained 
in the preceding articles refers all angles to an angular unit 
of a degree, minute, or second ; and all arcs, as well as their 
radii, are computed by the number of seconds of the cir- 
cumference which they contain in their length. There is, 
however, another method of expressing these quantities. 
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which is used in works of science as frequently as the former, 
and in which they are all referred to a radius which is con- 
adered as unity. 

The exponent of the ratio of the circumference of a circle 
to its diameter being expressed in general by the symbol i*, 
the numerical value of t determined by the differential cal- 
culus is [Greom. (375.)], 

It = 3.141692. 
This number then expresses, quam proxime^ the ratio of the 
semicircumference of a circle to its radius, so that if r be the 
radius, and c the circumference, we have 

c = 2nf. 

By means of this number v we obtain another method of 
expres^ng angles by the numerical exponent of the ratio of 
the arcs which they subtend to their radii. Thus, if ctf in 
this way express an angle, it is meant that ea is a number 
which bears to unity the ratio which the arc subtending the 
proposed angle bears to its radius. This number must be 
evidently the same for all arcs which subtend the same 
angle, since, being similar, they bear the same ratio to their 
respective radii* Angles thus expressed may be conndered 
equivalent to arcs whose radius is unity. 



PROP. IV. 

(13.) Given the radius qfa circle and an angle at its 
centre related to the radim unity j to compute the length of 
the corresponding arc. 

Let the radius be r, the angle a;, and the arc a. Hence 

1 : w : : r : X, 
•»• X = rw. 
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PROP. V. 

(14.) Given the leiigth of an arc and the angle which it 
subtends at the centre related to the radius unity ^ to com- 
pute the length of the radius. 

Let a be the arc, w the angle^ and x the radius. 
As before, 

a 



PROP. VI. 



(16.) Given ilie length of an arc and the length of its 
radius J to compute the angle which it subtends at the centre 
related to the radius unity. 

Let a be the arc, r the radius, and w the angle, 

a 

Ml = — . 

r 
(16.) Angles contemplated in common geometry being in 
general the angles of triangles, do not exceed two right 
angles, or 180^, as explained in (2.), or tt as in (1^*)- Some 
geometers, however, considering polygons as susceptible of 
reentrant angles, have extended their views to angles greater 
than 180®, or ir, but less than 360®, or ^it. We shall, how- 
ever, take a more extensive view of angular magnitude, and 
consider it, like aH other species of quantity, as susceptible of 
unlimited increase, as well as unlimited diminution. Let 
any point c be assumed, and a line ca drawn from that 
point in any direction ca be considered fixed. Through 
the same point c let another indefinite right line cAo be 
conceived to be drawn and moved round the point c in the 



/ 
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same plane, commencing from coincidence with the fixed 
line CA, and moving in the direction a^ Aj, a,, a^ • • . . . . 
The angular space which this hne has described in its revo- 
luti(m from its coincidence with ca being to, it is not difficult 
to conceive to susceptible of unlimited increase. When the 
revolving line assumes the position CAg in directum with CAo 
its first position, it has described an angle = tt, or 18(P. 
When below the position ca^ as at CA7, the angle oa is 
greater than ^, and increases until it again coinddes with CA 
when uf = Sn*. It then commences a second revolution, when 
the angular space it has described is greater than %r, and 
by continuing to revolve it successively becomes 3*, 4frt, Sft, 
.... every even multiple of tt corresponding to a return to 
its primitive position, and every odd multiple marking ex- 
actly the opposite direction. Thus angular magnitude may 
be conceived to be susceptible of unlimited increase. ^ 

(17.) To explain the method of expressing angles of dif- 
ferent degrees of magnitude, let two indefinite right lines be 
assumed intersecting at a fixed point c at right angles^ and 
whose position we shall consider fixed. In their plane let 
an indefinite right hne be conceived to revolve rpund the 
centre c as already explained? and in its initial position let 
it coincide with ca. Let ca express, in general, an angle 
which is less than a right angle. 

The angular motion of the revolving line originating in 
CA, it will be found successively in the positions ca, ca', ca', ^r iS^ 



14 PLANE TRIGONOMETRY. SECT. I* 

after describing one, two, and three right angles, that is, 

after describing the angles -^, ir, and-^ respectively. It 

will be found in its initial position after describing four right 
angles or 9.Te. 

In the second revolution, when it attains these four 
positions, it has described 5, 6, 7, and 8, right angles, or 

* In general, when the revolving line assumes the position 
CA, it has described some complete number of revolutions, 
and as one revolution is expressed by Stt, the angle it has 
described, whenever it assumes this position, must be ex- 
pressed by SiiTT, n denoting any term of the series 

\}j 1, S«, o, • • • . 

To express, in general, the angle which it has described 
when it assumes the positions ca, ca', and ca', it is only 
necessary to add one, two, and three right angles, or 

-g-, *•, and -^, to the angle Swii', which it has described 

when it assumes the position ca. Hence, at ca it has de- 
scribed 

(a» + 4:)ir. 
At ca', 

(2wH-l)7r; 
and at co', 

as indicated in Table I. 

The angle which the revolving line has described when 
it is in the angle Aca may be expressed either by adding 
(JO to the angle described in the position cA, or subtracting w 
from that described in the portion ca. Hence it is ex- 
pressed by either of the formulae 

9,vnc + fti, 
(2n + 4-)ir - «;. 
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In like manner the angle described when it is m the angle 
oca! may be expressed either by adding a; to the angle de- 
scribed in the position cff, or subtracting cu from that de- 
scribed in the position ca'. Hence it is expressed by either 
of the formulae 

(2» + i)ie + en, 
{9.n 4- !)«• - w. 

By methods exactly similar we may express the angle de- 
scribed when the revolving line is in the angle A'ca' by either 
of the formulae 

(2ii + 1)* + ^f 
(2n + ^.y — a;. 
And the angle described when it is in the angle o^cA by 
either of the formulae 

(2n + |)ir + w, 

These results are all indicated in Tab. I. Cdj^ if'p' Jb^^^Jl;} 

(18.) A negative angle — a; should be measured from 
CA towards cof in the direction opposite to that of the posi-^ 
tive angles. For — a; is what ^nic — w becomes when 
n = 0, and this in general indicates an angle in aco^ the 
revolving line making with ca the angle w. 

Circular arcs described round the centre c with a radius 
equal to the linear unit may be obviously expressed in the 
same manner as has been already applied to the angles; 
and if the radius be r, the arcs will be found by multipljoi^ 
r(13.) by the expressions already found for the angles; 
thus, w becomes rw ; Sntf + w becomes r{^ic + w), &c. &c. 

(19,) The angle -^ — w is called the complement of w, and 
the angle ^ — wis called the supplement of w. 
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SECTION II. 

Definitions of trigonometrical terms and their muttuil 

relations. 

(20.) It is an establish^ property of a right angled 
triangle^ that if the ratio of any pair of its sides be known^ 
the angles and the ratios of the other sides may be found. 
This forms the fundamental principle of trigonometry^ th^ 
exponents of these ratios being here adopted as the criterions 
for the determination of the angles. 

To illustrate this, suppose that it be ^ven, that the 
number y is the exponent of the ratio of the side of a right 
angled triangle to its hypothenuse, and it is required to de- 
termine the opposite angle. Upon any right line as dia- 
meter, let a semicircle be described, and from either ex- 
tremity let a chord be inflected equal to two thirds of the 
diameter, and the triangle completed. The angle opposite 
this chord is the sought angle. 

In place, however, of effecting this construction, the com- 
putist has only to refer to tables which have already been 
calculated, in which the magnitude of the angle he seeks is 
registered with the given exponent |^, which determines it. 
Of the methods for constructing such tables we shall speak 
bererfter. ;■ 

(21.) As there are three pairs of sides in a right angled 
triangle differently related to either of its acute angles, so 
there are three ratios which will determine the angle. 

Let u) be the angle, and y the' opposite side, x the ^con- 
taining side, and r the hypothenuse ; the angle m may be 
indifferently determined by any of the three numbers 
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y 


y 


r 


r' 


x' 


X 



The first — is called the sine of > the angle a;, the second 

— is called its tangent^ and the third — is called its secant. 

The origin of these denominations we shall presently ex- 
plain. 
The three ratios which are the reciprocals of those already 

expressed, sciL 

X X r 

bear the same relation to the other acute angle of the tri- 
angle as the former do to the assumed one. One acute 
angle being the complement (19>) of the other, it follows 

XX r 

that — , — ^ and — , are the sine, tangent, and secant of 

the complement of the proposed angle, and are thence called 
its eo-sine, co-tangent, and co-secant. 

(S2.) It appears from what has been just stated that 
these trigonometrical quantities, sines, tangents, secants, co- 
sines, co-tangents, and co-secants, are properly numbers, 
which are the exponents of the ratios of the lengths of 
certain right lines by which the angles may always be con- 
structed, or which, by reference to computed tables, will im- 
mediately indicate them. It is usual, however, to represent 
these quantities by right lines which are proportional to 
them, a certain length being first arbitrarily assumed as the 
linear unit. 

With the centre c, and the linear unit ca as radius, let 
a circle be described, and let another radius ca" be drawn, 
making any angle w with the initial radius ca. From a" 
draw the perpendicular a"p to the initial radius ca, and 
fifom A draw the tangent, and produce ca" to meet it 
at T. Now, if y, a?, and r, be the three sides of a right 

c 
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angled triangle similar to a^'fc, m being the angle opposite to 
^, we have 



i/._ 



a"p 



= sm. ca. 



r CA 

But since ca is assumed as the linear unit, *.* a^'p = sin* en. 
Agiun, since tca is also similar to the same triangle, we 
have 



^= — = 



jp 



CA 



tan. w^ 



•.' TA = tan. w, 
r CT 



X 



CA 



= sec. tOy 



•.• CT = sec. w 




(23.) Besides these terms, there are three others some, 
times, though not so frequently, used* ap is called the 
versed sine of a;, ap its co-versed sine being the versed sine 
of its complement, and a'p its ^e^-versed sine being the versed 
sine of its supplement. These, like the other quantities, 
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axe generally expressed by the numbers which denote thar 
ratios to the radius. 

The line joining the extremities of an arc is called its 
chord. 

The cause of the denominations, tangent, and secant, are 
hence obvious. 

It is evident that A"p = cp is the cosine of wj or ^ne of 
the complement, and that at and ct are its cotangent and 
cosecant. ' 

(S4.) The radius of the circle, to which, as a fixed quan» 
tity, the sines, &c. are related, bdng arbitrary, may, under 
different circumstances, be assumed with different values ; 
and hence it will happen that the sine, cosine. Sec. of the 
same angle will have different values relatively to different 
radii. Since, however, these quantities, sine, cosine, &c* are 
homologous sides of similar right angled triangles, they will 
always, for the same angle, be proportional to each other, 
and to the fixed quantities or radii to which they are all re- 
lated* Thus, if s and s' be the sines, or cosines, or tangents, 
Sec. of the angle a;, the first related to the radius R, and the 
second to r', we have 

s : s' : : R : tt'. 

If s be related to unity as radius, we have 

s' 

S = — r. 

r' 
This furnishes a rule by which any formula composed of 
trigonometrical quantities related to the radius unity may 
be transformed into another related to any proposed radius 
r'. ^^ Let each sine, cosine, <^c. which is involved in the 
formula related to the radius imity be divided by the pro* 
posed raditis, and thejbrmula will hold good as reUxted to 
{his new radius^* 
Thus, if the formula 

sin.2<p + cos.*p = 1 

c2 
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be established relatively to the radius unity, a similar formula 
related to the radius r is 

sin.^^ cos.2(p ^ 

or sin.^p + cos.^^ = R*. 

Thus, if, after dividing the different terms of the formula 
by the proper dimensions of r, the whole be multiplied by 
the highest power of r which occurs in the denominators^ 
the whole formula will become homogeneous with respect to 
the several quantities, the sines, cosines, &c. and r, that is 
to say, each term will contain the same number of simple 
factors of these quantities, or will be of the same dimen- 
sums. 

Hence the rule already pven may thus be modified : 

" Let the whole fyrmukb related to the radius unity be 
rendered homogeneotis by introdticing as abactor into each 
term such a power of the raditis as will render the dimen- 
sions of that term eqitul to those of the term of the highest 
dimensions in the proposed formula J' 

Thus, the formula 

cos. 2^ = 9, cos.*^ — 1 

would become 

R cos.% = 2 cos.*^ — R*, 

which is immediately deduced from 

COS.S(0 _ COS.*<3 

=z 2 r 1 

R R« ^' 

obtained by the first rule. 

Having established this rule, we shall in the succeeding 
part of this work always refer the trigonometrical quantities 
to the radius unity, making the necessary transformation 
whenever the introduction of any other radius becomes 
necessary. 

(25.) From the definitions of the several trigonometrical 
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tenns their mutual relations become manifest By the de- 
finitions, we have 

8in.a; = ^ [1], tan.u» = -^ [2], sec.cci = -^ [3], 

X ^ X T 

cos.tti = — [4], cot.w == — [5], cosec.a;= — [6]. 

if • «y 

(86.) By squaring [1] and [4], and adding the results, 

we have 

sin.^ic; + cos.^<« = 1, 

ance r* = jr* + ^*. 

(27^) By dividing [1] by [4], we have 

sin.o; y sin.ea 

= ■^, •.• = tan.o;. 

cos.w X COS.Ctf 

(28.) By multiplying [2] and [5], we obtain 

tan.ec; cotec = 1. 
Thus the tangent and cotangent are reciprocals. 

(29.) In like manner, by multiplying [3] and [4], we 
have 

secca eos.c(/ = 1. 
The secant and cosine are therefore reciprocals. 
(30.) It follows also by multiplying [1] and [6]^ that 

cosecct; sin.o^ = 1, 
therefore the cosecant and dne are reciprocals. 

(31.) By squaring [2], and adding unity to the result, 
we find 



tan 






r« 



a:* :r«' 



".• sec.^w = 1 + tan.*a;. 

(32.) In like manner, by squaring [5] and adding unity, 
we obtain 

cosec^o; = 1 -f- cot.'w. 
(33.) By (27.) and (28.) it follows that 

cos.w 

-^ := COt.o;. 

sm.o; 
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(34) By the definitions (23.) of the versed stne^ coversed 
sine, and suversed sine, we have 

ver. sin*tt; =: 1 — cos.o;, 
cov. sin.w = 1 — an.w, 
SUV. sin.ctf = 1 + cos.a;. 
(d5.) The preceding results, which are of considerable 
importance in all trigonometrical investigations, are collected 
in the following table. By the relations here ^ven, any 
one of the trigonometrical terms may be expressed in terms 
of any of the others. This gives a variety of problems 
which are solved by mere elimination by the equations of 
this table. 

TABLE 11. 



1, sin.*tt; + cos.^w = I. 

^ sin.ctf 

2. = tan.eu. 

COS. a; 

COS. a; 
3. -: = COt.tt;. 

sm.cv 
4. tan.w cot.w = 1. 

5. seccy COS.cc; = 1. 

6. cosec.w sin.w = 1. 

7. 1 + tan.^oy = sec.'o;. 

8. 1 + cot.*w = cosec.^cy. 
9- ver. sin.cw = 1 — cos.";. 

10, cov. sin.o; = 1 > — sin.^'. 

11. SUV. sin.w =1-4- cos.o;. 



By these equations, any one of the quantities, sin«a;, cos.ctf, 
&c. being given, all the others may be determined. 

These investigations will furnish a useful exercise for the 
student. 

(36.) The trigonometrical quantities, like all other alge- 
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braical quantities, are susceptible of different signs under 
different circumstances. The signs of the sine and cosine 
are determined by the same rules as those of the co-ordinates 
of a point in analytic geometry. Mathematicians have dif- 
fered as to the principles by which the signs of these quan- 
tities should be explained, some determining them by the 
principle that every quandty must change its sign in passing 
through zero; and others, that lines placed in directions 
immediately opposite should be characterised by algebraical 
spedes with opposite signs; others again considering the 
r^ulation of signs purely conventional. 

To determine the variation of the signs of the sine and 
cosine, let c be the centre of a circle whose radius ca is 
unity, and, as before, let ca be the initial pointion of the 
revolving radius. 

When the radius coincides with ca, tlie sine of the arc 
s= 0, and the cosine = 1. This will be manifest from con^ 
^dering the triangle cpm to be continually changed by the 
radius cp approaching ca. During this change pm, the 
sine of the angle, continually diminishes, and cm its cosine 
continually approaches to equality with ca or unity; and 
when the angle at c actually vanishes, and cp coincides with 
CA, then PM vanishes, and cm becomes equal to ca. 

Hence for all angles terminated by the radius ca, the 
sine = 0, and the cosine = 1. 

While the revolving radius moves from CA through the 
angle Aca, the ane pm continually increases, and the cosine 
decreases until it coincides with ca, where the sine coincides 
with ca, and is *.* = 1, and the cosine vanishes^ or = 0. 

Through the angle Aca we shall consider the sine and co- 
sine, both positive, and, in general, we shall consider those 
sines which are measured from the diameter aa' in the 
direction ca as positive, and those which are measured in 
the opposite direction ca' as negative* 
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Also, those cosines which are measured in the direction 
CA we shall consider positive, and those in the opposite di- 
i:ection ca' negative. It will be found that by this arrange- 
ment, all trigonometrical quantities will change their signs 
upon passing through zero and infinity. . As the radius re- 
volves through the angle acA' from ca towards ga', the sine 
diminishes, but is still positive, and the cosine increases, and 
b negative. Thus, at ca the cosine passes through zero, 
and changes its sign. When the radius coincides with 
ca', the sine == 0, and the cosine coinciding with ca' is 
= -1. 

Through the angle a'co' the sine increases, and the cosine 
diminishes, both being negative, the sine changing its sign 
in passing through at ca'; and at ca' the cosine vanishes, 
and the sine coincides with ca', and •.• = — !. 

Through o'ca the sine diminishes continuing negative, 
and the cosine increases and is positive, thus chan^ng its 
sign in passing through zero at ca'. 

Thus the several changes which the sine and cosine un- 
dergo in one revolution of the radius are evident, and they 
sufier the same changes every revolution. 

(37.) By the formulae 2 and 3 of Tab. II., it follows that 
the tangent and cotangent are positive when the sine and 
cosine have like signs, and negative when they have unlike 
signs ; and by 5, it appears that the sign of the secant is 
always that of the cosine; and by 6, that the sign of the 
cosecant is always that of the sine. Thus the signs of the 
sine and cosine regulate those of all other trigonometrical 
terms. 

By (17.), it appears that all angles terminated at ca are 
in general expressed by ^m. By what we have just esta- 
blished, we have 

sin.2mt = 0, cos.^nit = + 1 ; 
and by 2, 3, 5, 6, of Tab. II., we infer that 
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tan.2»iir = 0, cotSfn* = oo , 

secSnv = + 1, cosecSnv '= oo . 

Since the sine and coane are both positive in the angle Aca, 

it follows by what has been already proved, that the tan- 

genty cotangent, secant, and cosecant, of any angle expressed 

by (17.), 

It 
uf being < — ; must be all positive. 

The angles terminated in ca are expressed by (S» + ^)ir, 
and we have, as before, 

8in.(2» + i)* = +1, cos.(2n + ^V = 0, 

'•• tan.(2» + 4:)* = 4- 00 , cot.(2» 4- i)t = 0, 

8ec(2» + ^)«' = 00 , cosea(2» + 4:)ir = + 1. 

An angle terminated in acA' is in general expressed by 
(2n + 1)^ — w, and we have already shown that its sine is 
positive, and its cosine negative. Hence it follows by 2, 3, 
Tab. II., that its tangent and cotangent are negative, and 
by 5, that its secant is negative, and by 6, that its cosecant 
is positive. 

An angle terminated at ca' is in general expressed by 
(Sn + 1)^, and by similar reasoning we conclude that 
8in.(2n + ly = 0, co6.(27i + l>r = — 1, 

tan.(2« -*- 1)* = 0, cot.(2n + 1)* =» - oo , 

sec.(2n + 1)* = — 1, cosec.(2» + l)* = oo . 
The angles terminated in a'co' expressed by (2n + l)r + ct*, 
having their sines and cosines both negative, must have their 
tangents and cotangents both positive, and their secants and 
cosecants both negative by the same reasoning. 

The angles terminated in ca' are expressed by (2» + |^)ir, 
and we have 

sin.(2« + |.)ir = — 1, cos.(2w + i)7t =s 0, 

tan.(2w + \)ft= - 00 , cot.(2n + 4)ir = 0, 

sec.{2n + 4)^ =^ oo , cosec.(2n + i)^ = — L 
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The angles terminated in a'cA, and expressed by ^w**— w, 
having their signs negative, and their cosines positive, must 
have their tangents and cotangents negative, their secants 
positive, and their cosecants negative. 
* These results are collected and presented in one view in 
Table III. 

(38.) By the diagram of this table, the following results 
are also obvious. 

cos.(2n^ + w) = cos.(2w«' — »), 

COS.[(2« H- ly - a;] =? C0S.[(2w+ l)lf + w], 

cos.(2«ir ± w) = — cos.[(27i 4- !)«• ± »]> 
sin. (2nir + «;)=: sin.[(^n + l)'n' — w], 
sin.(2w7r — w) = sin.[(2n + l)*"* 4- ^y], - 
dn.(2i»r + w) = — sin.(2n7r — w), 
sin.[(2» + 1)* — w] = - sin.[(^n + l)ir + w], 
sin.(2n«* + «;)==— sin.[(2/i + l)!!- ± w]. 

(89.) In the first and sixth of these formulae, if ni= 0, 
we have 

cos.(4- w) = cos.(— w), 
sin.( + w) = — sin.( — a;), 

by which it appears that a change in the sign of an angle 
^ makes no change in its cosine, but changes the sign of its sine. 
^ (40.) It is not difficult to perceive that the sine of an arc 
terminated at a + a; is equal to the cosine of an arc ter- 
minated at A ± w, and has the same sign, and diflfers only 
in sign from the cosine of an arc terminated at a' ± w. 
Also, that the cosine of an arc terminated at a^ o' is equal to 
the sine of an arc terminated at a + c(^9 or at a' — - a;, and 
has the same sign, and differs only in sign from the sine of 
an arc terminated at a + ^ or a' — ec; ; and that the cosine of 
an arc terminated at a + w differs only in sign from the sine 
of an arc terminated at a + ^» or at a' — a;, and is equal to 
that of an arc terminated at a — c*', or at a' + a;, with the 
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some agns. These results are evident from the construction 
marked by dotted lines in Tab. III. 

Further, the sine of an arc terminated at of ± wis equal 
to the cosine of an arc terminated 4it a + », but has a dif- 
ferent sign, and is equal to the cosine of an arc terminated 
at a' + », and has the same agn. Also the coane of an 
arc terminated atd + wis the same with the same agn as 
the sine oisn arc terminated at a + Wj or a' — en, and dif- 
fers only in sign from the one of an arc terminated at A—to, 
or a' -\- uf. Also the cosine of an arc terminated at a! —to is 
equal to the sine of an arc terminated at a + ec;, or at a'— a;, 
but has a different sign, and is the same with the same sign 
as the sine of an arc terminated at a — a;, or at a' + at. 

These several results may be expressed as follows : 

an. [(2ii -f 4:)* ± »] = cos.(3nir ± w) = — cos.[(2» + l>r ± »], 

cos.[(2/i+4^)Tr— a;]=sin.(2/wr+a;) = — sin. (2fwr— w) 

= - sin.[(2w + 1)* + w] = sin.[(2« + 1 >— w], 

cos.[(2»+.i)ir + a;]= '-sin.(2/Mr4-a;)=sin.(2fi7r— w) 

=sin.[(2»+l)ir+a;]=— sin.Kg/i + iy—o;], 

8in.[(Sn + ^)it ± 01 = — cos.(2nir ± w) = cos.(2n 4- 1 )* ± w], 

cos.[(8ii +•!)«•+ w] =ffln.(2n7r + w) = —«n.(2/iir —cu) 

=rin.[(2« + 1)*— w] = — sin.[(2w + ly + w], 

co6.[(2n +4)*"" "'] = —sin. (2mr + a;)=sin.(27Mr— w) 

=— sin.[(2« + l)'n'-a;]=sin.[(2w + l)«' + a;]*. 

(41.) The relations between the dnes and cosines of angles 
of these forms necessarily (by Tab. II.) determine the re- 



* The cases of these formulae most frequently used are 

sin. (— i en J = cos.cc;. 

cos. f — ± w J = ^ sin.C(;. 
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lations between all the other trigonometrical terms. It is 
therefore unnecessary to enter upon any »milar investiga- 
tions concerning the tangents, cotangents, &c. as it will be 
easy to derive their relations when required from those 
already determined. 



SECTION III. 

On the relations between angles and their sums and 

differences. 

(4S.) From the definition of the idne of an angle or arc, 
it appears that twice the sine of any arc is equal to the chord 
of double that arc. For if the idne pm in the fig. Tab. III. 
be produced to meet the circle, it will cut off an arc 
pp' = Spa. This principle furnishes an easy solution of 
the following problem. 



PROP. VII. 

(43.) Given the sines and cosines of two a/rcs, tojind the 
sine and cosine of their sum amd difference. 

c 

Let AOB be the greater angle 
a;, and Boc the lesser a/. Then 
Aoc will be the sum w +«'', or 
the difference a; —a/, according 
as 00 and oa lie at different 
sides of OB, or at the same side. 
Take any point p on oc and 
draw PM and pn perpendicular 
to OB and oa, and from m 
draw M£ perpendicular to oa. 
-g j^ ^ Through m draw md parallel 
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to OA to meet np^ produced , if necessary, at d. By the 
definitions in (SI) we have 

ME . J I*M . . , J. PN 

sm.w = — , sm.ar = — sin.Ca; + a/) = — • 
MO PO ^ — -^ PO 

EO , MO ^ ,. NO 

cos.tt; = — , cos.ctf' = — cos.Ctt; + w') = — • 

MO PO ^ — ' PO 

But PN = DN ± DP. Hence 

• / _i_ rx DN . DP ME DP 

8in.(a; ±a;') = — ± — = — ± — 

'^ PO PO PO PO 

ME MO DP PM 
"" MO ' PO ~ PM PO* 

By the similar trianfi^les — = — . Hence 

■^ ° PM MO 

8in.(a; ± a/) = sin.ctfcos.ctf' + sin«a/cos.ai • • • • [1]. 
In like manner no = oe + ne = oe + dm. Hence 

, ... OE _ DM 

cos.(w + «/) = V — 

^ — ' PO PO 

OE OM _ DM PM 
"" OM ' PO PM ' PO * 

By rimUar triangles ^ = ^. Hence 

•^ ® PM MO 

co8.(w + uS) = cos.a;cos.c</ + sin.ctfsin.o;'. [2]. 

In this investigation the upper sign refers to the first 
figure, and the lower to the second. 

(44.) From the two formulse [1] may be deduced a group 
of four others by merely adding, subtracting, multiplying, 
and dividing them. 

P. By adding them, we obtain 
sin.(tt; + tt/) 4- sin.(a; — a/) = 2 sin.e(;COS.a;' • • • • [3]. 

2®. By subtracting, 

sin.((tf + «/) — sin.(c(/ — a/) = g sin.a/cos.c(/ . . • • [4]. 
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3^ By multiplying, 

sin.(a; + a/)sin.(w — w') = sin.%cos.W — sin.W cos.^ci;. 

m 

Eliminating cos.^a^ and cos.% by the equations 

sin.% + co8.*» =1, 

sin.W 4- COS.W = 1, 
the result is 

sin.(w + w')sin.(a; — cu') = sin.^a; — sin.W • • • [6]. 
Whence may be inferred, that " the product of the sines of 
the sum and difference of two a/iigks is equal to the product 
of the sum and difference qftJieir sines^ 

4°. By dividing, 

sin. (a; 4- w') sin.w cos.a/+ sin.o/ cos.w 
sin. (a; — a/) "" sin.w cos.o/ — sin.a/ cos.o;' 

Eliminating the sines and cosines of w and a/ by the equa- 
tions 

sin.o; sin.o;' , 

=5 tan.o;. ; = tan.o/, 

cos.oi cos.o/ 

the result is 

sin.(o; 4- o/) __ tan.o; +tan.a/ P^.. 

sin. (w — o;') ~" tan. w— tan.o/ 

(45.) By eliminating the sines from [1] by the values of 

the tangents 2, Tab. II., we obtain 

sin.(o; + a/) , , ^^- 
\ = tan.w + tan.o/ [71. 

COS.0; cos.o/ "~ 

(46.) In a similar way another group of four formulae 
may be deduced from [2] by addition, subtraction, mul- 
tiplication, and division. 

1°. By addition, 

cos.)a; 4- o;') 4- cos.(o; — a/) = 2 cos.o; cos.o/ • • • [8]. 

9P, By subtraction, 

cos.(o; 4- o/) — cos.(o; — a/) = — 2 sin.o; sin.o/ . . . [9]. 

3^. By multiplication, 

cos.(o; 4- o/)cos.(o; — o/) = cos.^o; cos.W — sin.^o; sin.W. 
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Eliminating sin.'^fti, »n.^a;', by the equations 

cos.% \- fiin.^tti = 1, 

COS.W 4- sin.^w' = 1, 
we obtain 

cos.(a; + a/)cos.(ft; — a/) = cos.^ai + COS.W — 1 . . . [10]. 

or by eliminating cos.^o;^ cos.^fic', we have 

cos.(ctf + a/)cos.(ttF — a/) = 1 — sin.^w — sin.^a/. 

4**. By division^ 

cos.(w + a/) cos.a;cos.a/— sin.wsin.w' 
cos.(a;— «/) ~ cos.C(;cos.a/ + sin.a;sin.tt/* 

Eliminating the sines and cosines by 

COS.W COS.tt;' 



= cot.ct;, . ' f = cota/, 



sm.ct; sin.o;' 

we obtain 



co8.((tf + a/) __ tan.a/— tan.w 
cos.(a;— w') "~ tan.cc/ + tan.w 
(47.) By eliminating the cosines from [2] by the values 
for the cotangents 3, Tab. II., we obtmn 

cos.(c«; 4- w') , , _-,.T 

~- — ± = cotcucoUw q: 1 • ' • • L1»J. 



sin.a;.sin.e</ 



PROP. VIII. 



(48.) Givefi the tangents of two angles^ to determiiie the 
tangents of their sum cmd difference. 

By dividing [1] by [2], we obtain, 

sin.{cv Hh W) sin. a; cos. a/ + sin .a;'cos.a; 
cos.(w± a/) "" cos.eucos.a/41 sin.ctfsin.o/' 

Eliminating the sines and cosines by the values for the 
tangents in S, Tab. II., we find 

, / ^ tan.w+tan.o/ .,-,_ 

tan.(cy + tt/) = ir= = f L^Sl 

"^ — ^ 1 -f tan.a;tan.a/ 
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PROP. IX. 

(459.) Given tJie cotangents of two angles, to find the co- 
tangents of their stim and difference. 

Let [2] be divided by [1], and the sines and cosines eli- 
minated by the values of the cotangents in 8, Tab. II. , and 
the result is 

cot.cycot.a/ + l ^-,^ 

cot.((«; ± a/) = , j^ r [14-]. 

^ ' cot.ftr+cot.w 

PROP. X. 

(50.) Given the secants and tangents of two a/ngleSy to find 
the secants of their sum and difference. 

Taking the reciprocals of [2], and eliminating the sines 

and cosines by 2 and 5, Tab. IL, the result is 

sec.g; sec w^ 

sec.fo; ± a/) = --^=- [15]. 

^ ^ l-htan.wtan.o/ ^ "^ 

PROP. XI. 

(51.) Given the cosecants and cotangents of two angles^ 
to find the cosecant of their sum and difference , 

Taking the reciprocals of [1], and eliminating the sines 

and cosines by '3 and 6 of Tab. II., the result is 

,. cosec.o; cosec.a/ _^^^ 

cosec.(w -i- w) = — - — r-- — |161. 

^ "~ cot.a;' ± cot.w *• J 

(52.) Any trigonometrical formula expressing a relation 

between the sum and difference of two angles, and the angles 

themselves may, by a very simple transformation, be changed 

into one expressing a relation between two angles and their 

half sum and half difference. This change is effected by 

considering that the sum of w + o/' and a; — w' is 2a;, and 
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that therefore half their sum is w. Also the difference of 
» -f- w' and a; — a/, is go/, and therefore half their difference 
is a/. 

If then in any formula expressing a relation between 
w + «;^ 01 — ft/, w and w' ; « + a»' and « — «' be considered 
as independent angles, u being considered as half their 
sum, and a/ as half their difference, the formula will still be 
true. Therefore, in every such formula, we ^re at liberty 
to change w -|- a/ into cy, and w — «;' into ft/, provided we 
also change w into 4(0; + J) and J into 4(w — a/). Thus 
the result will be a new formula expressing a relation between 
^9 ^9 i(o9 + (J) and i;(a; — ft/). 

These observations point out a method of deriving a 
group of sixteen new formulas from those already established 
in this section. We shall not, however, enter into the 
details of these deductions, as they are not all of very 
general use, and the student, by those which we shall explun, 
and which are useful, will easily perceive the method of de- 
riving the others. 

In the formulas [3], [4], [8], [9], by chan^ng w -{■ vJ 
into a;, ft; — ft/ into oJ^ u) into i(oj -{■ <J) and of into |(w— a/), 
we obtain the following group of four formulae : 

sin.ft;4-sin.ft/=23in.-J-(ft;4-ft/)cos.|(ft;— w') • . . . [17]. 

sin.o;— sin.a/=2sin.4(c«/— ft/)cos.J(w+ft/) .... [18]. 

cos.« + cos.ft/=2cos.-i{ft;-f ft/)cos.i(ft;— ft/) • • • • [19]. 

COS.W— cos.ft/= — 2sin.4^(ft; + «')sin.4(tt'— ft/) • • • [^]- 
(53.) From these four a group of six others may be im- 
mediately deduced by division. Let the first be divided 
successively by the second, third, and fourth ; the second by 
the third and fourth ; and the third by the fourth. After 
this division, the sines and cosines o{ \{ia-\-J) and 4^(w — w') 
being eliminated by the formulae 2 and 3, Tab. II. we 
obtiun the following formulae : 

I 
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Mn.wfan.ft/ tan. j^w ^ a/) 

sm.tt;— un.tti' *" taii.4^(»— «/) 

sin.tt; + sin.a/ . , ,v 

; -. = tan.i(aF+ft/) • 

O06.ai+co8.ttr *^ 

an.w + An,oJ ^ .. 

, = — coLi-iu) — or) 

co&o;— co8.ai 

sin.a;— sin.w' . ^ 

— ; J =tan4(a'— ft/) . 



cos 



sin.» — sin.a/ 



cos.w--cos.a; 



^ =— cx)t4("'+w') 



[21]. 
[22]. 

[«8]. 
[24]. 
[25]. 



cos.ft'+cos.a;' . ix . ./ ix ro/»-i 

--Z_-j. =-cot4(«' + «')cot^^^ [26]. 



cos 



It is unnecessary to extend our enumeration of the 
formulse relative to the sums and differences of angles 
farther, as we have deduced all that are of any use in the 
applications of the science^ and from those which have been 
established, all others may without difficulty be inferred. 

(54.) The results of this and the following sections with 
some additions will be found in Table IV. at the end of this 
volume. Annexed to each formula is an indication of the 
operation by which it is obtained. The most important 
formulae are marked *. 



SECTION IV. 

Ofi the relations between the sines, cosines, Sfc. of angies^ 
and those of their doubles and halves. Trigonometrical 
terms connected with particviar angles, 

PROP. XII^ 

{55^ To determine the sine and cosine of double a given 
angU. 

If, in [1], a; = a/, we obtain 
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m.itut = Snn.a;00S.ai [S7]. 

If in [2] 01 = tt/, we find 

COS.%a = 008.^0; — rin.«a; .... [28], 
which, by 1, Tab. II. may be expressed in either of the fol- 
lowing ways : 

cos.2a; = 2cos.«a; — 1 [29], 

oos.2ttf = 1 — 2an.«tt; [80]. 

The last two may be also deduced firom [10], by supposing 
to = a/. 

PROP. XIII. 

(56.) To determine the tangent and cotangent of double a 
gioen angle. 

By supposing oi = a/ in [13], we obtain 

- 2tan.e(; g^^ - 

= -^^ [sjq. 

COt.*a;~l ■• ■' 

By dividing both the numerator and denominator by 

cot.w, we find 

2 

tan.2« = : .... [331. 

cot.(i>— tan.o; 

By making w ^ J \xi [14], we obtain 

^ COt.^O; — 1 raA-^ 

cotgo; = -3—- — [84], 

2cot.cc; *• -*' 

= -|.(cot4i»— tan.a;) . . . [35]. 



PROP. XIV. 

(57.) To determine the secant and cosecant of double a 
pnen angle. 

By making w = t*/ in [16], we find 

I 



» 
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secret; = — [86], 



1 — tan.'w 
_ 1 +tan.«w 

1— tan.*w 
cosec.^o; 

"" COt.»a;— 1 

"" cot.2a;-l 

In like manner, by [16], 

cosec.""; 



[37], 
[38], 

[39]. 



cosec.So; = 



2cot.w ' 
cot.'w + 1 



= ^{tRti.U) + COt.cy) • • • [40]. 
PROP. XV. 

(68.) To determine the sine and cosine of hcdf of a given 
angle. 

In [30] let Set; be changed into w, and w into \w ; since 
the relative magnitude of the angles remains unchanged, the 
formula is still true, •/ 

cos.w = 1 — 2sin.*4^a;, 
••• sin.^4^w = 4(1 — cos.oi) • • [41]. 
A similar transformation in [29] gives 

cos.w = &;os.*4:<^ "" 1» 
••• COS.24-W = -i-(l + cos.w) • • • [42]. 
(59.) Cor. The sine of an angle may be expressed in 
terms of its half by making a similar change in [27], which 

gives 

sin.fai = 2sin.4:(i» cos.^f*'* 

PEOP. XVI. 

(60.) To determine the tangent amd cotangent of half <^ 
a given angle* 

By supposing «' = in [22], we obtain 



SECT. IT. PLANS TRI60N0METBT. 87 

t«n4^ = .^ [43]. 

The same might be obtained by dividing [41] by [48]^ 
which gives 

1 — C08.W _--_ 

tanJ'i^^rz—- [44]. 

The numerator and denominator of this being multiplied 
by 1 +008.W, ^ves [48], and being multiplied by 1 — cos.**, 

gives 

1— COS.W rA^t 

tan«4^ = — : 1451, 

* 8m.w ■■ -■ 

observing the condition, 1 Tab. II. 

By eliminating the sines and cosines from the last three 
formulae, we find 

sec.ii> — 1 

tan.4:<^ = — T • 

* tan.w 

tan.^ = coseco; — cot.« • • • [48]. 

By taking the reciprocals of the last six formulae, we 
find 

1+COS.Iil r.^- 

cot4^« = -A [49]. 

1 +COS.a) P^_- 

cot.2> = 1 [60]. 

* 1— COS.W ■• -■ 

sin.w ,^-- 

cot.iw = q lol I 

* 1 — cos.« -■ 

sec.«+l _^_^ 

cot.> = , [62]. 

^^ tan.« 

SeC.W + 1 rm'Stt 

* sec.«-l ^ 

cot.-^« = cosecftf + cot.w • [S^]' 



I 
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PROP. xni. 

(61.) To determine the seccmt and cosecant of half cf 
given angle. 

Let the reciprocals of [4S] and [41] be taken, and tl 
sines and cosines eliminated by the formulae of Tab. II. ai 
the results are 

2sec.« ^^_ 

~^^ = si^:;m • .• • • • tss]. 

2sec.a; ^^- 

cosec.*4tt; = [ooj. 

sec.a>— 1 

PROP. XVIII. 

(62.) To determine the sine, cosme^ S^c of -j- or 45^ 

If, in the'cqiiation, 

sin.^o) + cos.*w = 1, 



or sm 



in.«w -f- rin.* i-^ — w J = 1, 



-T- be substituted for «■», it becomes 

2sin.«-r = 1, 

4 



It \ w 1 

vsin.-r-= — =: V cos;-r= — -* 



Hence, by Tab. II. 



tan.-|- = 1, cot.-;^ = 1, 

ir - It - 

sec.-T- =\/», cosec-j- =-^/% 
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PftOP. XIX. 

(68.) To dtiermme the sine, cosine, 4*^. ^.7 ^ ^* 
If, in the formula, 

SID.^ := Ssin.tt; 008.0;, 

SO^ be substituted for w, it becomes 

8in.60« = 2ffln.3(y> cos.30^ 
but 30^ is the complement of 60^, 

V 8iii.8a> = COS.60", COS.80" = sin-W. 
Hence 

sin.60» = 3cos.60«rin.60», 
Hence by 1, Tab. II. 



rin.60«= g , 



and by 4, 5, 6» T^b. I. 



tan.eo*" = v'S, cot60* = — =., 

2 
sec.60<» = 2, cosecW = — ^. 

V8 



PROP. XX. 

(64.) To determine the sine, cosine, ^c. of -j^ or 80^. 

This being the complement of 60^, we have at once 

1 ^/3 

miSOP = Y» cos.30^ = -^, 

1 

2 
secSV = — r, cosec.30^ = 2. 

a/8 
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(65.) The peculiar values of the sines, cosines, &c. of 
these angles, 45% 60^, 30^, produce remarkable modifications 
in the formulae in which they enter. Instances of these may 
be seen in Tab. IV; from SO to the end. 



SECTION v. 

On the solution of plane triangles* 

(66.) In a plane triangle there are six parts, the three 
sides and the three angles. In general, if the magnitudes 
of any three of these six quantities be ^ven, the magnitudes 
of the other three may be computed by the aid of the 
formulae and tables of trigonometry. We say, m generaly 
because there are particular cases where the question be- 
comes indeterminate, or the result equivocal ; as in the case 
where the data are the three angles, in which, though the 
sides cannot be computed, yet their proportion may, and the 
triangle may be determined in species. 

In the resolution of triangles there are two distinct pro- 
cesses to be attended to. The first is to establish general 
formulae exhibiting in every case the relation of the parts of 
the triangle which are sought to those which are given, so 
that the former may be computed from the latter. This 
shall form the subject of the present section. 

The second is the calculation of certain numerical tables, 
in which the values of the sines, cosines, &c. of angles, or 
the logarithms of these numbers, are registered ; and by re- 
ference to which, the computations indicated by the general 
formulae before mentioned may be effected. This subject, 
not being absolutely necessary in the more elementary parts 
of science^ we shall reserve for a ^subsequent part of this 
work. 
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To guide us, in some degree, however, in the determina- 
tion of formulae exhibiting the relations of the parts of a 
triangle, it is necessary that we should attend to the nature 
of the tables, by the aid of which these formulae are to be 
computed when particular numbers are substituted for th^ 
general sjrmbols. These tables are in general logarithmic*, 
and by them, whenever an angle is known, the logarithms 
of its sine, cosine, tangent, &c. can be determined, and, 
vice versa, when any of the latter are knowriy the angle 
can be found. Formulae, therefore, in order to be suited to 
such tables, should be such as are adapted for logarithmic 
calculation, and therefore their different parts should be 
united as much as possible by multiplication, division, in- 
volution, and evolution ; and as little as possible by addition 
and subtraction. 

Further, as it would be impossible in any tables to give 
the values of the sine, cosine, &c. of angles of all mag- 
nitudes, it must frequently happen that the angle, nne, 
or cosine, &c. which we seek, lies between two successive 
tabulated angles, sines, or cosines, &c. Wc can in this case 
only compute the true value approximately, and the degree 
of the approximation frequently depends on the formula 
which we use. A formula which is proper when the angle 
is great, is often ill suited if the angle to be computed be 
small. Hence it is necessary in some cases to establish 
several different formulae for the solution of the same pro- 
blem, some being fitted for calculation in the cases where 
others fail, or give results deviating considerably from the 
truth. 



* It is necessary that the student should be acquaintpd with 
the properties of logarithms^ explained in the note at the con- 
clusion of this section. 
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We shall first investigate the formulae for the solution of 
right-angled^ and next of oblique-angled triangles. 

I. 

TTie solution of righUangUd triangles, 

(67.) Of the six parts of a triangle, it is only necessary to 
consider four in the case of a right-angled triangle ; since 
the right angle is always given, and one of the acute angles 
is the complement of the other. 

Let a and b be the sides, e the hypothenuse, and a the 
angle opposite the side a. 

By (21.) we have 

a b 

— = sm.A, — = cos.A, 
c c 

a b 

•,• -- = tan. A, — = cot A ; 
b a 

and by plane geometry, 

a« 4- 6« = c*. 
These equations are sufficient for the solution of all cases of 
right-angled triangles. All questions as to their solution 
must come under some of the following four : 

(68.) P. Given the two ddes, tojind the hypotlienuse and 
either angle. 

c = Vfl2 -f- bS \' Ic = Hia^ + 62) », 

tan. A = -T-, '.• /.tan.A = la — lb. 

(69.) 2P. Given the hypothenuse and one side, to Jind 
the other side and either angle. 

a = Vc« - b% ••• la = il^c + 6) + i/(c - 6), 



* The radius should be introduced previous to calculation 
when it is not = 1^ or when its log. is not s 0. 
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siiuB = — f ••• /.sin-B =i lb ^ Icj 

c 

COB.A = , •.• ICOSJL =z lb '- IC. 

C ' 

(70.) 8°. Given ihe hypoihenuse and one angUj iofiivi 
the two sidei. 

b = c ffln.B, a = c co8.By 

\' Uf = Ic + /siiuB, la = Ic + /cos.B. 

(71.) 4^. Given eiiher side and an angle, to find the hypo- 
Aenuse and ihe other side. 

b b b b 

C = -:: = , a = =— — , 

sin.B C06.A tan.B oot.A 

•.• Ic z=zlb — /idn.B = lb — Z00S.A9 
la =^ lb — . Ztan.B= lb — /cot.A. 

II. 

The solution of oblique angled triangles. 

(72.) Let a, b, c, he the three sides, and a, b, c, the 
angles opposed to them respectively. "Letp be the perpen- 
dicular from any angle a on the opposite »de a. We have 
obviously 

P • P 

sin.B = ■*— , sm^c = -h-. 

c 

Eliniiinating j7, we obtain 

sin.B b 
sin.c"" c' 
and, in like manner, 

sin.c c sin.A__ a 
sin.A"" a ' sin.B"" b * 

Hence ^^ the sides of a plane triangle are as the sines f)f the 
opposite angles.'^ 

(73.) From the formula 
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8in.A a 
8in,B"" b • 
we deduce 

sin.A+sin.B^ a-\-b 
sin.A— sin. b "" a— 6' 
which by [21] becomes 

fl + fe taii4( A 4-B) 
a— 6~'tan.4.(A— b)' 

Hence ^* the sum of two sides of a plane triangle is to thdr 
difference as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference." This 
formula is independent of the absolute magnitudes of the 
»des, and will be applicable if their ratio only be expressed 
by a : 6. 
^ (74.) By [17] and [18] we have 

sin.A + rin.B =. 2sin.^(A -f b)cos.4.(a — b), 
sin.A — sin.B = Ssin.4:(A — b)cos.4^(a + b). 
But since a + b -f- c = ir, ••• 

sin.4^(A -I- b) = cos.4^c, 
cos.4(a -V b) = sin.4:C. 
Also (72.), 







sin.A 


a . 
= — sm.c, 
c 










sin.B 


b . 
= — sm.c. 
c 






Hence we obtain 






• 






a + 6 
c 


sin.c = 


2cos.^c cos.4(a 


-B), 






a-b 
c 


sin.c = 


2$in.4:C sin.4^(A 


— .b). 




But since [27], 














sin.c = 


2sin.4^c cos.4rC ; 






we find, 


by substituting i 


smd dividing by 


the common 


mul- 


tiplier, 






1 
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co8.4(a — b) = an^c, 

sin4(A — b) = cos.ic. 

c 

It is obvious that these formulae are also independent of the 
absolute magnitudes of the sides, and merely depend on their 
proportion. 
By dividing these formulae each by the other, we obtain 

a— 6 
tan.|-(A — B) = — -T cot.4^c, 

cot.i>(A — B) = ; tan.^c. , . 

(7«5.) Let 5 be the segment of the side 6 between the 
perpendicular p and the angle c. By the definitions (21) 
we have 

5 = aco&c. 
But also 

c« = />« 4- (ft - sY 
•/ c* = p* + 6« -f 5* — 26*. 
Buta^ =j?ft + 5^ •.• 

c« = a« + 6« — 2aficbs.c. 

Hence ^' the square of any side of a plane triangle is equal 
to the sum of the squares of the two remaining sides 
diminished by twice the rectangle under them multiplied 
by the cosine of the included angle *." 



♦ Eucl. lib. ii. prop. 12, 13. 
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(76.) By adding the equations 

c« = a* + 6^ — 2a6cos.c, 
= 2a6 - ^ab, 

we obtain 

c« = (a + by — 2aJ(l + cos.c), 
or c* = (a — ft)* + 2fl6(l - cos.c). 

Hence by [42] and [41], Sect. IV. 

4iahcos.^c = (a + by - c«, 
4aftsin.«4^c = — (a — *)« + c«. 

By multiplying and dividing these, observing the equation 

sin. c = 2sin.4c cos.4c, 
we obtain 

4a26«rin.2c ;= [(a + 6)* - e«] x [ - (a - by + <?«], 

tan.^ic = -7^ ~ — T- 

All these results may be easily adapted for logarithmic cal- 
culation. Let 

25 = a + 6 + c, 

•.• 2(5 — a) = 6 + c — a, 

2(5 — 6) = a H- c — 6, 

2(5 — c) = 6 H- a T- c. 

Also 

(a + 6)^ - c^ = (a -I- 6 + c)(a -f * - c), 
- (a - 6)2 + c« = (a + c - b)(c + 6 — a). 

Hence the four equations already obtained, when divided 
by 4fl6, give 

eos.-4o = -^, 
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, . 4».(«-o)(«— 6)(«— c) 

which are all suited to logarithmic (romputatimi. 
(77.) If L be the area of the triangle, it is evident that 

But p = isin.c, *.* 

Sl = oAsin.c. 

Hence '^ twice the area of a triangle is equal to the rcct* 
angle under two sides multiplied into the sine of the in- 
cluded angle.^ 

By the third of the last four formulae, *.* we obtain 

Hence ^^ the area of a triangle is equal to the square root 
of the continued product of its semiperimeter, and the dif- 
ferences between the semiperimeter and each of the three 
sides.'' 

By this formula the area of a triangle may be computed 
by logarithms when its sides are given. 
y, (78.) By applying the fourth formula found in (76.) to 
the angle B, we have 

tan.^^B = 



^ (^-fl)(5~c) 



' Let this be multiplied by the value of tan.'^c, and the 
square root of the result taken^, and we find 



tan.'-B tan.Lc = — r. 



•-• tan.^^B = cot.-i^c . 



S'-a 



s 
Also, by dividing by the value of tan.'^^c, we find 



tan.4^B_5— c 
tan.|c"~5 — i' 
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(79*) Of the six quantities which compose an oblique 
angled triangle, it is unnecessary to consider more than five, 
since any one of the angles is the supplement of the sum of 
the other two. Of the three sides and two angles^ any three 
being given, the other two may be computed. All the 
problems,, therefore, which can be proposed respecting 
oblique angled triangles may be found by assuming every 
different combination of three data which can be obtained 
from the five parts. They may all be reduced to the 
following : 

V Given two sides and the angle opposite to one of 
them. 

Sf^. Given two sides and the angle included by them. 

9^. Given two angles and the side opposite to one of 
them. 

4®. Given two angles and the side between them. 

5\ Given the three sides. 

We shall consider these problems successively. 

PROP. XXI. 

(80.) Given two sides of a tricmgle and the angle op- 
posite to one of tliem, to compute the angte opposite to the 
other ^ and the remaining side. 

Let a and b be the given sides, and a the given angle. 

By (72.) we have 

b . 
sin.B = — sm.A, 
a 

•.• /sin.B = /i -f- /sin.A — la. 
By this formula, sin.B becomes known, but, except in certain 
cases, the angle b will be equivocal. Since an angle and its 
supplement have the same sine, and neither necessarily ex- 
ceeding two right angles, they may be each an angle of 
a triangle ; therefore we can only determine that b is either 
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of two angles which are known and supplemental, bat it is 
in gmeral imposable to decide which it is. 

If 6 < a, the angle b must be acute. It may therefore 
be found in this case. 

If it happen to be known that 6 < c, though c itself be 
not known, the same conclusion follows. 

The angle b being computed, the an^e c becomes known, 
and thence the side c may be computed by 

sin.c 

C ^ -: . d* 

sm.A 
But it is frequently desirable to compute the side c im- 
mediately and independently of the angles b and c. 
By (75.) we have 

c = 6co6.A + acos.Bf 

= &COS.A ± a^/l — sin.^'B; 
but sin.^B = — T sin.% 



•/ c = &COS.A + Va^ — 6*sin.*A. 
This, as well as the former, is equivocal and owing to the 
same cause. . The fflgn — is to be taken when b > 90^, and 
-f when B < 90^* This is evident since the sign of the 
cosine of an obtuse angle is negative, and that of an acute 
angle po»tive (36.). 

PROF. XXII. 

(81.) Given two sides and the inclvded angle^ to compute 
Ae remaining angles and the third side. 

To compute the angles, it is only necessary that the ratio 

of the two sides be known, as is evident from Euc. lib. vi. 

prop. 6. Let this ratio he a : b. By (74.) we have 

fl-6 
••• tan.4^(A — b) = — -T- cot.4:C, 
*^ a + o * 

a-\-b 
or cofc^^A — b) = r tan.Jc. 
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sin. (A -I- b) 
C ^ a : • 

sin.A 
The angle c is determined by 

C = If — A — B. 
PEOP. XXIV. 

(83.) Given two angles and the side between them.9 to 
compute the remaining sides. 

Since the two ^ven angles determine the third angle, this 
proposition is reduced to the last. 

PROP. XXV. 

(84.) Given the three sides^ to compute the angles. 

This problem ipay be solved by any of the four formulas 
determined in (76.), and which are all suited to logarithms. 

(86.) We conclude then, in general, that if any three of 
the six quantities engaged in a plane triangle be ^ven, one 
of those three at least being a side, the other three may be 
computed. 



Note on Logarithms. Art. (66.). 

(86.) It appears from the results of the present section, 
that the solution of triangles involves the operations of mul- 
tiplication, division, involution, and evolution of the arith- 
metical values of the trigonometrical quantities engaged in 
the formulae which furnish rules for these solutions. Thus, 
for example, when two sides of a triangle a and b are giv^n. 
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85.467328 feet, and 541.237439 feet, and the angle a op. 
posite a is given, 18° 4^ 8^.5, to determine the sine of the 
angle b, the formula 



b . 

sin.B = — sin. A 
a 



becomes 



641.237439 . ,«.,««. 
'^°-^ = -35:467328 ^ ''""'^^^ ^ ^'^^' 



The value of rin.(18° 4/ ff'.5) being obtsdned from the 
table of sines, it must be multiplied by 541.237489, and the 
result divided by 36.467328. This process, though not 
difficult in principle, would be extremely tedious in practice, 
besides being liable to errors of computation. These incon- 
veniencies of calculation increase with the complexity of the 
formula, and would be still more sensible where (as fre- 
quently happens) roots are to be extracted, or powers 
obtained. 

To remove these difficulties, and facilitate the processes 
of calculation, a method of computation has been invented, 
by which all results depending on multiplication and division 
may be obtained by the less troublesome processes of ad- 
dition and subtraction; and by which multipUcation and 
division in their turn become the means of obtaining 
the results of the more operose processes of involution and 
evolution. 

(87.) The common algebraical rules for the multiplication, 
division, involution, and evolution of powers of the same 
quantity form the basis of this' method. All numbers what- 
ever are considered. as powers of some number arbitrarily 
assumed, which is called a base^ and the exponent of that 
power of the base, which is equal to any proposed number, 
is caUed die logaritJtm of that number. Thus, if we con- 
sider all numbers as powers of 10, and assume the equation 

10^ = N, 
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any vaTue b^ng atmgned to Vf a will take a c<Mrresponding 
Talue. In this case, 10 is the base and a is the logarithm 
of N. If N be supposed to be 100, 1000, 10000, x will be 
succesfflvely S, 3, 4, and, accordingly, the logarithms of 100, 
1000, 10000, relatively to the base 10 are 2, 3, 4. In these 
cases, however, the logarithms are integers, which seldom 
occurs. It more frequently happens that there is no exact 
power of 10 either integral or fractional which is equal 
to K. We are always, however, able to compute the ap- 
proximate value of Xy or to obtain a value sufficiently near its 
true value, to ^ve all the necessary accuracy to computation^ 
and, indeed, to give as much accuracy to the results as 
they would have if we had used the exact value of or* To 
perceive this, it should be considered that the quantities 
which are generally involved in the formula to be computed^ 
are rither obtained by observation and measurement, or are 
derived by calculation from others which are so obtained* 
Now all observation or measurement is liable to a certain 
degree pf inaccuracy or error, which must produce a greater 
or less effect upon the formula under computation. If then, 
in such cases, a value of x be obt^ned differing from its 
true value by a quantity less than the possible error arising 
from observation, such a value is as useful in computation 
as the true one ; it may possibly by a compensation of error 
give a true result, a circumstance which could not happen 
were the exact value of x used. 

(88.) Methods have been invented by which the value of 
X for any value which may be assigned to N may be com- 
puted either accurately, or as nearly as may be required^ 
The explanation of these methods would introduce investi- 
gations unsuitable to this part of our treatise, and the 
student must therefore, for the present, be content to assume 
that the logarithms of all numbers have been computed and 
registered in tqibles, by reference to which they may be im^ 
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mediately obtained without the labour of further calculation. 
We shall now explain how, by the assistance of such tables, 
the computations already alluded to may be facilitated. 

(89l} Let B be any number (except unity) and supposed to 
be the base of a system of logarithms. By what has been 
already explained, any other number n is to be considered 
as a power of b, the exponent of which is the logarithm of 
n, and is written thus. In. Thus we have the equation 

n = b'". 

If i/, n^ be any other numbers, we have, in like 



By multiplying these, we obtain 

But by the definition of logarithms, 

nvlvP . . . . = B't»'»'''"*->, 
•/ UnriftP ' - ' ')=^ln -{- M + In" 
which shows that *^ tfie logarithm of the product of amf 
nmnbers is equal to the sum of their logarithms^ 

Again,. let one of the equations be divided by another, 

n 



• • • • 



n 



But also, 



n i(IL) 

n 

•.• M -y) = '^ — ^'*'* 

That is, ** the logarithm of the quote of two numbets is 
fofwnd by subtracting the logarithm of the divisor from the 
logarithm qfthe dividend.^' 
Thus, in general, 

I J!^:^^ff^ .). 

mm mm! • • • • 

By the assistance of logarithmic tables, multiplication may 
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therefore be thus performed. ^^ By the tables^ find the 
logarithms of the several factors^ and add them together^ 
and then hjf the tables^ find ilie number of which their stmt 
is the logarithm ; this number zoill be the product sought*'^ 

Or more generally, to determine the quote of any two 
products : " By tlie tables^ find the logarithms of aU the 
factors of the divid&nd aaid of the divisor^ and subtract 
the sum of tie latter from the sum of the former^ and find 
by the tables the n/urnber of which the remainder is the 
logarithm ; that nwmher is the quote sought^* 

It is pitdn that the logarithm of unity, whatever be the 
base, must = 0. 

(90«.) If both sides of the equation 

be raised to the mth power, and have their mth roots taken, 
we shall obtain 



But also. 



Hence 






yjw -_ B/(n*")^ mj^^^Kn^-)^ 



Un"^) = ndn^ Wn = — . 

m 

Whence we have the following rule : " The logarithm 
of any power of a number is obtained by multiplying the 
logarithm of the number by the exponent of the power ; and 
the logarithm of any root of a number is obtained by 
dividing i/ie logarithm of the number by the exponent of 
the rootr 

Hence, if a power or root of any number enter a formula 
which is to be computed, let the logarithm of the number 
be found from the tables, and let it be multiplied or divided 
by the exponent of the power or root ; let the number of 
which the resulting product or quote is the logarithm be 
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likewise found by the tables/ and this will be the power or 
root required. 

These observations contain all the properties of logarithms 
necessary to render the elementary part of the theory of this 
science intelligible to the student. There are various par- 
ticulars to be attended to in the use of tables, which^ being 
of a merely practical and technical nature, are fully ex- 
plained in the introductions to the usual collections of tables, 
and which it would be needless to enter upon here *. 



SECTION VI. 

Geometrical applications of plane trigonometry f. 

PROP. XXVI. 

(91.) Given the base and vertical angle of a triangle, to 
construct ity so that the sum of its sides shall be u maximum. 

If the triangle be supposed to be circumscribed by a 
drcle, the segment, whose base is the given side, will be 
^ven. The other »des of the triangle will be double the 
sines of half the arcs which they cut o£P, *.* half their sum 
will be the sum of the sines of the halves of these arcs. 
Hence the question is reduced to this : given the sum of two 
arcs, to determine when the sum of their sines is a ma£mum. 
By (62.) [17], 

sin.A 4- an-B = Ssin4(A + b)cos4(a — b), 

* For the means of computing the logarithmB of numbers re- 
latively to any given base, see Differential Calculus (68.), et seq, 

t In Table V. the student will find various values for the 
side of a plane triangle, and the sine, cosine^ and tangent of an 
angle in terms of the other sides and angles. 
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which^ 8ince4^(A4- b) is given, is a maximum when cos.4(a— b) 
is a maximum, that is (36), when (a — b) = *•* a = b* 

Hence the sum of the sides is a maximum when the 
triangle is isosceles. 

PEOP. XXVII. 

(92.) Given two sides of a triangle and the difference of 
the opposite angles, to compute the angles and the remaining 
sides. 

Let a and b be the two given aides. By (81.) we have 

«+* . 

cot.4^c = Ttan.4^(A — b), 

by which c may be computed, and thence the other parts. 

PROP. XXVIII. 

(98.) Given two angles and the sum or difference of the 
opposite sides, to compute the sides severally. 

Let A and b be the angles. By (73.), 

tan.i(A— B)_a--6 

tan.i(A+B)^a+y 
by which, when either a + 6 or a — 6 is given, the other 
may be computed. 

PROP. XXIX. 

(94.) Given an angle, one of the including sides a/nd the 
difference of the rem^iining sides, to determine the triangle. 

The data in this case are c, a, and 6 - e. Hence * — c 
and s-^b aie given. Whence by (78.) we find 

tan.|B = tan4c. — j. 
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PROP. XXX. 

(95.) To compuie the segments into which the bisector of 
the vertical atigle divides the base of a given triangle. 

Let the bisected angle be c, and x and y the segments of 
the side c, and let ^ be the angle under the bisector and base. 

By (72), 

a sin,<B b ax 

X sin.4c y' ' b y' 

a— 6 ^—y ^""y 
* a + 6""ir4-y'" c ' 

a—b 
^ a+b 

Hence by (73.), 

^ ..-^ tan4(A-B) 
^ tan.i(A+B) 

Thus ^ — y may be found either by knowing e and the 
angles a and b, or by c and the ratio of the sides a and b. 

PROP. XXXI. 

(96.) Owen an angle, the sum or difference of the sides 
containing it, and the opposite side, to compute the re* 
maining angles. 

Let the given angle be c^ the side c, and the given sum 
or difference a ±b. The problem is immediately solved by 
either of the formulae (74.), 

cos.i(A -- b) = sm.^c, 

a—b 
sm.4(A — b) = cos.4^c. 

Whence the difference of the remaining angles being found, 
they may be severally determined since their sum is known. 
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PROP. XXXIX. 

(97.) Given an angle, one of the sides which include iiy 
and the sum of the other two sides, to determine the re* 
maining angles* 

The data in this case are c^ a, and b + c. Hence ^ and 
5 ~ a are known. The problem is therefore solved by the 
formula (78.), 



cot.-^B = tan.4;C 



5— a 



PROP. XXXIII. 

(98.) Given two sides of a triangle and the included an^, 
to compute the segments of this angle made by a perpen- 
dicular upon the third side. 

Let a, by be the given sides^ and c the included' angle. 
Let w and oJ be the segments sought. By [261 (53«)> 

^ , ,^ cos.cu+cos.a/ 

--cot.4-(a; — tt/)cot.4-(ct; -f w') = :• 

*^ / *v ' cos.ct; — cos.tt/ 

But eos.o/ = sin. A, cos.a; = sin.B, *.* 

K . K sin.A + sin.B 

COt.|-(a; — a/)cot.4-(w + a/) = -. : , 

*^ / a\ / sm.A — sin.B 

a-^b 
••• COt.-^ct; — fjJ)QOi.\{<a + a/) = y 

If the perpendicular fall within the base, 

c = w -f w'; 
and if it fall without it, 

c = w — w'. 
Hence, in either case, w and co' may be computed. 
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PKOP. XXXIV. 

(990 Gi^>^^ *^B00 sides of a triangle and the included angle, 
to compute the segments of this angle made by the line drawn 
from its vertex to the middle point of the third side. 

Let a and b be the given sides, and c the included angle. 
Let vy J, be the segments sought 
If the Insector be d^ we have (72.), 

sin.w \c sin.oi' \c 

8in.A"" d ' ain.B ""J * 

sin.w sin.ti)' 



sin.A . ain.B ' 



sin.w+sin.of' sin.A +sin.B 
sin.df — sin.df' sin.A— sin.s' 

^ tan.4^(w+w')_a + 6 

*. tan.4.(w — w')~«— ** 
By which, as in the last prop., iif and J, may be computed. 



PROP. XXXV. 



(100.) Given the four sides of a quadrilateral whose an^ 
gles are supplemental, to determine its area and its angles. 

Let a, b, c, d, be the sides of the figure, and d the 
diagonal, which is the common base of the angles included 
by the sides ab and cd. Let the angle included by a& be 0, 
and that included by cd, <p'. By (75.), 

D« = a« + 42 _ 2aicos.p, 

D^ = c« + rf* - 2cdcos.p', 
•/ (a2 + 6«) — (c« + d^) = 9l(ab + cd)cos.(p • • • • [a], 
observing that cos.(p = — cos.?'. 
• Let L be the area of the quadrilateral. By (77.) the 
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area of the triangle included by db is -i^zSsin.^ ; and that 
included by cd is \cds\ii.<p^ = 4^(^sin*<p. Hence 

2l = (oJ + crf)sin.p - . . . [b]. 
Let [a] be added to, and subtracted from, 9(ab + ed\ 
and the results are 

(a + by -(<?-! d)2 = 2(a6 + ci/)(l + co$.p), 
— (a — 5)a + (c + t/)2 = 9,(ab + ci)(l — cos.?)), 
which, by the conditioni, 

2cos.<4^ = 1 + cos.?J, 
2sin.*4<p = 1 — cos.<p, 
are reduced to 

(s — c){s — d) =^ (aft + cd)cos.%<Pj 
(5 — a)(* — J) = (oft + cd)mi.%(Py 
where s = 4:(a' + ft + c + d)» Hence by multiplying these 
together (55.), we obtain 

{s - a){s - 6X^ - c)(s - d) = |(aft + cd)^sin.V, 
which, with [b], gives 

L = >v/(s — a)[s — b){s — c)(5-— £?), 
where the area is expressed in terms of the sides, and the 
formula adapted for logarithms. 

The angle <p may be computed by dividing the same pair 
of formulae one by the other, which gives 

tan.«i(p = — — 

{s^c){s-d) 

which is likewise adapted for logarithms ; and in the same 

manner die other angles may be computed. 

The analogy which these have to the results of (76.), (77.), 

for a triangle is evident. If rf = 0, they become identicaL 

PROP, xxxvi. 

(101.) To determine the distances of two inaccessible, but 
visible objectSyJrom the observer, and from each other. 

Let two convenient stations a, b, be selected, and the 
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distance between them measured. 
Let the angles cad, cbd, dab^ 
and CBA, be observed, c and d 
bong the proposed objects. 

Hence all the angles about the 
points A and b may be deter- 
mined, and thence the angles acb 
and ABB, and hence the sides ac, 
BC, AD, BD, may be computed by (82.). We shall then 
have in either of the triangles cad or cbd two sides, and the 
included angle to determine the base cd. 
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SPHERICAL TRIGONOMETRY. 



SECTION I. 

Of the sphere. 



(lOS.) If a semicircle be ima^ned to revolve round its 
diameter so as to move through 360^, its circumference will 
describe a surface which includes a solid called a sphere. 

From this definitioUi it follows that all right lines drawn 
from the centre of the generating circle to the surface of the 
sphere are equal. Such lines are called radii of the sphere, 
and the point in which they meet is called its centre. 

PKOP. XXXVIl. 

(108.) To determine the curve Jbrmed by the section of a 
spherical surface by a plane. 

1^. If the plane pass through the centre, it appears by 
(lOS.) that the section is a circle whose centre and radius 
are those of the sphere* 

^. If the plane do not pass through the centre, let a per- 
p^idicular b^ drawn from the centre to meet it, and let this 
be z, and the radius of the sphere r. The distance of any 
point in the section from the point where the perpendicular 

f2 
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z meets it is Vr'^ — ^% and this being the same for all 
points^ the section is a circle whose centre is the foot of the 

perpendicular, and whose radius is \/r* — 2*. 

(104.) Cor. 1. The greatest section of a spherical surface 
is that whose plane passes through the centre, and all such 
sections are equal. 

(105.) Def. Such sections are called great circles. 

(106.) Def. Sections whose planes do not pass through 
the centre are called lesser circles. 

(107.) Cor. % Lesser circles equidistant from the centre 
of the sphere are equal, and, in general, the circle diminishes 
as its plane recedes from the centre of the sphere. 

PROP, xxxviir. 

(108.) To draw a tangent plane to any point upon a 
sphere. • 

Through the proposed point let a radius be drawn, and a 
plane perpendicular to the radius will be the tange^it plane. 
For any other line drawn from the centre of the sphere to 
meet this plane is necessarily greater than the radius of the 
sphere which is the perpendicular upon it from the centre. 
Therefore the point where every such line meets the plane 
must be outside the sphere^ 

(109.) Cor. Tangent planes through the extremities of 
the same diameter are parallel, and vice versa ; and more 
than one tangent plane cannot be drawn to the same point. 

PROP. XXXIX. 

(1 10.) To determine the loctis of the centres of a system of 
parallel circles on a spJisre. 

Let the diameter of the sphere be drawn which is per- 
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pendicular to their planes: this meets tlie plane of each 
drcle at its centre (lOS.)} and is therefore the locus sought. 

(111.) Def. A diameter of the sphere is called the axix^ 
of those circles to whose planes it is perpendicular. 

(1 >2.) Def. The extremities of the axis of a circle are 
called its foles. 

(113.) Def. Great circles whose planes are at right 
angles to the plane of any circle are called its seccmdaries. 

(1 14.) Cor: 1. The planes of all secondaries pass through 
the axis, and their circumferences through the poles of their 
primary. The poles of a great circle may therefore always 
be determined by the intersections of any two secondaries. 

(115.) Cor. 2. The arcs of all secondaries intercepted 
between the primary and its poles are = 90". For they 
subtend right angles at the centre of the secondaries. 

(116.) Cor. S. If three great circles be mutually se- 
condary, the intersection of the planes of any two will be 
the axis of the third, and the intersections of the circum- 
ferences of any two will be the poles of the third. 



PROP. XL. 



(117.) All great circles bisect each other, and a secondary 
bisects all parallels to its primary. 

l^ The intersection of the planes of two great circles is ^ 
^necessarily 4l diameter of the sphere, and a common dia- 
meter of both circles. Hence they necessarily bisect each 
other. 

2®. By (114.) the plane of a secondary passes through the 
axis of its primary, and therefore through the centres (110) 
of^all parallels to the primary. Hence it bisects all- 
parallels. 
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paop. xLi. 

(118.) To determine the relation betzoeen the radius of a 
lesser circle, its distance Jrom the great circle to which ii is 
paraUelf and the arc of a secondary intercepted between 
thefn* 

Let 2 be the perpendicular distance between the plane of 
the lesser circle, and that of the great drcle to which it is 
parallel, and let r be the radius of the lesser circle, R that of 
the sjJiere, and 9 the arc of the secondary. 

By (103.), 

R« = z» + r«. 

Since R, r, and «, form a right angled triangle, the angje 
opposite the side z being equal to the arc p * ; if the radius 
(b) of the sphere be taken as unity, we have r = cos.^ , 
z = sin.^. 

PROP. XLII. 

(II9.) Two secondaries intercut similar arcs ofparal^ 
Ids to ifidr primary, and these arcs are as the cosines of 
ifie arcs of the secondaries between the parallels and the 
primary. 

For the arcs of the parallels subtend at their respective 
centres angles equal to the inclinations of the planes of the 
secondaries, and these arcs being therefore similar, are as 
their radu, which are (118.) the cosines of the intercepted 
arcs of the secondaries. 

* When an angle is said to be equal to an arc^ it is meant 
that they contain the same number of degrees and parts off a 
degree. 
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PROP. XUII. 

(190.) The angle under two great cirdes is equal to the 
single under their planes. 

By the angle under two curves is meant the angle under 
two tangents to them drawn from their poiat of intersection ; 

■ 

and by the angle under two planes is meant the angle under 
two right lines in those planes drawn from the same point 
in their line of intersection and perpendicular to that line. 

Now the intersection of the planes of two great circles is 
the common diameter joining the points of intersection of 
their circumferences. Tangents to the circles drawn from 

these points of intersection are necessarily in the planes of 

the circles and perpendicular to their common diameter; 

hence the angle under these tangents is at the same time 

tlie angle under the circles and the angle under their 

planes. 

(121.) Cor. Hence, if two great circles intersect, the 

^mgles yerticaUy opposite are equal, as also the angles at the 

't^wo points of intersection. 

(12S.) Distances on the surface of a sphere are measured 

Ibj the arcs of great circles. One reason for this is, that the 
shcxrtest line which can be drawn upon the surface of a sphere 
hetween any two points is the arc of a great circle joining 
them *. 

(193.) If two points on the surface of a sphere be not at 
the oppo^te extremities of the same diameter, but one great 
circle can be drawn through them ; for the centre of the 
sphere not lying in directum with them, will be sufficient 
to determine the plane of the great circle passing through 



* Differential and Integral Calculus (483.)- 
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them. In this case the points will be united in one direction 
by an arc less than a semicircle, and in the other by an arc 
greater than the semicircle. The one mil be the shortest 
circular arc which can be drawn upon the surface of the 
sphere connecting the points, and the other the longest 

If, however, the two points be at opposite extremities of 
the same diameter, all planes passing through them must 
necessarily also pass through the centre of the sphere, and 
therefore all circles uniting them will be great drcles. In 
this case the arcs of all circles uniting them will be semi* 
circles, 

PROP. XLIV. 

(1S4.) The angle under two great circles is equal to the 
distance between tJieir poles. 

The axes of the great circles being perpendicular to their 
planes are inclined at the same angle as the planes of the 
circles. But the angle under the axes is obviously mea- 
sured by the arc which joins their extremities, that is, by 
the distance between the poles of the great circles. 

It should be observed, that the planes of the two great 
circles in general make an acute and obtuse angle, which 
are supplemental. Also, the pole of either is distant from 
the two poles of the other by supplemental arcs. The 
lesser arc is equal to the acute angle under the planes of the 
circles, and the greater arc to the obtuse angle. 

PROP. XLV. 

(125.) The angle under two great circles is equal to the 
arc of a common secondary intercepted between them. 

For since this secondary passes through the poles of both, 
taking away from the equal quadrants of the secondary 
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b^^ween eadi ciicle and its pole, the common arc intercepted 

b^^itween one circle and the pole of the other, the remainders 

*i^ the intercept of the common secondary between the two 

circles and the distance between their poles, which' are 

therefore equal. But the latter is equal to the angle under 

the two ardes. 



SECTION II. 

OfspJierical triangles. 

(196.) Def. Three points upon the surface of a sphere 
being connected by arcs of great circles, the figure formed 
on the surface by these arcs is called a sphericai triangle. 

When a great drde is drawn through two points, they 
may be considered connected by either segment into which 
they divide the circumference. One of the segments will in 
general be greater, and the other less than a semicircle. It 
is usual, however, to confine our attention to that segment 
which is less than a semidrcle, and, accordingly, we always 
ccmad^ the sides of spherical triangles less than 180^. 

PROP. XL VI. 

(127.) Any tmo sides of a splierical triangle taken together 
are greater than the third side. 

For if radii of the sphere be drawn to the three angles, 
they will form at the centre a solid angle bounded by three 
plane angles which are equal to the sides of the proposed 
triangle. It is proved (Eucl. lib. xi. prop. 20), that any 
two angles forming such a solid angle must be together 
greater than the third. 
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(128.) Cor. Hence the difference of anj two ades of «^ 

spherical triangle is less than the third side. 



PROP. XLVII. 

(1S9.) The sum of the three sides of a spherical triangk 
is less than the circumference of a great circle. 

For let any two of the sides a, b, be produced throu^ 
the third side c until they meet again. The produced parts 
Tt — a and it -- h will, with the third side c, form a triangle. 
Hence by the last proposition, 

•.• Sir > a 4- 6 + c. 
(130.) Cor. Hence the sum of the sides of a spherical 
polygon must be always less than the circumference of a 
great circle. 

Let ABODE be the polygon, 
and let ae, ab, and DC be 
produced so as to form the 
g triangle Afg. By (129.X 

and by (127.), 

£/+ Dy > DE, 
Bg + Cg>BC, 

••• ^f+fg + 'Ag > AE + ED + DC + CB + BA, 
AE + ED + DC + CB + BA < g-TT. 




PROP. XL VIII. 



(131.) If three great circles intersect, they will divide the 
entire sphere into eight spherical triangles. Each of the 
hemispheres into which any one of the circles divides the 
sphere will be divided into four spherical triangles, which 
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he respectively eqmd side for side and angle for angle 
^mth the four triangles of the other hemisphere. Every two 
^ these triangles have an angle in one equal to an angle in 
the other, and the sides opposite to these angles respectively 
equal, while the remaining sides and angles are supple- 
mental. 

This will be easily perceived by considering that the three 
circles mutually bisect each other. 

Let AECD be one of the 
great circles and the base 
of one of the hemispheres. 
The four triangles are abe, 
CBE, ABD, and CBD. Since * 
ABC, AEC, EBD9 ADC, are se- 
micircles, 

AB = 91* — BC, 
BE = V — BD, 
AE = TT — CB, 
AD = «• — CD. 

Also, nnce the angle bec = bdc *.* the angles be a and 
SDC are supplemental ; and the same observation may be 
applied to the other angles. 

(132.) Cor. 1. Hence any spherical triangle being given, 
another may be found by changing two sides and the angles 
opposite them into their supplements; the remaining angles 
and sides continuing unchanged : that is, if 

a, by c, 

A, B, C, 

be the sides and angles of a spherical triangle, 

Tt '^ a. If ^ by € 

If — A, ^ — B, C, 

will be the sides and angles of another spherical triangle. 
(188.) Cor. 2. Any four of the eight trianj it 
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each from the others^ must be together equal to an hemi- 
sphere. 

PROP. XLIX. 

(134.) If the intersections of three great circles be iJie 
poles of three others, the intersections of the latter mil be 
the poles of the former. 

Let a, b, c, be three great circles, and a\ b\ c\ three 
others. The intersections of a and b are the poles of cf, 
'.' the intersection of the planes of a and b is the axis of d 
(114.), and is perpendicular to every line in the plane of c'. 
Therefore it is perpendicular to the intersection of the planes 
of a' and d^u. 

Also, fortne same reason the intersection of the planes of 
b and c is perpendicular to the intersection of the planes of 
d and a'. Since then the intersection of the planes of d 
and a' is perpendicular to the intersection of the planes of b 
and Cy and also to that of the planes b and a, it is per- 
pendicular to two lines in the plane b, and is therefore per- 
pendicular to the plane b itself. Eucl. lib. xi. Hence 
the intersection of the planes d and d is the axis of 6, and 
the intersections of the circles d and d are therefore the 
poles of b. 

In like manner it may be proved that the intersections 
of V and d are the poles of a, and those of a' and V the 
poles of c. 

PROP. L. 

(185.) If three great circles be dra'wn through the poles of 
tJie sides of a given spherical triangle, of any four triangles 
into which they divide the same hemisphere, three will have two 
sides eqUfdl to each pair of angles of the given triangle, and 
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^Ac angles opposed to these sides equal to the sides of the given 

tn^jngle opposed to the former angles^ the remaining side 

^<^2<j angle being respectively supplemental to the remaining 

c^n^le and side of the given triangle ; and the fourth sphe- 

triangle of the hemisphere zdU Jiave sides which are the 

f^iements of the angles and angles which are the supple^ 

^^^^nts of the sides of the given triangle. 

Let 

a, 6, c, 

A, B} C, 

l:>e tbe sides and angles of the given triangle. The sides of 
"^lie four triangles into which the same hemisphere is divided 
Iby great circles passing through the poles of a^b, e, are 

1. A, B, If — Cf iHk 

2. B, c, ir — A, ^^ 

3. c, A, ir — B, 

4. ^ — A, w — B, ir — c ; 

and the angles of these triangles opposed to the sides 
respectively are 

1. a, 6jL '"^ -^ Cy 

2. b^ c^ Tt — a^ 

3. c, a, ir — 6, 

4i. sr — a, IJ* — ftj 'B' — C. b- 

These follow as ponsequences from the principle that the 
angle under two great circles is equal or supplemental to 
the distance between their poles. Any one of the four 
cases being proved, the other three may be deduced from it 
by (132.). 

Let the triangle be that represented here, and let p be 
a pole of c, p' of 6, and p" of a. 

It is evident that p and p' being the extremities of the 
axes of c and 6, pp' = a. For the same reason pp" = b 
and p'p" = ir — c. 
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Thus the three iddes 
of the triangle pp'p" 
are 

A, B, * — c, 
These are the sides 
of the first of the four 
triangles. The udes 
of the other three fol- 
low by (131.)- 

The angles of ppV may be derived from the sides a, 6, c, 
by considering that the three vertices of a, 6, c, must be the 
poles of the sides of pp'p"; and by the principle already 
established, we derive the values of the angles of pp'p". 

The angles of pp'p" being obtsdned, the angles of the other 
three trianMfe)llow by (13^.). 

(136.) 27™ The triangles formed by great circles through 
the poles of a ^ven triangle are called its polar triangles; 
and that whose sides are all supplemental to the angles of 
the ffvexk triangle i$ called its supplemental polar triangle, 

(137.) Def. A spherical triangle, one of whose ddes 
= 90% is called a quadrantal triangle. 

(138.) Cor. 1. If a spherical triangle be right angled^ 
all its polar triangles will be quadrantal, and vice versd. 

(139.) Car. % Let s be half the sum of the three angles 
of a triangle. 

2s = A + JB -h C, 
\- 2(S — A) = B 4- C — A, 
2(S — b) = A -h C — B, 
2(S - C) = A + B — C. 

The semisums of the sides of each of the four polar 
triangles respectively are 

1. i(7r + A + B -« o) = Y + (s — c)> 
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2. i(* + B + C - a) = -J- + (S - A), 



8. ■i(7r + A + c - b) = Y + (^ - ^)» 

8tf 

4. ^(Stf- A-B-C)=g- — s. 

t 

X?I)e last b^ng the supplemental polar triangle. 



PROP. LI. 

(140.) To determine the limits of the magnitiuk of the 
'^^i/m oftJie three angles of a spherical triattgle* 

It has been already proved that the major limit of the 
^um of the sides of a spherical triangle is 2if (1!^.)* 

Hence, if s be half the sum of the three BXiffffk^ the major 
Ximit of 

8* 

infff since tfa$s is half the sum of the sides of the supplemental 
Xx>Iar triangle. Hence the minor limit of s is -^, and there- 
fore the minor limit of 2s is ^. 

Since the sum of the sides of a triangle has no minor limit, 
the major limit of s is given by the equation 

Sir 

Sff 

• • C ^ — 

9. 
The mqcM* limit of 5is is therefore Stt. 

Hence ** the sum of the three angles of a spherical triangle 
oamnoft be less than two right angles, nor greater than six,** 

Thus It appears that the sum of the angles of a spherical 
triangle is not, like that of {dane triangles, constant, but varies 



80 SPHERICAL TRIGONOMETRY. SECT. II. 

between the limits ISO"" and 540% without being capable of 
tbecoming equal to either. , ^ 

The supposition that no spherical triangle has ades 
greater thaii 180^ necessarily infers by the polar triangles, 
that no spherical triangle can have an angle greater than 
180". There exist, however, spherical triangles which have 
angles as well as sides exceeding 180^ ; but as the values of 
their sides and angles can always be derived from the con- 
sideration of triangles whose ^des and angles are less than 
180^; the definition of spherical triangles is generally re- 
stricted to the latter, which contributes much to the sim- 
plicity of the investigations in spherical trigonometry. 

(141.) Cor* 1- Hence a spherical triangle may have two 
or three angles, right or obtuse. 

(142.) Cor.% If two angles be right, the »des oppomte 
to them must be quadrants. For in that case, these sides 
are secondaries to the third side, and *.* intersect in its poles. 
Hence the sides must each = 90^. 

(143.) Cor. 3. If the three angles be right, the three 
sides will be quadrants, and the three great circles, if com- 
pleted, will divide the surface of the sphere into eight equal 
equilateral quadrantal triangles. 



PROP. LII. 



(144.) The angles at the base of an isosceles spherical 
triangle are equals and vice versd. 

From the centre of the sphere through the vertex of the 
isosceles triangle let a radius be drawn and produced. 
Through the extremities of the base let tangents be drawn to 
the sides until they meet the radius produced through the 
vertex. The intercepts of the produced radius between 
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these tangents and the centre pi list be equal, since they 
are secants of the equal sides, and therefore the two tangents 
must meet the produced radius at the same point, and must 
themselves be equals since thej are the tangents of the equal 
sides. 

Let tangents to base be drawn through its extremities 
and continued until they meet. They will also be equal. 
Let the point where they meet be connected with the point 
where the tangents to the sides meet, and two triangles will 
be thus formed, having the joining line as a common side, 
and the equal tangents to the base and side for die re- 
maining sides. The angles therefore included by the tan- 
gents to the sides and base will be equal ; but these are the 
angles of the spherical triangle at the base. 

The converse of this proposition may immediately be in- 
ferred by the polar triangles. If two angles of the ^ven 
triangle be equal, two sides of the corresponding polar tri- 
an^e being equal to them, must also be equal, *.* the angles 
opposite to these sides are equal ; but these angles are equal 
to the sides of the given triangle which are opposite to the 
equal angles. 

PROP. LIU. 

(145.) In a spherical triangle the greater side is opposed 
to the greater angle. 



Let the angle abc > acb, 
and let dbc = dob. 

Hence by (144.) dc = bd. 

But AD + BD > AB, •.' AC 
> AB. A 




G 
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PROP. LIV. 

(146.) On the same base two, and only two, spherical tri- 
angks can be constructed wliose conterminous sides are equal; 
and the vertices of these are similarly placed at opposite 
sides of the common base ; and the angles of the two triangles 
opposite to the sides respectively equals are equal. 

Let AB be the cominoii 
base. At a distance ad 
from A, equal to the com*. 
mon IcDgth of the sides 
supposed to be terminated 
at A^ let a lesser circle be 
described with a as pole. 
This circle must be the 
locus of the vertices of all 
triangles on the common base ab, and having their sides 
terminated at a of the common length. 

In like manner let a lesser circle be described with b as 
pole, and at a distance be equal to the common length of 
the sides terminated at b. The vertices of the triangles 
constructed on ab having their sides terminated at a equal 
to AD, and those terminated at b equal to be must be at the 
same time on both circles, and must be their points of inter- 
section. These can be but two, c, c', similarly placed at 
opposite sides of the base ab. 

To prove the equality of the angles c, c', opposite to the 
common side ab let tangents be drawn to the sides cb, c'b, 
and CA, c'a ; and let the points where they meet the plane 
of the circle ab be t^ i, which being joined by a right line 
ti, the two plane triangles tct^ and tdi will be respectively 
equilateral, and •.' equiangular, •.• the angle tct is equal to 
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the angle ^cV; i,e. the angle acb is equal to the angle 
Ac's. 

In like manner, by supposing the side bc' placed upon bc, 
the triangles lying at opposite sides, the angle bac may be 
proved to be equal to bac' ; and in a similar way cba may 
be proved to be equal to dsA. 

(147.) Although the sides and angles of these two tri- 
angles be respectively equal each to each, and, as will here- 
after appear, their areas be also equal, yet their equality is 
not of that kind which allows of superposition. For if, 
while two angular points A and b of the triangles coincide, 
the third angular point c' were brought to coincidence with 
c, the triangle abc' would be no longer upon the surface of 
the same sphere. The concavity of each of the sides abc 
would be presented towards the concavity of each of the 
sides abc'^ and the concave surfaces of the two triangles 
would be opposed. The surface of the sphere of which the 
triangle abc' in its new position would be a part might be 
thus determined. From the centre of the sphere abc draw 
a line perpendicular to the plane of the points a, b, and c ; 
and let this perpendicular be produced beyond that plane 
until the produced part is equal to the perpendicular itself. 
With the extremity of the produced part as centre, and a 
radius equal to that of the original sphere, let another sphere 
be described : the triangle abc' in its new position will be 
on the surface of that sphere, as is obvious. 

It is plain that the two spheres intersect each other in the 
lesser circle which circum^ribes the triangle abc. 

(148.)' Two triangles which are^ equal in the manner of 
ABC and abc' are said to be symmetrically equal. When 
they are equal so as to admit superposition, they are said to 
be absolutely equal *. 

* Legendre appears to have been the first to point out the 

ctistinction between absolute and symmetrical equality. 

g2 
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(149*) It follows from what has been observed, that two 
triangles on the surfaces of equal spheres, formed by joining 
three points in the lesser circle in which they intersect, will 
be symmetricalb/ eqtud. 

(150.) It is plain, that if the triangles be isosceles 
AC = BC = Ad = Bc', they will be absolutely equal. For 
by interchanging the places of a and b, d will be brought 
upon c. 

PROP. LV. 

(151.) Two spherical triangles which are mutually equi' 
lateral*^ are also muttudly eqtadngular^ the equal angles 
being opposed to the equcU sides. 

The triangles being supposed to be placed so that two 
sides respectively equal shall coincide, must either be placed 
at the same or opposite sides of those coincident ndes. If 
they be at the same side, the remaining vertical points must 
coincide by (146.), and therefore the sides themselves (ISS.); 
and therefore the triangles are absolutely equal, the equal 
angles be opposed to the equal sides. 

If they be placed at opposite sides of the coincident sides^ 
they will be symmetrical Ij/ equal, and the proposition has 
been already proved. 

(152.) Cor. Hence the arc drawn from the vertex of an 
isosceles spherical triangle to the point of bisection of the 
base, bisects the vertical angle, and is perpendicular to the 
base. 

* In comparing the sides of spherical triangles^ their mag- 
nitudes are measared by the number of d^rees they contain. In 
this sense the above proposition^ and those which succeed it^ may 
easily be extended to triangles upon the surfaces of different 
spheres, although th^ demonstrations of some of them suppose 
the triangles to be upon tlie same spherical surface. 
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PROP. LVI. 



(163.) If two spherical triangles be mutually equiangular, 
they trill also be mutually equilateral^ the equal sides being 
opposed to the equal angles. 

For since the angles are equal, the sides of tlieir sup- 
plemental polar triangles are equal (136); therefore their 
angles are equal (151 .) But these angles are the supple- 
ments of the sides of the proposed triangles. 

(154.) Most of the criteribns for the determination of the 
equality of spherical triangles are the same as those for plane 
or rectilinear triangles. The above is, however, an ex- 
ception. If the three angles of two plane triangles be equal, 
the ffldes will be proportional^ but not necessarily equal. If 
the spherical triangles be described upon the surfaces of the 
same or equal spheres, their proportionality necessanly in- 
fers their equality, since they are related to the same or 
equal radii. If, however, they be described upon the sur- 
faces of unequal spheres, the equality which follows from 
the preceding demonstration is only an equality as to the 
number of degrees in the ^des, which* amounts to no more 
than proportionality as to absolute length, the rides of the 
triangles being proportional to the radii of the spheres. 

PROP. LVII. 

(155.) If two spherical triangles have an angle, and the 
sides which contain it equal each to each, the remaining side 
and angles will also be respectively equal. 

For one of the triangles admits of the superposition de- 
scribed in Euc. lib. i. prop. 4. either upon the other or upon 
one which is symmetrically equal to the other. Hence the 
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two proposed triangles are either absolutely or symmetrically 
equal. 

(156.) Car. 1. Hence the arc which bisects the vertical 
angle of an isosceles triangle will bisect its base^ and be per- 
pendicular to it. 

(157.) Cor. 2. Also, if the arc from the vertex .of a 
spherical triangle perpendicular to the base bisects the base, 
the triangle will be isosceles. 

PROP. LVIII. 

(158.) If two spherical tricmgles have a side^ and the 
angles between which it is placed respectively equals tlie re- 
maining angle and sides are aha equal each to each. 

For they have two polar triangles which have sides equal 
to the two angles which are given, equal each to each, and 
the iiicluded angles the supplements of the sides which are 
given equal. Hence the remaining sides and angles of these 
polar triangles must be equal, each to each (155.) But the 
remaining sides are the supplements of the remaining angles 
of the proposed triangles, and the remaining angles are 
respectively equal to the remaining sides of the proposed 
triangles. 

(1690 Cor, If the arc which bisects the vertical angle 
of a spherical triangle be secondary to the base, the triangle 
is isosceles. 

/ 

PROP. LIX. 

(160.) If two spheHcal triangles have two sides respectively 
equaly each to each, and the a/ngles opposed to one pair of 
equal sides equals the angles opposed to the other pair of 
equal sides must be either eqical or suppleincfital. 

Let the vertices of the equal angles and vertices of the 
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angles included by the sides 
respectively equal, be con- 
ceived to be placed the one 
upon the other, so that the , 
sides AB which include the 
equal angles at a shall co- 
incide. 

The two triangles will then be placed either at the same 
or opposite sides of ab. In either case, the vertices of the 
angles opposed to ab must be placed upon a lesser circle 
described round the pole b at' a distance bd equal to the 
equal sides which are opposed to the equal angles a. 

If the triangles be at the same side of ab, the sides which 
include the equal angles a must coincide, and the vertices 
of the angles opposite to ab must either coincide at c or c, 
or one must be at c and the other at e. In the first case the 
angles opposed to ab are equal. In the second case, since 
the triangle cbc is isosceles, the angles sec and bcc are equal, 
and therefore the angles opposed to ab are supplemental. 

If the triangles lie at opposite sides of ab, the vertices op- 
posed to AB must be found in either of four positions, 

1. cd^ % cc', 
3. cc', 4. c'c. 

In the first two cases, the three sides of the triangles are 
respectively equal, and therefore the angles opposed to ab 
are equal. In the last two the angles are proved to be sup- 
plemental by the Isosceles triangles cbc and c'bc', as before. 

(161.) Cor. 1. Hence if the angles opposed to the side ab 
be of the same afiectiou, i. e. both acute or both obtuse, they 
must be equal, and the triangles will be necessarily either 
absolutely or symmetrically equal. 

(16J^.) Cor. % If one of the angles opposed to the side 
AB be right, the other must be also right, and therefore the 
triangles either absolutely or symmetrically equal. 
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PROP. LX. 

(163.) If two spherical triangles have two angles and the 
sides opposite to one pair of them respectively equal, the sides 
opposite to the other pair must be either equal or supple- 
mental. 

For there are two polar triangles whose sides are equal 
to the proposed angles, and the angles opposed to these 
sides are equal respectively to the sides whose equality is 
given, and to those which are affirmed to be equal or sup- 
plemental (135.). Now, by the last proposition, the angles 
of the polar triangles opposed to the given equal sides are 
either equal or supplemental, and therefore the correspond- 
ing sides of the proposed triangles are supplemental or 
equal. 

(164.) Cor. 1. If the remaining pair of sides be of the 
same affection, they must be equal, and the triangles will be 
either absolutely or symmetrically equal. 

(166.) Cor, 2. If either of the remaining sides be a qua- 
drant, the other must be also a quadrant, and the triangles 
will be either absolutely or symmetrically equal. 

PROP. LXI. 

(166.) If two spherical triangles have two sides equal each 
to each, the remaining side in the one is greater or less than 
the remaining side in the other, according as the angle op- 
posed to it is greater or less in the one than in the other. 

This is proved in the same manner as the corresponding 
proposition relative to plane triangles. 
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SECTION III. 

Of the areas of spherical fgures. 

(167.) Def. Two semicircles being described upon the 
^ame diameter of a sphere, that part of tlie surface of the 
sphere which they include is called a hiue. 

(168.) Def. The common diameter of the semicircles is 
oalled the arts of the lune. 

(169.) Def, The angle under the planes of the semi- 
c;ircles is called the angle of the lune. 

PROP. LXII. 

(170.) Lunes of the same sphere^ whose angles are equalj 
have equal surfaces. 

For if their axes be supposed to be placed in coincidence 
as well as the planes of two of their semicircles, the planes 
of the other two semicircles being turned in the same 
direction, must coincide, since the angles of the lunes are 
equal. Therefore the semicircles which bound the lunes 
will coincide, and therefore their surfaces will necessarily 
also coincide and be equal. 

PROP. LXIII. 

(171.) Given the surface of the sphere and the angle of a 
lune, to determine its area. 

Let io be the angle of the lunc^ and s the surface of the 
sphere. Let the angle eo be divided into any number of 
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parts n. It is plain that the lune may be divided into a 
number of (n) equal lunes ; the angles of which will be 

— . Now as often as — is contained in 360°, so often will 
n n 

one of these lunes be contained in the whole surface of the 

sphere. Hence it appears that the lune whose angle is a>, 

bears to the surface s the ratio w : 360^. If l be the lune 

^"^^860^^ ^'^^ 
The surface of a sphere is proved to be equal to four 
times the area of one of its great circles *. Hence- 

s = ^^-^-zr, 

(172.) Cor. 1. Lunes of the same sphere are as their 
angles. 

(173.) Cor. % Lunes of different spheres are as the pro- 
ducts of their angles and the squares of their axes. 

(174.) Cor. 3. The whole surface of the sphere oondsts 
of four rectangular lunes. 

(175.) Cor. 4. A secondary to the sides of a lune divides 
it into two equal rectangular isosceles triangles, whose ver- 
tical angles are those of the lune, 

PROP. LXIV. 

(176.) Triangles which are mattuiUy equilateral are 
equal in area., 

1. If they be absolutely equal, they admit superposition, 
and are therefore equal in area. 

% If they be symmetrically equal, let them be circum- 
scribed by lesser circles. These lesser circles will be equal 

by (147.). 

* Differential and Integral Calculus (276.). 
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Hence if thdr poles be connected with the three angles, 
the connecting lines pa, pb, pc, must be equal to each other, 
and to p'a', p'b', p'c'. Hence they 
divide each triangle into three isos- 
celes triangles, whose iddes are re- 
spectively equal, each to each, and 
these are therefore absolutely equal, 
and their areas are therefore equal ; 
and, therefore, areas of the entire 
triangles are equal. 

If the poles of the lesser circles fall 
outside the triangles, the area of each 
triangle is the diflerence between one 
of the isosceles triangles and the sum 
of the other two. 





PROP. LXV. 

(177.) Give7i the surface of the spltsre^ to determim the 
area of a given triangle. 

Let each pair of sides of the triangle be pj'oduced through 
the extremities of the third side until they intersect. There 
will thus be three lunes formed, whose angles will be the 
three angles of the triangle, and their surfaces respectively 
will be 

2r«A, 2r*B, gi«c, 
r being the radius of the sphere, and a, b, c, the angles of 
the triangle (171.). 

In the surfaces of these lunes the given triangle is three 
times repeated, and with it three of the eight triangles into 
which the whole sphere is divided by the circles which form 
the {i^ven triangle (131.) The surface of the hemisphere is 
equal to those three triangles together with the given one. 
Hence the sum of the three lunes exceeds the hemisphere by 
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twice the area of the given triangle. Therefore, if d be the 
iirea of the triangle 

D = r%A -r B + c) — r«tf, 

•.• D = r2[(A + B + C) — TT], 

Hence the area of a spherical triangle is equal to that of 
a lune of the same sphere whose angle is equal to half the 
excess of the sum of the three angles of the triangle above 
two right angles. 

In the formula just obtained, the angles a, b, c, tt, are 
related to the radius unity (24 ). 

If they should be expressed in seconds, it will be necessary 
to divide each angle by S06265 (7.). 

(178.) Cor. 1. The areas of triangles on the surface of 
the same sphere are proportional to the excess of the sums 
of their angles above two right angles. 

(179.) Cor. 2. The areas of triangles upon different 
spherical surfaces are as the squares of the radii multiplied 
into the excesses of the sums of their angles above two right 
angles. 

PROP. LXVI. 

{180.) To determine the surface of a spherical polygon. 

Let the polygon be resolved into triangles by diagonals 
drawn from any angle. The sum of the triangles will be 
equal in general to the polygon, and the sum of the angles 
of the triangles equal to the sum of the angles of the poly- 
gon. If the polygon have n sides, there will be w — 2 tri- 
angles ; and if s be the sum of its angles and d its area, 

D = r'[s - {n - 9)it\ 

Hence the areas of different polygons on the same sphere 
are proportional to the excesses of the sums of their angles 
above two right angles multiplied by two less than the 
number of sides. 
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SECTION IV. 

TrigonometriccUJbrmuke expressing relations between ilie 
sides and angles of a spherical triangle. 

(181.) The analytical formulae which express all the 
Tarious trigoDometrical relations of the sides and angles of 
a spherical triangle, although very numerous, and many 
of them apparently unconnected, may, nevertheless, be all 
derived from one formula, which may therefore be con- 
sidered as the foundation of the whole structure of sphe« 
rical trigonometry. This formula therefore may be con- 
sidered in spherical trigonometry in the same point of view 
as that for the sine of the sum of two arcs in plane trigo- 
nometry, and, as in that case, we shall establish it by 
geometrical construction, and subsequently derive all others 
from it. 

Let a, by c, be the sides, and a, b, c, the angles of a 
spherical triangle, as usuaU From the vertex of the angle 
let tangents be drawn to the arcs a and b ; and from the 
centre of the sphere let the radii through the vertices of the 
angles a and b be drawn and produced to meet the tangents ; 
and let the points where they meet the tangents be con- 
nected by a right line d. The produced radii are evidently 
the secants of the sides a, b, the radius of the sphere being 
unity, and the parts of the tangents intercepted between the 
secants and the vertex of c are the tangents of the sides. 
The angle under the tangents is equal to c, and that under 
the secants to c. 

By applying the principle (75.) to the two plane triangles 
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of which D is a common side, and of which I he remaining 
sides are the tangents and secants of a and ft, we obtain 

D* = tan.^a + tan.*6 — 2tan.atan.ftcos.c, 
D* = sec.^a + sec'ft — 2sec,asec.6cbs.c. 

m 

Subtracting the former from the latter, and observing the 
conditions, 

sec.% — tan.^a = 1, 
sec.«& - tan.«/> = 1, 

1 



sec.asec.i = 



tan.a tan.J = 



cos.acos.ft' 
sin.a sin.ft 



cos.acos.6' 

we obtain 

cos.acos.& -1- sin.a sin.dcos.c — cos.c = 0. 

This principle being successively applied to each of the 
three angles a, b, c, gives a system of three formulae, which 
may be expressed thus : 



COS. 



a 




A 


b 


c 




b 


b 


— COS. 


B sin. 


c sin. 


a — 


COS. 


ccos. 


c 




c 


a 


b 




a 



c 
I, 



[1]' 



which formulae are the foundation of spherical trigono- 
metry. 

We have adopted this method of grouping the formulae 
in preference to the usual method of repeating cos., sin., &c. 
before each side and angle, because it exhibits more plainly 
the symmetry which prevails in the system, and impresses 
the formulae more i-eadily upon the memory. 

(182.) By the equations 

cos.a — COS.A sin.6 sin.c — cos. 6 cos.c — 0, 
cos.(6 ± c) ± sin.fisin.c — cos.6 cos.c — 0, 

we find 

cos.(& -f c) ~ cos.a + sin.ftsin.c(l -\- cos.A) = 0, 
cos.(6 — - c) — cos.a - sin.ft sin.e(l — cos a) = 0. 
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But 

cos.(6+c) — cos.a=28in4(a + 6 +c)8m4(6 +c — «), 
cos.(6— c) — cos.a =Ssm4(a -♦- b — c)sin4(a + c — ft), 

1 4- cos.A = 2cos.*iA, 
1 ~ cos.A = 2sin,-~A. 
Hence, if 

5 = i-(a + ft + c\ 

.*. (« — a) = 4(ft + c ^ a), 

(s - ft) = ±(a + c - ft), 

(s - c) = 4(a + ft - c), 

we obtain 

sin.ft sin.c cos.^^^ = sin.^ sin.(5 —a) 

sin.ft sin.c sin.*4^A =sin.(*— ft) sin.(5 — c) 

sin.2ftsin.^csin.*A = 4sin.5 sin.(5— «) sin.(5 — ft)sin.(^— c) ^[^] 

tan.2±A - SW^-^)sin.(^-c) 
' * !iin.^sin.(*— a) 

It is evident that four formulae analogous to these are ap- 
plicable to each of the three angles, and may be derived 
from these by merely changing the letters. 

(183.) By the third of the group [2] we obtain 



S[sin.5 sin.(5— a)sin.(5 — ft)sin.(s — c)l 
sm.A = 



sin.ft sin.e 

from which we infer 

I 
sin. A 2[sin.^ s\n.{s — a)sin. {s — ft)sin.(5 — c)]^ r qi 

sm.a sm.asm.ftsm.e -" 

This formula being a symmetrical function of the sides of 
the triangle will remain unchanged, if ft be changed into a 
or c, and vice versa. Hence we infer in general, that 

sin.A sin.B sin.c r^. 

sin .a sin.ft sin.c 

each of these being equal to the same symmetrical function 
of the sides. 
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(184.) If by the first and third of the formulae [1] cos.c 
be eliminated, we obtain 

C0S.A sin.e + cos.c sin.a cos.6 ~ sin.b cos.a = 0. 
Eliminating sin.c by 



sm.c sm.A 



sm.c sm.a 
we find 

COS.C co8.b = cot.a sin.fr — cot.A sin.c ; 
which being applied successively to each of the three angles, 
gives the system of formulae 



COS. 



A 

BCOS. 

C 



C 

a+sin. 
b 



A 

BCOt. 

C 



B 
C 
A 



sm. 



c 
a cot. 



b 

c = 

a 



[5]. 



(185.) By the first and second of [1] eliminating cos.a, 
the result is 

sin.a COS.B — cos.d sin.e + sin.d cos.c cos.a = 0, 
which applied to the angles successively, gives 



sm. 



a 

6 COS. 

c 



B 

c— cos. 

A 



b 

esin. 

a 



c 

a+sin. 

b 



b 
ccos. 

a 



c 

a cos. 
b 



A 

B = ... [6]. 
c 



(186.) By the first and third of [1] we obtain 
COS.C sin.a sin. 6 — — cos.a cos.6 -h cos.c, 
COS.A sin.c sin.6 = — cos.^> cos.c + cos.a, 
•.• COS.A sin.c cos.i sin.Z> = — cos.*6 cos.c + cos.acos.fr, 
adding the first and last of these^ and dividing the result by 
sin.fr, we have 

sin.a cos.c — cos.csin./> + sin.ccos.Acos.fr = 0, 
which, being successively applied to the three angles, gives 



sm. 



a 

frcos. 

c 



c 

A — COS. 
B 



c 

a sin. 
fr 



fr • 
c -f sin. 
a 



c 

a COS. 
fr 



A 

BCOS. 

C 



c = . . . [7]. 

a 



(187.) By adding and subtracting the third of [6] and 
[7], we obtain 

(cos.a + cos.B)sin.c — (1 — cos.c)sin.(a + 6) = 0, 
(cos.A — cos.B)sin.c — (1 + cos.c)sin.(a -- fr) = 0, 
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%*8b.(a4-4)fflii.«4c— cos.|(A--B)co84(A-f-B)rin^=0 i 
fflii.(a— 4)cos.*^— rin.i(A— B)sm.4(AH-B)sin.c=0i'- ^' • 
(188.) By [8] we obtain 



sin.«» A = 



8m.(«— 6)sin.(« — c) 



* sin.6 sin.c ' 

fti — sin^sin.(^— fl) 
sm.o sin.c 
• «. sin. (5 — a)sin.(5— c) 

sin.a 8in,c 
8in.^sin.(^— 6) 

COS.UB = : 4 '. 

siD,asin.e 
which, with 

^4(a ± b) = sin.4:A C0S.4B ± sin^B cos^a, 
&n.a An,bcos.%c = 8in.5sin.(^ — c), 
sin.(£ — i) + 8in.(^ — a) = 8sin4c cos4(flJ — b)$ 
8in.(5 — i) — 8in.(^ — a) = 2cos.4c sin4(a — 6), 

8in4(A + b) = ^^cos4(« - 6)^ 

8in4(A - B) = ■^^^ri.iia - i)3 

(189') By a process precisely similar, we obtain 

, . sin.4c , ,. 

cos.4^(a + b) = T- cos4(a + 0) 

^^ ' cos-ic ^^ V \ 

sin.^ ^ • • [10]' 

cos4(a - b) = -^--f- sin4(a + 6) 

(190.) By dividing the formulae of [9] by those of [10] 
respectively, we obtmn ^ 

cos.t(«— 6) . ^ 

tan.i(A + b) = — -TT — r^cot.tc j 

^ ^ ^ cos.i(a+6) W 

, sin.t(a-A) / i* • * [^^J- 

tan.t(A — B) = -, TT rrCOt.iC 1 

*^ ^ sm.i(a+6) * -^ 

(191.) The polar triangles (135.) furnish a rule by which 
every group of formulae expressing relations between the 

H 
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sides and angles of a spherical triangle can be converted into 
another group jgiving other relations between the isame 
quantities. This circumstance^ without increaidng the 
length of the analytical process, doubles the number of usefol 
results. Any formula may be applied to the supplemental 
polar triangle by changing the sides into the supplements of 
the angles, and vice versd. But since the sine and cosecant 
of the supplement of an angle are the same as those of the 
angle itself, and the cosine, tangent, cotangent, and secant 
of the supplement only differ from those of the angle itself 
in sign, it follows that it is allowed in any formulae to 
change a, b, c, into a, b, c, and vice versd, provided that 
the signs of all cosines, tangents, cotangents, and secants, 
be changed. 

(192.) The other polar triangles also point out trans- 
formations of which formulsB are susceptible. They show 
that in any formula two sides may be changed into the op- 
posite angles, and vice versd; and the remaining ^de 
into the supplement of the angle opposed to it, and vice 
versd. In other words, the characters a, i, c, may be 
changed into A, b, c, and. vice versd ; the signs of the 
cosines, tangents, cotangents, and secants of any one of the 
sides and the angle opposed to it being changed ; but the 
other quantities retaining their signs. 

(193.) The changes thus indicated being effected upon 
all the formulae which have been estabjished in this section, 
the result will be a series of analogous formulae.. 

It may be observed in, general, that if a formula be a 
symmetrical function of the sides and angles, this change in 
the parts produces no change in the whole. 

This observation applies to [4]. 

(194.) To make this transformation on [2], [3], [9], [10]/ 
and [11], let 

s = 7(a -f B + c) ; 
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stud let the ades and angles of the supplemenflil polar 
Isriangle be 

a', V, d. 

Hence by (ISS.), 

a' + a = ir, b' + 6 = *, €'+£? = «•. 
Hence 

WLcl = ffln^Ay idn.^' = sin.B', sin.c' = dn.c, 
nn^A' ss cos.^^, cos.^a'= ffln4^;^ tan4A' = cotja^ 

i* - a' = -J - (8 - a), 



2 



w 






(s - b), 



•^ - C = y - (s - c). 

(195.) These observations being attended to^ the changes 
already prescribed being made in the formulae [1]^ [S], [3], 
[5]» [6], [7], [8], [9], [10], and [11], we obtain the foU 
lowing systems of formulae. 



cos. 



A 

B — COS. 
C 



a 

5 sin. 
c 



B 

csin. 

A 



c 

A-fCOS. 
B 



B 

ccos: 

A 



c 

A = . 

B 



[12]. 



8in.B an.c cos.*|^i = cos.(s — b)cos. (s — c) 

an.Bsin.csin.^^= — cos.scos.(s— a) 

an*Bsin*csin«a= — 4cos.scos(s— a)cos(s — b)cos(s— c) ^[18]. 

cos.(s — b)cos.(s— c) 

cot.«ia= ^ \ ^ . . 

* cos.scos.(s — a) 



I 

an.a _ 2[ — cos.s cos(s — a)co8.(s— b)cos(s — c)]^ 

an.A'~ sin.A sin.B sin.c 

a c a b c B 

COS. 6 cos. A— sin. 6 cot. <^-f sin. A cot. c = •* • 
c B c a B A 



[14]. 



[16]. 
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Sin. IB 008. e 






sin. 



c 

A 

BOOS. 
C 



c 



B 

cos.:can. 

A 

c 



a— COS. 
b 



A sin. 

B 



c 

A — sin. 

B 
B 

c— an. 

A 



B 

CCOB. 

A 

c 

A COS. 
B 



C 

A008. 

B 

a 

&COS. 

c 



a 

6 = . 

c 

B 

c =0 . 

A 



sin.( A + b)cos.-4^: — cos4(a — 6)cos.4{a -h 6)sin.c =07 
sin.(A— B)an.*4€— an.4{a— 6)sin4(a+6)an.c=03 



[16]. 



[17]. 



[18]. 



in.\(a + 6) = - — 7-oos4(a — b)^ 



sin 



sin.i(a — 6) = r- sin. 



cos^c 
cos.ic 



^(A - B) i 



[19]. 



COS.-i(a + i) = -:: p-COS4(A + b) 



sin.^ 



cos.4:(a — 6) = ^ f sin.-^(A + b) 



[90]. 



cos^c 



tan4(a + *) = 



cos.4(a— b) 
cos.4:(a + b) 



tan.4^ 



-. sin.4(A — b) 






[81]. 



The formulae [11] and [21] are called •' Neper s Ana- 
logies."' that mathematician having been the first to estaWish 
thom, and to apply them to the solution of spherical 
triancjics. 

(196) By the first of ^10] it fjllows that 4 {a -^ b) and 
! (a — b) must be of the same afiVction. This appeals from 
considering that sin.ic and cos.lr must bo both positive, 
•.* cos.i^(a — b) and cos.lO' ^ b) must have the same 



Sl^Tii. 



The second of [9] proves that ^a— b) and {n — b) must be 
of the same aSection, that is, that the greater angle is opposed 
to the greater side. This has already been proved in (14o.). 

Tlicso considtmrions are useful in rendering some of the 
equivixral ca^e? in the solution oi triangles determinate. 

(197.) There are some formul* expressing relations be- 
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tween the sides and angles of a spherical triangle, which, 
although they be not absolutely requisite in practical pro- 
blems on the solution of triangles^ yet merit attention, were 
it only for the symmetry and beauty which they exhibit, 
and the ease with which they may be derived one from an- 
other by the analytical process. We shall subjoin, there- 
fore, a few of these formulae, with the process by which 
they are established, it being understood that the student, 
whose only object is the solution of the common cases of 
spherical triangles, can dispense with the remainder of the 
present section. 
Let 

w* = sin.5sin.(^ — a)8m.(s — 6)sin.(5 - c), 
N* = — COS.S cos,(s — a)cos.(s — b)cos.(s — c); 

By multiplying the values found in (182) for the sine, 
cosine, and tangent of half the angle of a spherical triangle 
applied to each of the three angles, we obtain 

. , . , . , sin.(5 — a)sin.(5— ^)sin.(5— c) 

sm.4A8m.4^B sin.^c = ^ r . , . — ^ ^ 

sin.asin.osin.c 

^2 



sin.5 sin.a sin.^ sin.c 



[sin.^ sin.f sin.j sin. («— a)sin.(f — &)sin. r«— c)l^ 
COS. 4 A COS. 4b cos. 4c == — ^ ~ ^^ — ^ ^-^ 



6in.a sin.& 8in.c 

[22]. 

9}8in.5 



8in.a8in.68in.c 



, ^ , , , rsiD.(5— a)8iD.(«— d)sm.(5— c)T 

tan.iAtan.4Btan.Ac = | ^ r r r ^ I 

L sm.s sm.« 8in.5 J 



n 



sin.*5 



J 



(198.) The same process applied to the formulae [13] 
gives 
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m 

,, , C08.(8— a)C08.(8— b)c08.(8— C) 

coa.iacos^bcoB.lc = ^ : ^ : ^ 



61Il.A8in.B8in.C 



-~C08.8 81D.A SID.B SlIl.C 
81114^ 810.^6 810.-^ = 

[— C08.8 C0S.8 C08.S C0S.(8— a)C08.(8— b)C08»(s— c)]^ 



8in.A8in.B8in.c 

NCOS. 8 



)[233. 



8in.A 81D.B 81D.C 



,,, ,, r C08.(8— a)C08.(8— b)C08.(8— C)n 

" ** * L COS.S G08.8 COS.S. J 



N 



J- 



C08.*8 

(109.) By multiplying [8] by [14], we obtain 
4Nn =s sin.a sin.& sin.c sin.A sin.B sin.c. 
Alw), by dividing the third of [2] by the third of [18], 

sin.A sin.ft sin.c n 
sin.a8in.Bsin.c"" ^* 

Ilcncc by [4] we have 

sin.A sin.B sin.c n 
sin.a""sin.6~'sin.c~' n ' 
sin.a n 



sin.A N 
By comparing this with [3], 

N 2n 



[24]; 



[25]. 



n ~" sin.a sin.6 sin.c 
and by [14], 

n 2n 

— ^— ^"^ • • • • 

N sin.A sin.B sin.c 
Hence we find 

n = 4^(sin.2asin.26sin.*csin.Asin.Bsin.r)'^ f ^ P^, 

N = j.(sin.a sin.i sin.c sin.^A sin.^B sin.^c)^ ^ > 

(200.) Symmetrical formulae for the sines, cosines, and 
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tangents of s and s are easily obtained. The studei|( will 
«nd no difficulty in establisliing those of 65 to 70 inclusive 
in Table VIII. 

We shall here investigate the succeeding formulae of the 
s^me table. 

By the equations 
&in»«sui.(^ " a) = cos.a ^ cos.(2s — a) 

= cos.a — cos.(& + c) 
= cos.a — COS.&COS.C + sin.6sin.c 
^58in.(5 — fr)^,(5 — c) = cos.(6 — c) — cos.a 

= COS.&COS.C + sin.6»in.c — cosut. 
Hence we obtain 

4w* = 1 — cos.^a — cos.«c — cos.»c + Scos.acos.^s.c; 
and omilarly, 

4n* = 1 — COS-^A - COS.2B — COS.«C — 2C0S.A COS.B COS.C. 

These reduced to the half angles, give 71 to 74 inclusive 
of Table VIII. 

The formulae, to 78 inclusive, follow from the pre- 
ceding. 

(201.) To determine the sines, cosines, and tangents of 
* — a and s — a, we have by the second of [2] and second 
of [13], 

. sin.6 sin.c cos.^4-a 
sm.(j — a) = — 



a' 



cos.(s — a) = — 



sin.^ 
sin.B sin.c sin.^^ 



~9 



COS.S 

which, by 65 and 68, Table VIII. become, after reduction, 

^ ^ Ssm.i-A cos.iB C0S.4C ^ 

„ ^ • • [34]- 

cos.(s — a) = X ; — - — TiT'' — ~ 

^ ^ ^ %cos.4a sin.^6 sm.^c 

By these, combined with the previous results, the remain- 
ing formulae of Table VHI. will easily be established. 
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SECTION V. 

On the solution of right angled spherical triangles. 

Neper's rules. 

(203.) In a right angled spherical triangle thare are five 
quantities which may become the objects cS computatiany 
sdl. two angles and the three sides. Any two of these five 
quantities being known or discoverable^ the other three may^ 
in general, be computed. The solution of ri^t ang^ 
triangles therefore is resolved into as many cases as there 
are different combinations of two to be made from fiV^ 

which are ~s = 10. 

To retain the necessary formulas for these ten cases in 
the memory would be attended with some difficulty. Neper 
has, however, by a very ingenious contrivance reduced the 
ten cases to two, and these so striking and simple, that, 
when once understood, they will not easily be forgotten. 
We shall first explain these two celebrated rvles^ and then 
show that they comprise all the cases. 

Let ABC be a spherical triangle right angled at c, and let 
the sides and angles be expressed as hitherto. Let the 
triangle be imagined to be placed within a circle, which is 
merely used to mark the order of certain quantities, to which 
and to their order thus determined, we shall have occasion to 

refer. Opposite to the arrows which point from the sides < 

It 
to the surrounding circle are placed a, 6, and -^ — c, that is, 

the sides and the complement of the hypothenuse. Op« 
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...<. 



a 



X. 



■••v: 



/ A 



^-B 






It 



posite to the arrows which point from the angles are "3"' ^» 

and -5 — B, that is, the complements of the angles. These 

quantities which thus surround the circle are called cvrcular 
parts. Any one of these being taken as middle part (m), 
those which are next to it on each side going round the 
circle are called adfocent extremes (a, a'); and the re- 
maining two are called opposite extremes (o, o'). Thus, if 

•5-.— A be the middle part, the adjacent extremes will be 



ir 



It 



-^ — c and b ; and the opposite extremes -^ — B and a. 

We shall now prove that the two following formulsB are 
true, and include all the ten cases before mentioned: 

sin.M = tan.A tan.A', 



sin.M = C0S.0 cos.o'. 



These are called Neper'*s rvlesy and are generally announced 
thus: 

1. " The rectangle under the radius and the sine of the 
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^ middle part is equal to the rectangle under the tangents 

of the adjacent extremes.^ 
S. '^ The rectangle under the radius and the sine of the 
middle part is equal to the rectangle under the cosines 
of the opposite extremes.'^ 
The radius being unity, does ];^ot appear in the formulae. 
Taking each of the five circular parts as middle suc- 
cesuvely, and making the proper substitutions in the above 
formulas, we obtain the ten following equations ; which solve 
the ten cases of right-angled triangles, and are adapted to 
logarithmic computation. 

1. COS.e = COt.ACOt.B. 

S. COS.C = co8.a COS.&. 

3« sin.a = sin.c sin.A. 

4. 8in.6 = sin.c sin.B. 

5. COS. A = cos.a sin.B. 

6. COS.B = COS.& sin.A. 

7. COS.A = tan.6 cot.c. 

8. COS.B = tan.a cote. 

9. sin.a = tan.& cot.B. 

10. sin.d = tan.a cot.A. 

It 

1. In the third formula of [12], Sect. IV., let c=-g-, •.* 

COS.A COS.B -- sin.A sin.'B cos.e = 0, 
•.• COS.C = cot.A COt«B. 

2. In the third formula of [1], Sect. IV. let c=-^, '.• 

COS.C = cos.a C0S.&. 

3. and 4. In the equations [4], Sect. IV., 

sin.a sin.c = sin.c sin.A, 
sin.d sin.c = sin.c sin.B, 

let c = -g, •.' 

sin.a = sin.c sin.A 
sin.6 = sin.c sin.B. 



f 
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5. and 6. In the first and second formulse of [IS], 

Sect IV., let c = o"' '•' 

006.A = cos.a sin.B, 
C0S.B = cos«& sin.A. 

7. and 8. By the second of [15], Sect IV., when c= -^> 

We have 

%* C0S.A =: tan.6 cote, 

&oin which, by changing a into b and b into a, we find 

COS.B = tan;a cote. 

9. and 10. In the third of [5], Sect IV., let c= -^, and 

\fe have 

sin.6 = tan.a cot a ; . 
and by changing a into b and 6 mto a, we fi«d 

sin.a := Un.6 cotB. 
'.' sin.d = tan.a cotA. 
(SOS.) We have thus established Neper^s rules by proving 
sqMurately all the several cases which they include. There 
is no independent or general demonstration of these re- 
markable theorems, nor is it easy to conceive the process of 
mind by which their illustrious inventor arrived at them. 
Professor Woodhouse justly observes,^ that there are not 
p^haps in the whole compass of mathematical science rules 
which more completely attain that which is the {proper 
object of rules, namely, brevity and facility of computation. 
He might have added, that few, or. perhaps no theorems 
equally general, make such an immediate and permanent 
impression on the memory. 

(204.) Neper's rules, with some modification, may be 
applied to quadrantal triangles, since such triangles have 
polar right-angled triangles (138.). 

Let c = -Q-. Then one of the polar triangles will have 



I 
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the angles a^h^-^^ and the sides a, b^ ir — c. The circular 
parts will therefore be a, b, — f -^ — c j, -^ fl, and 



It 



-3 — h. If then in a quadrantal triangle the negative 

complement of the angle opposed to the quadrantal dde, 
the other two angles and the complements of the sides op- 
posed to them be taken as circular parts . surrounding the 
triangle. Neper's rules will apply. 
(205.) By the equation 

COS.A = cos.a sin.B, 

it follows that in a right-angled spherical triangle each of 
the sides and the angle opposed to it have the same affection. 
For since b must be less than v, -•* sin.B > 0, *.- cos.A and 
cos.a must have the same sign, and therefore A and a must 
have the same affection. 

Also, unce sin.B < 1 *.* cos.a < cos.a. Hence it follows 
that in a right-angled triangle an oblique angle cannot be 
less if it be acute, or greater if obtuse, than the opposite 
side. 

It follows from 

COS.C = cos.a cos.6, 

that cos.a and cos.& have the same or different signs ac- 
cording as c is acute or obtuse, and therefore the sides have 
the same or different affections according as the hypothenuse 
is less or greater than 90^. 

(206.) By the equation 

sin.a = sin.c sin. A, 
it follows that sin a < sin.c. Hence, if a < 90% •.* a < c, 
and if a > 90% ••• a > c. That is, either side of a right- 
angled spherical triangle is less or greater than the hypo- 
thenuse, according as it is less or greater than a quadrant. 

(207.) By adding and subtracting the equations 
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sm.& cos.a = siD.e cos.a, 
*.* sin.a COS.& = sin.c cos.b^ 
obtained from 4 and 5 of (SOS.), we obtain 

sin.(a -f 6) = 3sin«c cos4(a + b)cos4(A — b), 
sin.(a — 6) = 2sin.c sin4(A + B)sin4(A — b), 

sin.(a— &) ^ V , V 

••• . ,. T. = tan4(A + B)tan.4(A — b). 

Hence, since sin.(a — b) and tan4(A — b) must always 
have the same sign, it follows that sin.(a +&) and tan.-|^(A + b) 
must also have the same sign, and therefore a + b is 
> or < tt according as a -f b is > or < tt. 

(208.) Since the sum of the three angles of every sphe- 
rical triangle must exceed two right angles, it follows that 
the sum of the two oblique angles of a right-^^led spherical 
triangle must always exceed one right SLufk- The dif- 
ference of the two oblique angles has obviously no minor 
limit ; let it be required to determine its major limit. The 
two angles a, b, are the sides of a polar triangle, whose re- 

mmning side is tt — c, i. e. ir — ^ ="sr* Since then the dif- 

ference of two sides of a triangle must be always less than 
the third side, it is evident that the difference of the two 
angles a, b, must always be less than 90^. Thus a right 
angle is the minor limit of the sum, and the major limit of 
the difference of the oblique angles of a right-angled sphe- 
rical triangle. 

(209.) To apply the formulae and rules just established 
to the solution of the cases of right-angled spherical tri- 
angles, we shall take each combination of two data, and de- 
termine in each case the other three quantities. 

1®. Let the hypothenuse c and the angle b be given, 

sin.i = sin.e sin.B, 

tan.a= tan.ccos.B, 

cot. A = C0S.C tan.B. 
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9P. Let the hypothenuse c and the angle A be given, 

Hn.a = sm.c sin.A, 

iknJ} = tan.c cos.a, 

cot.B = COS.C tan. A. 
3^. Let the hypothenuse c and the side h be given, 

sin.6 
sin.B^:s: -, — , 
sm.c 

COS.C 

cos.a = ,9 

cos.o 

COS.A = tan.& cot.c. 

In this case, sin.B determined by the first formula leavi 
B equivocal, being indifferently applicable to two suppl 
mental angles. However the doubt is removed by con- 
sidering that the oblique angles and the sides opposed tc^ 
them are oM^e same affection (205.) ; therefore b and & 
must be angles of the same kind. 

4^. Let the hypothenuse c and the side a be given, 

sin.a 
sm.A = -, — , 
sm.c 

, COS.C 
• COS.O = , 

cos.a 

cos.B = tan.a cot.c, 

A and a being of the same affection as in the last case. 

5", Let the two sides a and b be given, 

COS.C = cos.a cos.i, 

tan .a 
tan. A = -; — r» 
sm.6 

tan.6 ^ 

tan B = -; — . 
sin.a 

6^. Let the side a and the opposite angle A be given, 

sin.a 
sm.c = -: — , 

sm.A 

sin. 6 = tan.a cot. a, 

COS.A 

sm.B = , 

cos.a 
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These values of the sines leave the three unknown quan- 
tities doubtftd. The uncertainty in some cases may be 
i^moved by the considerations in (SOS.) et seq. The pro- 
blem is impossible if a and a be of different spedes (S05.). 

7^ Let the ade b and the opposite angle b be given, 

»n.i 
sin.c = -; — , 
sm.B 

sin.a = tan.6 cotB, 

COS.B 

sm.A = 1, 

COS.6 

^hich also leave the sought quantities doubtful^ and the 

eolation b imposnble when b and b are of different spedes. 

8^. Let the ride a and adjacent angle b be given, 

tan.a 
tan.c = , 

COS.B -^ 

tan.i = rin.a tan.B, 

cos.A = sin.B cos.a. 

9^, Let the side b and the adjacent angle a be given, ' 

tan.d 
tan.c = , 

COS.A 

tan.a = sin.6 tan.A, 

COS.B = sin. A COS. & 

10®. Let the two angles a and b given, 

cos.c = cotA COt.B, 

C06.A 

cos.a = — — , 
sin.B 

, COS.B 
COS 6 = -; . 

sm.A 
(210.) It is in certain cases found expedient to modify 
the general rules and formulae for the solution of nght- 
angled triangles which we have here established. It is 
to be considered that in trigonometrical computations the 
sought angle is seldom exactly given by the table. It is 
most generally between the values of two successive terms 
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of the tables, and can therefore be only computed ap- 
proximately. The computation should then be so ordered, 
that the error produced in the result by this circumstance 
should be as small as possible. 

When an arc which is very small is to be determined 
from its cosine, a small error in the cosine may produce 
a considerable one in the arc. In such a case the angle 
should be determined by computing the tangent of its half 
by the formula 

1 — COS.0 

^^ 1 + cos.^ 
Thus, if the hypothenuse of a right-angled triangle be 
sought, the oblique angles being ^ven, we have 

COS.C = COt.A COt.B, 

1 —COt.A COtB 

••• tan.^^c = =-- — — -, 

1 -h cot. A COt.B 

fti _ — cos.(a + b) 
• van. -s-c — ^ ^. 

cos.(a — b) 

If the two oblique angles be given, to determine the side 

opposed to one of them, we have 

cos.a sin.B = cos. a, 

cos.A 

•.• cos.a = -: — , 
sm.B 

cos.A 

1 :— - 

sm.B sm.B— cos.A 
•.• tan.^ia = — 



sm.B 
But by (63.) [21] we have 



COS.A sm.B 4- COS.A 



— ^Aj tan.±(B — ^ + A) 

sm.B -f-sm.I Y — A J tan.4(B+y- a) 

'.• tSLU^ia = tan.[i(A + b) — 45®]cot.[4(B - a) -f 45"]. 
In a similar manner, from 
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COS.C 
C06.6 

we may infer 

ianJ^ia = tan4(c — 6)tan.^c -f b). 
(211.) If it were required to determine b fix)m the hypo- 
thcDuse c and the adjacent side a, in 

1 — COS.B 

tan* -x-B ^^ 1 , 9 

^ 1 +COS.B 

let OOS.B be eliminated by the third of 4^ (209.)» and we 
find 

1 — cot.c tan.a - 8in.c cos.a — an.a cos.c 
* ^ "" 1 + cot.c tan.a "" an.c cos.a + »n.a oos-c* 



/sin.(c— a) 

V tan4B = \/ . . ; — r. 
^ V sm.(c + fl) 



IT • 

Since -^b < -^-y the »gn + must be given to the radical. 

This formula gives all the requisite accuracy when b is 
very small. 

(21S.) If the angle which is sought be nearly equal to a 
right angle, a similar inaccuracy attends the result^ when it 
is derived from its sine, since, in that case, a very small 
variation in the sine produces a very sensible one in the 
angle. In this case it is necessary to derive a formula for 
the tangent from that for the sine. 

For example, we have 

sin.a = sin.c sin.A, 

1 — sin.a 

tmMW - i^) = TT^' — ' 
V ^^/ l4-sm.a 

1 — sin.c sin.A 

•.• tan.«(46^ — ia) = r-— ; : — . 

^ ^ ^ 1+sin.csin.A 

Let sin.c sin.A = tan.x, *.* 

tan-'ClSo - ^) = y:^^^^ = tan.(46o - x), 

1 



I 
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••• tan.(46® - 4^ ) = >v/tan.(45® — x)y 
whence a may be obtained. 

When the sought angle is nearly equal to 90°j it is usual 
to compute, not the angle itself, but the difference between 
it and 90^. Instances of this will be found in th^ section on 
geodetical operations. 

(213.) If two right-angled triangles have a common angle 
or side, a relation will subsist between the angles and sides 
not common, which will be immediately discoverable by 
Neper^s rules. If the common part be taken as middle 
part, the product of the tangents or cosines of the adjacent 
or opposite extremes in the one will be equal to the product 
of the analogous quantities in the othei\ Also, if the com- 
mon part be an extreme, the quote of the ^ne of the middle 
part divided by the tangent or cosine of the adjacent or op- 
posite extreme in the one will be equal to the quote of the 
analogous quantities in the other. 

By these principles there is no difficulty in obtaining the 
following results, which are of considerable use in the 
solution of problems. 

Let the sides and angles of one of the triangles be «, 6, c, 
A, B, and of the other a\ V, d^ a\ b\ 

I. If a = a', 



tan. 6 tan. 6' 



tan.B 


" tan.B'' 


sin.B 


sin.B' 


cos.A 


""cos. a'' 


cos.c 


cos.c/ 


cos. 6 


""cos.6'' 


ll. If A = 


a'. 


sin.c 


sin.c' 


sin.a' 


"sin.a'' 


COS.Ii 


cos.b' 



sin. A sin,c = sin.A' sin.c', 
COS.B tan.c = cos.b' tan.c', 



sin.6 tan.A = sin.6' tan. a'. 



co%J' cos 7'" 



sin.B cos.a = sin.B' cos.a'. 



cos.c tan.B = cos.c' tan.B', 
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sin.& dii.y tsn.€ tan.d 

tan.a""tan.a'' tan.6~tan.ft'' 

UI. Ifcrrc', 

sin.a lun.o/ 

=-: — ;» cos.a COS.6 = cos.a' cos.ft'. 



sm.A sin.A' 
tan.a tan.6/ 



COS. A COS. a'' 



tan.A tan.B = tan.A' tan.B'. 



SECTION VI. 

Examples on right-angled aphericai tria/ngles. 

PROP. LXVII. 

(214.) Given the hypothenuse of a right^ngled spJierical 
thangUy and the sum or difference of the eides, to compute 
the sides themselves. 

By Neper's rules, 

COS.C = co&a G0S.6, 
••• 2cos.c = cos,(a — 6) + cos.(a +6); 
when the sum of the sides is given^ this equation will de» 
termine the diiBTerence; and vice versa ; and the sum and ' 
difference being known, the »des themselves may be found. 

PROP. LXVIII. 

(215.) Given one side and the sum or difference of the 
hypothenuse and the other side, to find the hypotJientcsey the 
side and the angle opposed to it 

By (58.), 

,. , _. COS.6— COS.C 

tan.i(c - 6)tan4(c + J)= ^^^^T^^. 

lit 
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OOS.C ^ cos.a cos.^^ 

COS.6 — cos.acos.i 

•.' tan4(c — &)tan4(c + b) = — t-. 1 

^^ / av ' cos.6+cos.acos.D 

1 — co8.a 
"" 1 +cos.a' 

••• tan.i(c — 6) tan,\(c + 6) = tan.«4« ; 
when either c — 6 or c + 6 is given, this equation will de- 
termine the other. 
To determine the angle b, we have 

sin.c an.B = sin.d, 
»,M^^ V 1+sin.B 

tan.2{46® + 4b) = z: ; — 

^ sin.c4-sin.& 
""sin.c — sin.6 

tan.^(c + 6) 
"" tan.i(c--6)' 

By multiplying and dividing this by the equation found 

in the last case, we obtain 

tan.4^z tan.(45<> + ^b) = tan.i(c + b) 

tSLn.ia cot.(4S^ + ^b) = tan4(c - b). 

The former gives the value of b when c + 6 is ^ven, 

and the latter when c — 6 is given. 

PROP. LXIX. 

(216.) Given the sum or difference of the hypothenuse 
and one side^ and the included angle, to find the hypothenuse 
and side severally. 

To determine b and c separately, we have 

1 — cos. A 
tan.«4-A = , 

^ 1 +COS.A 

, tan.^ 

COS.A = cot.c tan.6 = , 

tan.c 
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tan.c — tan.6 an.(c - b) 
* '^ tanx+tanJ^ rin.(c+ft)' 
•.• rin^c + 6)taiL*^A = siiu(c — b). 
This equation determines dther {c -^^ b)€3^(c ^ b) when 
the other is fpv&L, Hence c and b may be found severally. 

PROP. LXX. 

(217.) Given an angle (a) aiM{ ^ n«fii or difference qf 
t^ opposUe side and the hypoOientuey to find the sides of the 
triangle severalh/. 

By the results of (215.), 

tan4(c - a) = cot«(4j5<> + ^A)tan4(c + a), 
tan4A = cot(45^ + 4:A)tan4(c + a), 
tan.46 = tan.(45<> + iA)tan.i(c - a), 
i?hich equations solve the problem. 

PROP. LXXI. 

(218.) Criven the hypothennse and the sum or difference of 
the an^es, to find the angles. 

By (46.), 

C08.(a — B) COt.ACOtB+1 
COS.(A + B)~'cot.A COt.B— 1' 
COt.A COt.B = COS.C, 

cos.(a — b) COS.C+1 



C08.(A+B) COS.C — 1 

which equation solves the problem. 



= — cot.*tc. 



PROP. LXXII. 



(219.) Given the sun's longitude (c) and the obliquity of 
the ecliptic (a), to find his right ascension (6) and declines- 
tion (a). 

By the last section, 
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tan,i =c C06.A tan.c. 
Id this case a is not equivocal, once it cannot exceed 

PROP. LXXIII. 

(S90.) Given the sun's decimation (n), tojmd the time oj 
sunrise in a gioen latitude. 

Let the latitude be l. There is a right-angled triangle 

formed by the sun's polar distance i-^ — b J at sunrise and 

the altitude of the pole L Let h be the hour angle 
sought, 

COS.H = tan.L cotf ^ — d J = tan.L tan.D. 



SECTION yii. 

Solution of oblique angled spherical triangles* 

(221.) In spherical triangles there are six quantities, any 

three of which being given, the other three may, in general, 

be computed, the three angles being sufficient data, which is 

not the case in plane triangles. There would then be as 

many distinct systems of data in the solution of oblique 

spherical triangles as there could be combinations of three 

6.5.4 
made from six = ~^ = 20, They may be, however, re- 

duced to a smaller number of more comprehendve classes. 
It is obvious that the three data must always come imder 
some one of the following systems : 
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1°. The three sides. 
2**. The three angles. 
3^. Two sides and an angle. 
4^. Two angles and a side. 
The last two cases each include two. In the former, the 
given angle may either be placed between the given sides, 
or opp(58ite to one of them ; and in the latter, the given side 
may either be placed between the given angles, or opposite 
to one of them. Thus all possible systems of data for 
oblique triangles are reduced to the following six : 
I. The three sides. 
II. The three angles. 
III. Two sides and the included angle. 
IV. Two angles and the included side. 
V. Two sides and the angle opposite one of them. 
VI. Two angles and the side opposite one of them. 
We shall consider these cases successively. 

■ 

I. 

Given the Uiree aides. 

(22S.) The values of the angles may be determined by 
four distinct formulae deduced from the results of (182.) as 
follow : 



^^ . /sin.(^— 6)sin.(* — c?) 
P. sm.|:A=\/ ' i' -i 

/sin.5 sin.(^ — a) 

%. COS.4rA = \/ ; — T-- . 

* V sm.6 sm.c 



2 



8^ sin. A =-; — T—. /v/sin.*sin.(s— a)sin.(5- 6)sin.(5— c). 

sm.6sm.c 

/sin.(5— i)sin.(s — c) 
4^ tan.i-A =4/ — ^ — . , ^ , . 

These formulae are all suited to logarithmic calculation. 
It would appear that in cases where the three angles are 
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required, the third would be the most convenient, as the 
same radical would occur in the values of the sines of all the 
angles. This, however, is not found so in practice. The 
last formula is the most generally useful, being applicable 
to angles of all magnitudes. The second formula does not 
give sufficient accuracy when the angle a is small, and the 
first is subject to the same objection when ^^a is nearly 
= 90^, . or when a is nearly = 180°. As it seldom happens 
that the angle is nearly 180<>, the first formula is most fre- 
quently ui$ed. 

(2^3.) 5°. The angle might also be obtained from 

cos.a— COS.&COS.C 

COS. a = ; — J—: 

sm.6 sm.e 
by means of a subsidiary angle. Let 

COS.d = COS.& COS.C. 

It is always possible to assign a value to 0, which will 
fulfil this condition, since cos. 6 cos.c < 1. Also, it may be 
observed, that d is acute or obtuse, according as b and c are 
of the same or different affections. Hence 

_cos.a— cos.fl __ 2sin.4:(9 — a)sin.4(9 + a) 
sm.osm.c sin.osm.c 

It 
in which a is > or < — , according as Hs > or < a. 

The value of 9 is the hypothenuse of a right-angled sphe- 
rical triangle, whose sides are b and c, 

(224.) 6^. This problem may also be solved by sup- 
posing 

COS.& COS.C 



tan.d = 



sin.a ' 



and by putting the formula 

cos.a — COS.6 COS.C 



cos.a = 



sin.£ sin.c 
under the form 
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COS.6 COS.C . 

oos^ — — : . sin^a 

_ sin.a 

SID.O sin.c 
Hence we obtain 

oos.a— taii.9siii.a 



• • 



006.A = 



C0S.A = 



siD.i sin.c 
cos.a cos.S — 8m.a sin^f cos.(a + 6) 



fflQ.6 sm.c 00S.S dn.6 siiue co9.9' 

which is suited to logarithms. 

.(2S5.) 7^ The angle a may be determined by the s^- 
ments x^ jfy into which the side a opposed to it b divided by 
the perpendicular from the vertex of the angle a. 

By (213.) we have 

cos.^ cos.6 
cos.y~cos.c' 

the perpendicular being a common side of the two right- 
angled triangles. Hence 

COS.^— COS.y COS.6— COS.C 

cos.ir + cos.y ~ COS.6 + cos.c^ 

•. • tan4(y — jr)tan.4 (y + j?) = tan.i(c — 6)tan4(£: + 6), 
V tan4(y— a?)=tan4(c — 6) tan.t(c+6)cot.t(y+a?), 

t(y ±x)-a. 
The half sum and half difference of the segments being 
given, the segments themselves may be found. The seg- 
ments of the base being determined, the base angles miay be 
computed by the formulae, 

cos.B = cote tan.t(a 4 d), 
COS.C = cot.6 tan.f (a — ^), 
where d = y — a:. 

By attending to the signs of the several quantities, it will 
not be necessary to distinguish the cases where the perpen- 
dicular falls within and without the base a. 
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II. 

Given the4hree angles *. 

(2S6.) In this case^ like the last, the sides may be 
determined by any one of four formulae deduced from the 
results of (195). 

^^ . , /— cos.scos.(s— a) 
p. sin.ia= / r r^ \ 

V sm.B sm.c 

s— c) 

V sm.B sm.c 



2 



3®. 8in.a=-T 1 — -v^— cos.8co8.(8— a)cos(s— b)cos.(s— c^ 

sm.Bsm.c \ / \ / V / 



.^ , / cos.(s— b)cos.(s — c) 

V COS.SC08.(S — a) 

The same observations apply here as in the former case. 

(227.) This problem may be also solved in a manner 

analogous to the fifth method used in the first case. We 

have by [12] (195.), 

cos.a+cos.b cos.c 

cos.a = ; — '■—. . 

sm.B sm.c 

Let C08.9 = cos.B cos.c, •.• 

cos.A+cos.0 2cos.i:(A + 5)cos.i-(A— 6) 

COS.a = — ; ; = ^ —. ^ -. 

sm.B sm.c sm.B sm.c 

(228.) The sixth method used in the. first case may be 
applied here in the same manner. 
Let 

cos.B COS.C 

tan.a = r— 



sin.A ^* 



* Je n'ai jamais trouve Tapplication de ce probleme qu'une 
seule foisj et encore je pouvais m'en passer. Delambre. 
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C0S.(A — 9) 
81D.BSin.CCOS.6 

Also, if D be the difference of the angles which the per- 
|[:iendicular on a makes with the sides b and c^ we have 

C08.C = COt.B COt.i(A + D), 

COS.6 = cot.ccot.^(A — d). 

(2S9.) The analogy which subsists between the formulas 
for plane and spherical triangles appears to be in some 
degree broken by this case, in which the three angles are 
sufficient to determine the sides in a spherical triangle, 
although they only determine the proportion of the sides in 
a plane triangle. There is, however, no real difference 
between the cases. The three angles of a spherical triangle 
do not determine the actual lengths of the sides, but only 
the number of degrees which the ades contain. This, 
therefore, determines only the proportion of the sides. The 
absolute lengths must be deduced from the knowledge 
either of the absolute length of the radius of the sphere or of 
some line which has a known relation to the triangle. In 
the same manner in a plane triangle, if, besides the three 
angles, the radius of the circumscribed or inscribed circle be 
given, or any other line having a known relation to the 
triangle, the sides may be computed. Thus it appears that 
the analogy is perfiect. As much can be determined respect- 
ing a plane triangle as of a spherical triangle, wh^n its three 
angles are given. 



III. 



Given two sides and the included angle. 

(230.) The remaining angles may be deduced iVom the 
following formulas established in (190). 
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tan.UA + b) = ,; , ,: cot4c i 

8in4(a — 6) C' 

tan.UA -b) = -r— - — -^cot4c \ 



Having determined the sum and difference of the re- 
maining angles by these formulae, the angles may be imme- 
diately found by addition and subtraction. 

(J?81.) It may happen that one angle only is required, in 
which case,* a more expeditious method may be given. 

By the third of [6], Sect. IV., we have 

C08.CCOS.6 -f- sin.ccotA — sin.6cot.a = 0, 

sin.icota . 

•.• cot. A = ; — COt.C COS.0, 

sin.c 

Csin.6 cot.a , "1 
cos.0 1. 
COS.C J 



Let 

cot.a 



= cot.0. 



COS.C 

In which case 6 will be the side of a right-angled triangle, of 
which a is the hypothenuse, and c the included angle. 
Hence 

cot.A = cot.c[sin.6 cot.d — cos./^] 

_ COt.C sin. (i — fi) 
"" sin.0 

(232.) To determine the remaining side c, having pre- 
viously determined the angles a, b, as above, we have the 
formula 

sin. a 

sm.c = ~ sm.c. 

sm.A 

But it is frequently required from the knowledge of two 
sides and the included angle, to be able to determine only 
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the remaining side, in which case the process of first de- 
termining the angles, and thence the nde, would be cir- 
cuitous and elaborate. It is therefore necessary that we 
should be furnished with formulas expressing the value of 
one side of a triangle in terms of the opposite angle and 
remaning sides, and that the formulas should be such as 
may admit of logarithmic computation. There are several 
methods of solving this problem. 

First method. 

(238.) Let the formula 

COS.C = cos.a COS.6 + sin.a nn.6 cos.c 
be put under the form 

0OS.C = cos.a[cos.6 + tan.a sin*6 cos.c], 
COS.C = cos.a[cos.& + sin.fr cotS], 
where 

cot.d = tan,a cos.c, 
in which case S is the oblique angle of a right-angled tri- 
angle, the remaining oblique angle being a, and the hjrpo- 
thenuse c. 
Hence 

sin.9 cos.6+sin«& cos.d cos.ann.(9 +&) 

COS.C = COS.a : — T = : — j i 

sm.d sin.9 

or, if 

tan.9 = tan.acos.c, 

cos,acos.(9 — 6) 
cos^ = 5 '. 

In which case, a and would be the hjrpothenuse and side, 
and c the included angle of the right-angled triangle. 

Second method. 

(234.) By (182.) we have 

cos.c=cos.(a— 6) — 2sin.^c sin.a sin^ 

/ rxfi 2sin.^ic sin.a sin.6"] 

=cos.(a— 6) 1 7 rr I =cos.(a — 6)m*, 

^ '^L cos.(o— ^) J \ / 7 
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The method of computing the value of a factor of the 
form M^, we shall presently explain. For the present, if m* 
be supposed to be known, this formula solves the problem. 

Third method. 

(236.) By (182.) we have 

COS.C = COS (a + &) + 2cos.^ sin.a sin.6, 

r TvF, 2cos.^csin.asin.6n , ,, „ 

= cos.(a-f6) 1+ X . , V — |=cos.(a-f6)M2. 

"^ X cos.(a-l-6) J . 

which also solves the problem when m is known. 

Fourth method, 

(236,) By Table VIII., 49, we have 
sin.ic=sin.i(a- 6)cos.tc[l ^ sing(a-f&) ^ t 
••• an.tc=sin.t(a— 6)cos.tc . m. 

Fifth method. 

(237.) By Table VIII., 50, 

, r. cos.«f(a4-6) ', ,i 

cos.tc = cos-tCa — b)cos.~c\ 1 H -rrz £^ tan.*tc I , 

, ^ *- cos.*t(a— 6) "^ 

cos.tc=cos.t(a— 6)cos.tc . m. 

(238.) The quantities represented by m* in these formulae 

are of the form 

M^ = 1 + N. 

If the sign be + , let 

N = tan.^a, 
•.• M* = sec.*^ •.• M = sec.<5. 
The value of m in the fourth and fifth niethods may be 
always thus determined, since the quantities represented by 
N are in these cases essentially positive. 

If the sign be — , it will be necessary to consider separately 
the cases where n < 1 and n > 1. 



f 
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1^ If N < 1. Let 

••• M = sin.6, 

r. IfK > 1. Let 

N = see.-fl, 
••• M« = 1 — sec^^fl, 
•.• M« = - tan.^d. 

The nature of the subsidiary angle used in the second 
«i.nd third methods must therefore be determined by the par- 
ticular circumstances of the case. 

Sixth method. 

(239.) By (182.) we have 

COS.C = COS. (a + 6) + 2sin.asin.6cos.*4c, 
•/ sin.*^ = sin.^-^(a + 6) — sin.asin.6co8.^|c, 
sin.«4^ = sin-«i:(a + 6) - sin.^d, 
where 

sin.'fl = sin.asin.&cos.^^c. 

It is always possible to assign to d a value which will 
fulfil this equation, since a and b are each < if, *.* sin.a and 
sin.& are both positive. Also, sin.a, sin.&, cos.^4-c, being 
all < 1,^ their product must be < 1. 

Hence 

sin.%c = sin.[4(a + 6) + a]sin.[|,(a + 6) - fl] *. 

(240.) This method suggested by Laplace does not give 
a sufficiently accurate result in practical computation when 
the side c is nearly 180®. Although this seldom occurs, yet 
a dmilar formula suited to this case is easily established. 

* See Laplace, Mec. CeL liv. ii. p. 227- - 
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By (182.) we have 

COS.C = cos.(a — i) — Ssin.a sin.6 sin.^^c, 
cos.*4c = cos.2i(a — b) — sin,a sin.6 sin.*4rC, 
•/ cos.^c = cos.24-(a — 6) — sin.^S, 

where 

sin.^9 = sin.a sin.5 sin.^^c. 

Hence by (46.) 

cos.«4c = cos.[4^(a — 6) + 9]cos.[i:(a - 6) - fl]. 

IV. 

Given two angles and the included side. 

(241.) The sides opposed to the given angles may be 
determined by the following formulae : 

. XV cos.i(A — b) 

*""-(« + *> = ^;4(ITi)*^-'' 

. ,^ sin.i-(A— b) 
tan.i:(a - 6) = -: — 77 — ■ — { tan.i-c 
^ sm.4:(A+B) * 

The sum and difference of the sides being found, the 
sides themselves can be determined by addition and sub- 
traction. 

(242.) If one side only be required, a formula for the 
solution may be derived from the result of (231.) by sub- 
stituting ir — A, ^ — c, and w — c, for a, c, and c. 

The result is 

cot.a = cot.c[sin.B cot.d -f cos.b] 
cot.csin.(B + 0) 



where 



sin.d 



. cot. A 

cot.9 = . 

cos.c 
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(243«) To detenoine the remaining angle, having pre- 
viously determined the side a or 6 as above, we have 

sin.A . 
8in.c = -: — sm.c. 
sin.a 

9 
\ 

sin.B . 
sm.c = -: — ;sin.c. 
sin.o 

But for the same reasons, as in the last case, it is neces- 
sary that we should establish methods for determining c 
independently of a and b> We can immediately deduce, by 
means of the properties of the supplemental polar triangle, 
methods for determining c analogous to those for deter- 
mining c in the last case. 

First method. 

(344.) Let 

cot.S = tan«A C09.C, 

,^^r^ I cos.Asin.(9— b) 
•.• (233.), C0S.C =^ r-^ ' : 

or, if 

tan.d = tan.A cos.c, 

COS.A cos.(8 + B) 



'.• C0S.C = 



sin.d 



Second method. 

(246.) By (234,) we obtain 

r, 2cos.^csin.A sin.BH 
COS.C = — cos.(a — b) I 1 ' 7 : I, 

^ ^L C0S.(A — B) J 



or 



COS.C = — COS.(A — b)M^, 

Third method. 
(246.) By (235.) we have 
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COS^ = - COS.(A + B) L 1 + ■ coS.fA + B) J' 



cos.(a4-b) 
cos.c = — cos.(a -f b)m2. 



^ Fourth method. 

(247.) By (236.) we have 



sin.*t(A + B) -i 

cos.ic = - sin.i(A - B)sm.ic[l ^-^^^^j^Z^f^^'^^i ' 

cos-ic = — sin.t(A — B)sin.tc.M. 

Fifth method. 
(248.) By (237.), 



./ N- in .- cos.«i(A H- B) .2,nT 
sm.tc = cos.i:(A — B)sin.tc[l ^ ttj- x cot.'^vcj > 

COS.^l^A— B^ 

sin.tc = cos.t(A — B)sin.t(7.M. 

The quantities represented by m in the last five methods 
are computed as in (238.) 

Sixth mstliod. 

(249.) By (239.) we have 

cos.^c = sin.^(A + B) — sin.29, 

sin.*0 = sin.A sin.B sin.^c, 
cos.«ic = sin.[i(A -h b) +6] xsin.[t(A -f b) — fi]. 
This formula is not applicable with accuracy when c is 
small. We may derive one, however, from the formula 
established in (240.), which gives 
sin.*9 = sin.A sin.B cos.^c, 
sin.^Jc = cos.[i:(A — b) + 6] x cos.[i(A — b) — 9]. 
(250.) It will contribute much to the clearness of the in- 
vestigation of the fifth and sixth cases, to determine pre- 
viously under what conditions it is possible that a side of a 
spherical triangle and the angle opposed to it can be of 
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clifferent species. For this purpose, let the equation 

cos.a — COS.A sin.6 imx — cos.&cos.c = 
\>e expressed thus, 

cos.a — C08.6 cos.c = cos.a sin.ft sin.c. 

If a and a be of difl*erent species, cos.a and cos.a have 
flifferent signs, and s'mce sin.& sin.c is necessarily positive, 
cos.a and cos.a sin.6 sin.c have different agns. Hence it fol- 
lows that cos^ — COS.& COS.C must have a sign different from 
that of cos.a, and therefore cos.a < cos.b cos.c. But ance 
C0S.6 and cos.c are each less than unity, their product is less 
than either of them. Hence cos.a is less than cos.6 or cos.c, 
and therefore sin.a is greater than sin.6 or sin.c. 

From this reasoning it appears that no side of a spherical 
triangle can differ in species from its opposite angle, except 
that side whose sine is greater than the sines of the other 
sides. By [4], Sect. IV., it appears that the sine of the 
angle opposed to such a side is greater than the sines of the 
remaining angles. 

From this it immediately follows that the sides of a rights 
angled triabgle and those of a quadrantal triangle are of the 
same species as the angles opposed to them, since the sine 
of the right angle in the one is necessarily greater than the 
»nes of the other angles, and the sine of the quadrantal 
ade in the other is greater than the sines of the other sides. 

Also) it follows that the sides of an isosceles triangle must 
be of the same species as the opposite angles, and that the 
sides and angles of an equilateral triangle are of the same 
species. 

If a > 90° and a < 90% '.• cos.a < 0, and therefore, 
cos.fi COS.C must necessarily be negative, and b and c of 
different species; therefore, also, b and c are of different 
spedes* 

Also, if a < 90° and A > 90% •.• cos.a > 0, and there- 

k2 
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fore, COS. J cos.c must be poative, and, consequently, b and c 
and also b and c must be of the same species. 

Hence in a spherical triangle, if an acute angle be op- 
posed to an obtuse side, the remaining sides must be of 
different species, and each of them being of the same spedes 
as the angle qpposed to it, the remaining angles must also 
be of different species. And if an obtuse angle be opposed 
to an acute side, the remaining sides and angles must all be 
of the same species. 

V. 

Given two sides and the angle opposed to one of them. 

(251.) Let the »des be a, b, and the angle a. 
To determine the angle B, we have the equation 

sin.6 . 

sm.B = -T Sm.A = 972Sin.A. 

sin .a 

In order that it should be possible to obtidn an angle b 
whose sine is = msin.A, it is necessary that //zsin.A should 
not be a number greater than unity. It may therefore be 
concluded, thatif msin.A > 1, the problem admits of no so- 
lution, and the data are inconsistent with each other. 

If msin.A = 1, ••• sin.B = 1, •.• b = 90*^. It appears, 
however, that even in this case, if a and a be of different 
species, the problem admits of no solution. The cause why 
this circumstance does not appear from the above equation, 
and why a real value of the unknown quantity is obtained 
when the problem is impossible, is, that the sine of a is the 
same as that of its supplement, and as the sines only enter 
the equation, the problem stated analytically by the equa- 
tion is more general than the problem proposed geometrically, 
inasmuch, as the former includes the triangle whose side is 
w — a, as well as that whose side is a. 
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If a and a be of the same qpedes, or not being so, 
itthej be made so by changing either of them into its sup- 
[dement, the problem is determinate, b = 90^, and the 
values of c and c may be determined as in the solution of 
that case of right-angled triangles where the hypothenuse 
and one ade are given. 

If ntsinjk < 1, an angle less than 90^ may always be 
found whose sine = fiisin.A. Let w be such au angle, and 
ance 

sin.w = idn.(ir — «), 
*•* »n.<tf = fit^n.A, 
sin.(ir — «) = wsin.A. 

Thus it appears that in general there are two values» w 
a^d (it — w) of B, which both satisfy the equation 

sin.B = msin.A; 
but it does not therefore necessarily follow that both these 
values of b will solve the problem. In the problem, as pro- 
posed geometrically, the data are the two sides a, &, and the 
angle a ; and the quantity sought is the angle b. In the 
problem expressed analytically by the equation 

8in.6 . 
8in.B = -: — 8m.A, 
sin.a 

the data are the sines of the sides a, &, and the sine of the 
angle a ; and the sought quantity is not as before the angle 
B, but its sine. This is much more general than the pro- 
blem proposed, because the sines of a, b^ and A, are also the 
sines of their supplements, and therefore the problem stated 
analytically includes the triangles, whose sides are, one or 
both, the supplements of a and £, and whose angle is the 
supplement of a. It follows, therefore, that of the two 
values of b determined by the equation, either or both 
may be the angle, not of the triangle, whose sides are 
a, &, and whose angle is A, but whose sides or angle are 
supplemental to any or all of these* It is true that all these 
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triangles are found by the same great circles of the sphere 
(131.), but they are not all triangles having the given sides 
and angle. 

Since then the analytical statement of the problem in- 
cludes cases which the problem proposed does not, it becomes 
necessary to determine by means of the data of the problem 
itself, scil. the sides a, 6, and the angle a, whether either or 
both of the values of b determined analytically will solve the 
problem, or whether they only solve those cases not con- 
tmned in the problem itself, although included in the ana- 
lytical expression of it. 

The two values of b, scil. co and tf — w being supple- 
mental, are of different species. Now it follows from (S50.), 
if sin.& < sin.a, that is, if m < 1, that b and b must be of 
the same species. Since, then, b is given, it is at once de- 
termined, that of the two values of b, that only solves the 
problem which is of the same species with b. The other 
value corresponds to the spherical triangle, whose side is 
TT -b (131.) 

If sin.6 > sin.a, or m > 1, but at the same time TTisin.A < 1, 
both values of b will be admissible, if a and a be of the same 
species. For in that case, sin.i being the greater of the 
two given sines, the angle b may be either of the same or 
different species as i, and therefore either of the supple- 
mental values w or ^ — a> will solve the problem (250.). 
Since, however, sin.a is the lesser of the two given sines, it 
is necessary that a and a should be of the same species 
(250.), otherwise no triangle could be constructed with the 
proposed data. In this case, therefore, the problem would 
be impossible, but might be rendered possible by changing 
either a or a into its supplement. 

It may therefore be always determined immediately from 
the data, whether the problem be impossible, and if possible, 
whether it admit of one or of two solutions. 
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The following tests may be immediately deduced from 
what has been just established. See Table IX. 



1 . It -: — T < sm.A. 
8m.6 

- rin^ 
58". It -; — 7 = sm.A. 
sm.0 



3^ If-:— 7>sin.Aand<l. 
mn.o 



iP. IS-r-inoi < 1. 
sin.6 



The problem admits of no solution. 

If a and a be of same species, b ^ 90®, and 

there is but one solution. 

If a and a be of different species, there is no 

solution. 

If a and a be of the same species, there are 

two solutions in which the values of b are 

supplemental. 

If a and A be of difl^ent species, there is 

no solution. 

There is but one solution, b being of the 
same species inth h» 

Thus it appears that the circumstances of the problem 
depend on the relation which the quantity -r-^ bears to 

an.A and unity. If its value be less than the former, there 
will be no solution, and the problem is impossible ; if greater 
*, than the latter, there ¥rill be but one, and the problem is 
determinate. If its value lie between those limits^ there are 
either two solutions or none, and therefore the problem is 
either doubtful or impossible, according as a and a are of 
the same or different species. 

(252.) In determining the other parts c and c of the tri- 
angle, it will be unnecessary to consider the cases in which 
the solutions have been shown to be impossible, or the second 
case where b = 90°. We shall therefore confine our ob- 
servations to the third case when a and a are of the same 
species, and to the fourth case. 

(253.) To determine the angle c, we have by [5], 
Sect. IV. 

cos.c COS.6 + sin.c cot. a — sin.i cot.a = 0, 

cot.A _ .- 

•.• COS.C + sin.G ; — tan.ocot.a = 0. 

COS.0 

Let 

. COtA 

tan.0 = y, 

COS.0 
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C08.9 oos.c+^n.$ nn.c 



« • 



=: tan.i cota^ 



cos.d 

••• cos.(c — 0) = tan.icot.acos.6. 
Since cos.(c — 0) = cos. (9 — c), it is evident that this 
equation only determines the difference between c and Oy but 
does not indicate whether c > d or d > c, and so leaves c 
doubtful. 

From the value of tan.0, it appears that 6 is the hypo- 
thenuse of a right-angled triangle, of which a and Q are the 
oblique angles. Hence it follows that the subsidiary angle 
is the angle which the perpendicular (p) from the angle 
C upon the side c makes with the side d. The angle under 
the same perpendicular and the side a is c — 6 if the per- 
pendicular fall inside the triangle, and S — c if it fall 
outside. 

It may be proved in general, that the perpendicular falls 
within or without the triangle according as the angles b and 
A are of the same or different species. If p be the per- 
pendicular, we have by the two right-angled triangles 

cos. A = cos.p sin.9, 
cos.B = cos.p sin.(c — ■ Q), 
cos.A sin.d 



. . 



cos.B ~~sin.(c — 9)' 
If A and B be of the same species, cos. A and cos.B have 
the same sign, and therefore sin.9 and sin.(c — 9) have 
necessarily the same sign; and since sin.9 is positive, 
sin.(c — 9) must be also positive, therefore c> 9, and there- 
fore the perpendicular 2? falls within the triangle. If a and 
B be of different species, cos.a and cos.B have different signs, 
and, therefore, sin.9 and sin.(c— 9) have different signs, and 
since sin.9 is positive, sin.(c — 9) is negative, therefore c < 9 ; 
and therefore the perpendicular falls without the triangle. 

If -7— V > Ij it follows that b and b are of the same 
siu.6 

species, and therefore the perpendicular will fall within or 
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without the triangle, acoordUng as b and a are of the same or 
different spedes. 
If ^ be the angle whose cosine is 

tan.b cot.a cos9, 
we have c equal to the sum of f and d, when b and a are of 
the same species, and equal to the difference of <p and 0, 
when b and a are of different species. In this case, there- 
finre, c can always be determined. 

m 

If -7-^ < 1, the angle b has two supplemental values, 

one of which will be of the same, and the other of a dif- 
ferent spedes from a ; hence the perpendicular falls within 
the triangle in the one case, and without it in the other. The 
angle c is therefore susceptible of either of two values, the 
sum or difference of <p and 6, since each will satisfy the 
conditions of the problem. 

{2S4i.) To determine the side c, we have 

cos.a = cos.d cos.c + sin.fi sin.c cos.A, 
cos.a 



COS.& 



= COS.C + tan.6 sin.c cos.A. 



Let 



• • 



tan.& cos.A = tan.9, 
cos.a cos.c cos.d + sin.c sin.d 



COS. 6 COS.9 

Let (p be the difference between c and 9* Hence 

cos.a 

cos.^ = COS.9 7. 

cos.o 

The side c is the sum or difference of (p and $• 

From the value of tan.6 it appears, that b and i are the 

hypothenuse and side of a right-angled triangle, and that a 

is the included angle. Hence this triangle is that which is 

formed by the side b and the perpendicular p on c. The 

arc fl is therefore the segment of the base between p and J, 

and it is plain that p is the other segment, between p and a. 

Hence it appears that c is equal to the sum or difference of 
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(p and Bf according as the perpendicular p falls within or . 

* 

without the triangle. 

Hence, if --r—; > 1, c is equal to the sum of o and 

when b and a are of the same species, and to the difference 
of <p and Q when b and a arc of different species. 

If -:-^- < 1, there are two values of c which equally 

satisfy the conditions of the problem, one equal to the sum 
of (p and d, and the other to their difference. 

(265.) If the angle b be previously determined, the in- 
cluded angle c and the side c may be computed by Neper^s 
Analogies. 

, . . cos.i-(a-f 6) 
cotic = tan.i(A + b) 77 ~, 

* ^^ ^cos.4:(a — 6) 

_^ C0S.i-(A + B) 

tan.i:€? = tan4(a + b) — 77—^- 

* *^ ^cos4(a— b) 

In the case where there are two values of b, by sub- 
stituting them successively for b in these formulae the cor- 
responding values of c and c may be found. See Table IX. 

VI. 

Given two angles and the side opposed to one of tJieiJU 

(256.) Let the angles be a, b, and the side a. 
To determine i, we have 

. _ sin.B . sin.fl 

sm.6 = -. — sm.a = . 

sm.A m 

From reasoning precisely analogous to that used in the last 
case, and which it is therefore unnecessary to repeat, we can 
deduce the following conclusions : 



sm.A 
1". Ir -. — < sm.« 
" sm.B 



The problem admits of no solution. 
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Sin.A 

2\ If-;^ — = sin.a. 
sin.B 



3®. If -r-^ > sin.a and < 1 
sin.B 



4^ If -7 — not < 1. 
sm.B 



If a and a be of the same species, h b 90<*y 

and there is but one solution (251.). 

If a and a be of different species, there is no 

solution. 

If a and a be of the same spedesp there are 

two solutions in which the values of b are 

supplementaL 

If a and a be of different species, there is no 

iA}lution. • 

There is but one solutien, b being of the 
same species with b. 



To determine c and c in the second case, it is only neces« 
sary to consider that the supplemental polar triangle is ri^t 
angled, and that its sides are * — a and gr — c, the opposite 
angles 'B' — a, V — c, and the hypothenuse ^ — b. Hence 
the determination of ^r — c and it ^ c is reduced to the 
third case of right-angled triangles. 

(^7.) To determine the side c, a formula may be imme- 
diately deduced by applying the result of (253.) to the polar 
triangle, which gives 

coUa 
cot.fl = , 

COS.B 

sin.(c — - 0) = tan.B cot.A sin.9. 

There are two supplemental values of c — 0, which equally 
satisfy this equation, and therefore the species of c — fi is 
not determined. From tfie value of cot.9, it appears that 9 
is the segment of the side c between the perpendicular and 
the angle b, and therefore c — 6 must be the other segment. 
It is easy to prove that the segments 9 and c — fl are of 
the same or different species, according as the sides a, b, are 
of the same or different species ; for by Neper's rules, 
cQs.a = COS. 9 cos.p, cos.i = cos.(c — 9)cos.p, 

cos.a cos.9 

cos. A "" COS. {c—Qy 
Hence cos.S and cos.(c — 9) have the same or different sii 
according as cos.a and cos.6 have the same or diffi 
signs, and therefore 9 and c — B are of the same o: 
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ferent species, according as a and b are of the same or 
different species. 

. If ^ > 1 it follows that b and b must be of the same 
sm.B 

species. Hence, in this case d and c — Q are of the same 
species when a and b are of the same species, and d and 
c — S are of different species when a and b are of different 
species. In this case, therefore, the value of c is deter- 
mined. 
. 

If -z-^ < 1, the side b is susceptible of two supplemental 
sm.B 

values, one of which is therefore of the same, and the other 
of a different species from a or a, and, therefore, in thb 
case, either of the two values of ^ — Q will indifferently 
satisfy the conditions of the problem ; one of them corre- 
sponding to one value of the side d, and the other to the 
remaining one. 

(268.) To determine the angle' c, we obtain by the sup- 
plemental triangle a formula analogous to that determined 
in (254.), 

cot.9 = tan.B cos.a, 

cos. A sin.c cos.9 — sin.O cos.c 
cos-b"" sin.9 ' 

COS.A 



sin.(c — 5) = sin.0 



COS.B 

There are two supplemental values of (c— -fi), which equally 
satisfy this equation. The species of (c — 0) remains there- 
fore undetermined. By the value of cot.d, it appears that Q 
is the angle under the perpendicular on the side c from the 
angle c and the side a. Hence c — 9 is the angle under the 
same perpendicular and the side b. By Neper's rules ap- 
plied to the two right-angled triangles, we have 

cos.d = coUa tan./7, 
cos.(c — 9) = cot.6 tan./7, 
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C06.6 coUz 



• • 



* co8.(c-9) cot6' 

whence it follows that 6 and c — d are of the same or dif- 
ferent species, according as a and b are of the same or dif- 
foent species. 

If -r-^ > 1, 6 and b must be of the same spedes ; there- 

Sare, in this case (c — d) and are of the same or different 
species, according as a and b are of the same or different 
spedes. The value of c is therefore in this case deter- 
minate. 

If dn.A < sin.B, the ude b may have either of two sup- 
plemental values, and therefore for the one, c—B and d will 
be of the same species, and for the other of different species. 
The two values of c — therefore, in this case, equally 
satisfy the conditions of the problem, and there are two 
solutions. 

(S59.) Those cases of spherical triangles which admit of 
two solutions, and are thence called the ^^ doubtful cases,'' 
may be, in particular instances, rendered determinate by 
some circumstances connected with the triangle, 6rom which 
the species of the sought quantity can be known. That 
wluch is always to be determined is, whether an angle and 
the side opposed to it be of the same or different species. 
To be of different species, it is necessary that the sine of the 
side should be greater than the sines of either of the other 
sides, or the sine of the angle greater than the sines of either 
of the other angles. If any circumstance be known which 
shows this not to be the case, the problem becomes at once 
determinate, and the spedes of the sought quantity is 
known. 

(260.) The obvious analogy which subsists between the 
formulae for the solution of plane and spherical triangles 
cannot but have attracted the notice of the student. Th' 



14S SrHEBlCAL THI^O^OME.THY* SECT. VII. 

origin of this analogy is easily traced. While the absolute 
lengths of the sides of a spherical triangle remain un- 
changed, let the radius of the sphere be conceived to be 
continually increased. The consequence will be, that the 
angles subtended at the centre of the sphere by the sides 
will be continually diminished, and therefore the sides ex- 
pressed in degrees will be also continually dimini^ed. If 
the radius of the sphere be mfimtely increased, ihe finite 
portion of its surface filled by the triangle will become a 
plaiie, and thus the limiting state of the spherical triangle 
will be a plane triangle. The effect which this change will 
produce on the formulae for the solution of the spherical tri- 
atigle.will be to convert them into the corresponding formulas 
fol: a plane triangle. Hence arises the analogy which may 
be observed to subsist between the formulae. 

(261.) The fc»:mulae for plane triangles may thus be in- 
ferred from those of spherical triangles. But in making 
the inference, the radius of the sphere, which has been 
assumed as unity, should be changed to r by the rule in 
(24.). The sides of the triangle themselves should be sub- 
stituted for their sines and tangents, on the principle that 
the limit of the ratios of the sines and tangents to the arcs is 
a ratio of equality *. The cosines, secants, cotangents, and 
cosecants, may always be eliminated by the fundamental 
equations in page 22. 

As an example of this process, let it be proposed to de- 
duce from 



2 



sin.A = - — T"^ — A/sin.5sin.(5— a)sih.(* — i)sin.(5 — c), 
sm.6 sm.c ^ ^ ^ ^ 

the corresponding formula for a plane triangle. By the ap- 
plication of the principles already mentioned, the sines being 
omitted, we have 



* Differential Calculus, (25.). (26.). 



SBCT. Yir. SPHERICAL TRIGONOMETRY. 148 

2 . 

The radius disappears in consequence of entering both 
numerator and denominator of the second member in the 
same dimensions (r^), and sin.A is referred to the radius 
unity; 

(S62.) It is sometimes expedient in order to obtain the 
result to develop the formulas in series. Thus, let it be 
required -to deduce the corresponding formulae for plane 
triangles from 
co6.acos«& + sin.a sin.6cos.c — cos.c = 0, 

cos.a = (1 — sin.^fl)* = 1 — ^^in.^a — ^sin.*a .... 

JL 

COS.* = (1 — sin.«6)* = 1 - isin.^6 — ^m.*6 • • • • 

COS.C = (1 — sin.'c)* = 1 — isin.'c — ^in.*c • • • • 
'.•cos.acos.6=l— t(sin.*a+sin.'6)— ^(sin/a+sin.*6)+ . . • • 
vcosflcosj— cos(?=4-(8in*c— sin^rt— sin^i) + |(8in*c— sin'A— sinV;) 

Supplying the radius r by (24.), 
cos.a cos.ft — rcos.c = t(sin.*c — sin.^a — sin.*i) 

+ 5-T(8in.*c — sin.^a — sin.*i) 



.... 



8r«' 
which reduces the piroposed formula to 

— 2sin.a sin.6 cos.c = sin.*c — sin.^a — sin.^6 

1 . 

+ T~s(sin.*c — sin.*a — sin.*5) + &c. 

4jr* 

Let T be now supposed infinite, and omitting the sines, 
the result is 

2fl6cos.c + c2 — . a* - 6^ = 0, 

VCOS.C- g^ , 

which is the result of (75.). 

We shall now investigate the methods of computing the 
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area of a spherical triangle, being given any three of the six 
parts, the angles and the iddes. 

PROP. LXXIV. 

(263.) Given the three angles of a spherical triangle^ to 
compute the area. 

If D be the area, 

where s = ^(a + b + c), and is expressed in relation to 
the radius unity. If s should be expressed in degrees, and 
nt by 180^, they must both be reduced to seconds, and 
divided by 206265 (8). In this case 2s — tt will be an 
abstract number, and the area of the triangle will be de- 
termined with reference to (r) the radius of the sphere. 
If the radius of the sphere be taken as the unit, 

D = 2s — *. 

PROP. LXXV. 

(264.) Given the sides of a spherical triangle, to de- 
termine the area. 

By the formula 

D = 2s — TT, 

all problems respecting the area d are resolved into equi- 
valent problems respecting s. By the equations 

sin.i^D = — COS.S, 
cos.s = cos.t(A + B)cos.i:C — sin.t(A + B)sin.tc, 

• T 

cos.i(A + b) = — ^cos.t(a + i), 



cos.t:c 



1/ . \ C0S.4C _ 

sm.i(A + b) = -— T;cos.T(a - o). 



cos.tc 
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w^e find 

. , an.ia8in.i6 . 

sin.-rD = r sin.c. 

oos.tc 

li^ beades the three ades an angle be given, this formula 

will resoWe the problem. Otherwise, substituting for sin.c 

its value in terms of the ades (182.), [2], we obtain 

. , -v/sin.5sin.(s— a)sin.(s--4)sin.(s— c) 

xcos.taco6.t6cos.t<? 

which is a symmetrical function of the sides, and suited to 

logarithms. 

Other expres^ons remarkable for their symmetry may 

be obtained for the area in terms of the sides. By the 

equation 

oos4^=sin.s=sin.i(A +b)cos.4:C -f sin.-^ cos«^(a +b), 

we obtain, as in the last case, 

cos.4:(a — 6)cos.*ic + cos. ' (a + 6)sin.2i.c 

C08.i-D = ^-^ — 1 ^ ^, 

cos.^c ' 

J cos4(a— ft)+[cos.i-(a+6)— cos.^(a — 6)]8in.«4c 

•;• 0OS.-3-D =s f 

COS.^C 

cos.i(a— 6) — Ssin.^asin.ift sin.^i-c 

••• co&iD = ^^ r =-, 

* cos.^c 

cos.tacos.f6 + sin.tasin.tft(l— 2sin.*ic) 

cos.tc ' 

cos.tacos.f6 4- sin.f a sin.tft cos.c 
"" cos.fc 

This last value will determine the area by cos.f D when the 
angle c is ^ven with the sides. 

From the third of the preceding values by eliminating 
sin.*tc by its value in (222.), we obtain 



cos.tD = 



cos.t(fl— i) sin.(s— o) sin.(5— i) 



cos.tc 2cos.ta cos.f 6 cos.tc* 
But 

sin. (5 — a) sin. (5 — 6) = t[cos.(6 — a) — cos.c]. 
Hence 
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2cos,iacos.jrbcos.i{a — 6) — icos. (a — ft) + icos,c 

cos* D =^ ~ ^ ^ 

'* 2cos.t^KJ08.iftcos.f^. 

Eliminating cos.(a — ft) by 

cos.(fl — 6) = 2cos.^(a — ft) — 1, 

and observing that 

,, ,. , ,^ , , cos.a+cos.ft+cos.c4*l 
cos.t(a + *)cos.i(a — ft) -f TCOS.C + 1 = — 5 » 

we obtain 

cos.a + cos.fi + cos.c + 1 



C0S.TD = 



4€os.ta cos.f A cos.f c 
cos.^ta+cos.^tft+cos.^fc— 1 



"^ 2cos.facos.t6cos.i:c ' 

a sjmcpetrical formula for cos.f d in terms of the sides. 

By combining the results already obtained, we shall ob- 
tain a formula of tan. ^d of singular beauty ; 

1 — C0S.7D 
tan.'D = — —- — , 
* sm.tD 

which after substituting the values already obtained for 

sin.^D and cos.fn, becomes 

1 — cos.*i-a — -cos.Hft — cos.^c+ ^cos.fflcos.f ftco8.i-c 
tan.^D= ^ . .— ^— ^. 

>v/sin.5sin.(5— fl)sin.(s— ft)ffln.(5— c) 
The numerator of this is equivalent to 

sin.^a sin.*f ft — [cos-fa cos.f ft -- cos.:^c]^, 
which is equal to 

[sin.^flt sin.fft -f cos.f a cos-fft — cos.fc] 
X [sin.fa sin.fft — cos ia cos.f ft 4- cos.tc] = 
[cos.t(flJ —ft) — cos.tc] X [cos-fc — cos.i:(a 4- ft)] = 
4sin.i5sin.t(5— a)sin.f(s — ft)sin.t(s — c). 
Hence we find 

tan.;Jn = y/tan.fs tan.-|-(s— a)tan.Y(5 — ft) tan .7(5 — c). 
This beautiful formula was first obtained by Lhuilier of 
Geneva, 
(265.) The formula (77.) for the area of a plane triangle 
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follows from this by omitting the tangents and retaining 
only the sides, which gives 

^D = Vis . t(s - a) . t(s - 6) . i{s - c), 

••• D = ^8(S — A) (5 - b)(s - c). 



(266.) Giz;^ two sides of a spherical triangle and the in- 
cluded angle f to compute the area. 

9f d^vMonf, frotn 

. stn.j;a sin.-J-ft . 
sin.tD = •-' sin.c. 

^ cos.f a cos.-i6 + sin.ta sin.tft cos.c 
* cos.i<: 

obtidned in the last proposition, we obtain 

si|i.i-(2sin.^iffln.c 



tan.tD = 



cos.Tfl COS.T J + sin.-Jrfl sin.i^J cos.c' 
••• tan.^D = 



tan.fa tan.ii sin.c 



1 + tan.fa tan.fft COS.C 
l^his may be adapted for logarithms by means of gub- 
AAstty angles. Let Scos.^c — t b6 stibstitnted for coff.c 
in the former value, and we find 

^ __ si n^jg sin.f 6 rin,c 

'* "" cos.i-(a + 6) H-2sin.i-a sin.fi cos.'^c* 
Now let 

sin.fa sirt.fft c6s.^^7C = co9;^i 
cos.j:(a 4- 2) = 2c6s.^, 
v^cli conditions catt always be MfiUed. Hence 
cos.t(a 4 b) + 2sin.t« sin.f 8 cos.^'c = 2(cos.^ + cds.?)' 
cos.ip + COS. 5 = 2cos.i(<f> + 4)cos.f(p — S). 
Hence 

sin.f a sin.f ft sin.c 
^•*^ "^ 4«0».t(f+«)Co^ii(p-»)" 
which is suited for logarithms. 

L 2 



148 SPHERICAL TRIGONOMETRY* SECT^ VIII. 



SECTION VIII. 



Examples on obUqtie-angled spherical triangles. 



PROP* LXXVII, 

(267.) To determine the relation between the segments 
(a, j3) of the hose (c) of a spherical triangle made by the 
arc (^) of a great circle bisecting the verticai angle (c). 

Let the angle at which f is inclined to the base be \^. 
Hence 

ffln.a sin.tc sin.j3_sin.i-c 

8in.a""an.\^ ' sin.^^sin.tp ' 



sm.a sm.a 



sin./3 sin.6' 

that is, the bisector of the vertical angle divides the base 
into segments, whose sines are proportional to those of the 
conterminous sides. 

It is obvious that EucL lib. vi. prop. iii. is included in 
this result (260.). 

(268.) Cor. 1. Hence it follows that the three bisectors of 
the angles intersect at the same point. For the bisector of 
the angle a must divide (p into segments whose sines are as 
sin.a : sin. a, and the bisector of b must divide it into seg- 
ments whose sines are as sin./S : sin.b. But by this pro- 
position, 

sin.a _sin./3 
sin.a ~ sin. 6* 

Hence the bisectors of a aj^d b must meet (f at the same 
point. 
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(%9-) Cor. 2. The s^ments a and jS may be ea^y 
computed, 

sin.a + sin./3 __ sin.a + an.ft tan.t(a -f V) 
sin.a— sin.jS ""8in.a — 8in^""tan.f (a— 6)' 

••• tan.i(a - /S) = tan-ic^ — *) ' /v . 

Whence a — |3 being found, a and |3 may be determined* 

(1270.) Ccfr. S. It is evident, for the same reasons as in 
plane triangles, that if perpendiculars be drawn from the 
btersection of the bisectors on the sides they will be equal, 
and thus *^ the intersection of the bisectors is the pdle of the 
lesser orcle inscribed in the triangle touching the three sides.*^ 
The circular radius of this circle or the common length of 
the perpendiculars is easily determined. It is obvious that 
the parts of two sides between their intersection and the 
radius are equal. Hence it follows that the two segments 
into which c is divided by the radius, are 

« — a, « — 6. 
Hence (r = radius), 

tan.r = tan.tA sin. (5 — a) 
= tan.i^B sin.(5 — h) 
= tan.f c sin.(5 — c). 

The radius being symmetrically related to the sides and 
angles, should be a symmetrical function of them* None of 
these values just obtained are so ; but we may find one by 
multiplying the three together, which gives 

tan.V=tan.tA tan.ts tan-tc sin.(s — a)sin.(5— ft)sin.{5 — c). 

This is a symmetrical function of the sides and angles. We 
may find a symmetrical function of the sides alone by eli- 
minating the product of the tangents by its vdue in 58» 
Table VIII., ••• 



\ 
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tan.V = 



[sin.(s— a)8in.(s — 6)sin.(s — c)]^ 



sin.*s 



^/siIi.(ff — (ty)5in.(5 -- 6)siii.(^ — p) n 

*.• tan.r = — — — — ^' = -: — 

/i/sin,^ sin .5 

N 



SOOS^A COS.fB COS.fC* 

If each pur of sides of the triangle be produced until 
they intersect, three other triangles will be found, of which 
the circular radius of the inscribed circle may be found 
ttmilariy. Let a and b be produced through (s until they 
intersect The sides of the triangle formed by th^ pro^ 
ductions will 1)0 (ISl.), 

and its angles 

a' = w* — A, b' = n* — B, C' = C. 

Hence 

5^ = * — (s — c), s' — a' = s ^ ft, 
^ — V =z s -— dy s' — c'=9r — s, 
•.' mi.s! sin.(s' — a') sin.{s! — V) sin.(5' — d) 
= sin,* sin.(^ — a) sin.{s — b) sin.(s — c). 

Hence, if r' be the radius of the inscribed circle, 

tan.r = ". — ^ r, 

sm.(s— c) 

and in like mapner the radii of the circles inscribed in the 
other two triangles are 

J, ^ 
tan.r' = -: — 7 : , 

sin.(*— a) 

Ml ^^ 

tan.r'' = -. — 7 — 77. 
sjn.(s — 6) 

I^nce it follows that 

tan.r tany tan.r" tan.r''' = n^. 
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PBOF. LXXVIll. 

(271.) To determine ike pc^ and the raHius of ike ante 
ivAicA drcunucr^s a apkerical triangle. 

Let R be the radius. The three radii from the pole to 
the angles form three isosceles biangleg. Let l^e base angle 
of that isosceles triangle, whose base is the sided, be a; and, 
in like manner, let ^ and y be the base angles of those whose 
bases are b and c respectively. It is evident that 
a + |8 = c, 

^ + r = A. 
« + y = B. 

Hence we find 

a = •f(B 4- c— A) = 8 — A, 
(3 = ^(A + c — b) = s — B, • 
y = -HA + .-c) = 8-C, 
vliere s = ^(a + a + c). 
By Tab. VIII. we find 

I + cos.fl— COS.6 — ces.c 



tan.y = - 



3n 
1 + cos.c— cos.a — COS.A 



where n =: ^/sin.«8in.(« — a)sm.{s — 6)sin.(s — c). 

When the triangle is ^ven, any one of the angles a., ff, 
and y, are sufficient to determine the pole of the drcle cw- 
cumscribing it. 

To determine the radius h. If a perpendicular be sup- 
posed to be drawn from the pole to the side Uait will divide 
the isosceles triangle into two equal riglic-in * t riangles, 
which give 
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and in like manner by the other isosceles triangles^ we have 

tan.^ 



tan,R 



tan.R = 



C0S./3 ' 
tan.^^ 



co8.y 
Any of these would be sufficient to determine r ; a, jB, or 7, 
having been previously found. However, it is desirable 
that B should be determined immediately as a function of 
the sides, and this function should be symmetrical. 
Let the three values of tan.R just found be multiplied, 

tan.4^tan.4&tan.4c 
tan.*E = ' ^ —. 

cos.a COS.p COS»y 

But by the results of Tab. VIII., 

cos.^cos.-icsin.A 



cos.a = 



cos.^^ 

ons. J-/ 
COS./3 = 



cos.4acos.4e sin.B 



cos.y = 



C0S.4& 

cos.-^ cos.|£ sin.c 

cos.i^ 



Hence 



cos.a cos.)3 cos.y = cos«4^ cos.46 cos.ic sin.A sin.B sin.c. 

Substituting for sin.A. sin.B. sin.c, its value in (199.)9 [^j? 
we obtain 

Sn^ cos.4^cos.4-5 cos.i^c 



cos.a cos.jS COS./ = 



-j^^ww. ^s, w.ww.^, 



sin.^asin.^isin.'^c 

Hence 

_ , _ sin.^ttsin.Yisin.tcsin.^asin.^isin.'C 

Str tan.^R = = -^ ; 

cos.*^a cos.^fo cos.^c 

= 4'sin.^fosin.^6sin.'tc, 

Ssin.^a sin.ift 8in.i:c 
.• tan.R = , 



n 
formula of remarkable symmetry. 
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From this formula, by omitting sines (S60.), we may im- 
mediately deduce the well known formula for the radius of 
the drcle circumscribing a plane triangle, 

4a&c abc 

R = = ! 

2 Vs{s -a)(s— 6)(s -c) ^y/s[s^a)[s -b){s^ c) 
The value of cot.R may be reduced to a function of the 
angles by [23], Sect. IV., which gives 

N 

cot.R = . 

COS.S 

The radii of the circles circumscribed round the three 
triangles formed by producing every pair of the sides may 
be found by the substitutions used in the last proportion. 
These ^ve, as in the last proportion, 

N 



cour' = — 



COt.R" = — 



COtR"! = — 



cos.(s— c)' 

N 

COS.(s — A)' 
N 



cos.(s — b)* 
Hence we find 

COtR cot.R' COtR" COt.R'" = N^. 
PROP. LXXIX. 

(272.) Given the b(ise and the area of a spherical trU 
angle y to determine the locus of its vertex. 

Since the area is given, the sum of its three angles is 
given (177.). If a be the given base, and the sides 6, c, be 
produced through it to intersect, a triangle will be formed 
whose sides and angles are 

a' = a, i' = w — 6, c' = * — c, 
a' = A, b' = •JT — fi, c' = w — c. 
The circular radius r' of the circle circumscribing this is 
the last proposition) determined by 
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C06.(S'— a') 

But since a! = a, and 

B + C— A 

s' — A' = 'M' 5 A = ir — . s, 

, tan.-kz 
••• tan.R' =a 9 

COS.S 

which, since s and a are given, is constant. 

The circle circumscribed round the triangle alfcf is there- 
'fore given in magnitude, but since it passes through the ex- 
tremities of the givea base a, it is also^ given in position, and 
is therefore the locus of the vertex of the angle a'. If 
through this vertex a diameter of the sphere be drawn, its 
opposite extremity will be in the vertex of a, and therefore 
its locus must be a lesser circle equal and parallel to the 
former, and whose pole is the opposite extremity of the , 
diameter. 

This locus may be easily constructed. Let the sides &, c, 
of the given triangle be produced through the vertex of a 
until they meet the great circle of which the base a forms a 
part. The triangle thus formed will have its three vertices 
diametrically opposed to those of the other triangle formed 
by producing J, c, through the base a. Hence the locus 
is the lesser circle circumscribing this triangle. Let any 
two of its sides be bisected, and perpendiculars drawn 
through their middle points until they meet, their point of 
intersection will be the pole of the lesser circje sought. 

This beautiful theorem was discovered by Lexell^ and 
published in the first part of the fifth volume of the Peters- 
burgh Acts. 

Legendre has given a demonstration of it in his Geo- 
metry, note X. It is different, however, from the above. . 
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PROP. LXXX. 

(S7S.) (xiven the vertical cmgle in magnitude and position 
and the perimeter of a spherical triangtcj to determine the 
curve to which ilie hose is always a tafngent. 

By (270.) the radius of the circle inscribed in the triangle 
formed by producing the sides &, c, which contain the given 
angle through the base, is determined by 

tan.r = tan.i:A'sin.(*' — a'); 

but a' = A, and cl = a, and ^ = * 5 — = tt -, (^ — a). 

Hence 

s^ — a! =zie^ Sf 
••• tan.r = tan*i:A sin.s, 

which is constant. Hence the bases all touch the lesser 
circle, which is drawn with this circular radius touching the 
sides of the given angle a. 

PROP. LXXXI. 

(274.) Given two sides of a spherical triangle^ to deter- 
mine the condition on which the area will he a maximum. 



By (266.), 

tan.tD = 



^ __ tan.tatan.-|:&sin.c 



•.' cot.i-D = 



1 -ftan.i^a tan.fftcos.c' 
cot.T«cot.i:6 + COS.C 



sm.c 

The maximum value of (d) might easily be determined by 
the differential calculus from this formula. We shall, how- 
ever, give here a beautiful construction by which Legendre 
determines it. 

Let AB = c, ••• BE = sin.c, ce = cos.c. 
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Let CD = cot.i:acot.i:6, •." 




T\ DE _ 

^ = COt«BDE = COt.tD. 

BE 



jQ ^ HeDce D is a niaxiraum when 
the angle bde is so. This 
takes place when db becomes a tangent dp. Hence, since 

It 

PCA — ~ = PDC, 

VC--|- = iD = t(A4-B + C)— ^, 
'.• C = A + B. 

Hence ^' the area is a maximum when the angle included 

by the given sides is equal to the sum of the two remaining 

angles.** It is obvious that the value of c is determined by 

sec.(«' — c) = cot.ta cot-fft. 

This result becomes impossible when cot.fa cot.fft < 1, that 

is, when 

cot.ta < tan.tA, 



cot.i:a < cot 



d-4 



\' a -\- b > It. 
If the sum of the given sides exceed a semicircle, there 
will be therefore no maximum. The reason of which is, 
that, as the angle c augments, the area continually increases 
until c = TT, and in that case the two sides are parts of the 
same great circle, and the third side is the remaining part, 
so that the triangle becomes an hemisphere, and ceases to 
be a triangle. (See Ijcgendre, Geometrie, liv. vii. prop. xxvi. 
and note x.). 

' PROP. LXXXII. 

» 

(275.) Given the latitudes and longiticdes of two places j 
to compute the distance between them. 
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The latitudes bdng given^ the distances from the pole, in 
degrees, may be found. These, with the difference of their 
longitudes, reduce this problem to the third case of*the 
8(dutum of obfique spherical triangles, page 128. 

PROP. Lxxxni* 

(276.) Given the latitudes of two places and the distance 
between them^ to find the difference of their longitudes. 

In a similar way this is reduced to the first case of the 
aoludon of oblique spherical triangles, page 119. This pro- 
blem is of considerable use in navigation. The distance 
sailed over b^ng known by reckoning, and the latitudes 
bdng easily observed. The distance should, however, be 
reduced to degrees. 

PROP. LXXXIV. 

(277.) Given the right ascension and declination of a 
star, to compute its latitude and longitude, and the angle of 
position *. 

Let arcs of great circles be imagined to be drawn from 
the star to the poles of the ecliptic and equator. There will 
thus be a triangle formed, two sides of which will be the 
complements of the declination and the latitude. The third 
side, being the distance between the poles, will be equal to 
the obliquity of the ecliptic, which is supposed to be known. 

^ — - 

* The examples which involve astronomical terms may be 
omitted until after the student has become acquainted with the 
elements of that science. Little more than its definitions^ how- 
ever, are necessary to render the examples given here intel- 
%ible. 
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The angle at the pole of the ecliptic is ^vtal to the dif- 
ference between the longitude and a right atigle ; and th^ 
at the pole of the eqtialor is equal to the difference between 
the right ascension and a right alDgle. The afldigle at the star 
is the angle of position. Thus it appears that two sides and 
the included angle are g^ven to find the other parts, and 
the problem is therefore reduced to the third case of oblique 
ipberical triangles* 

If L =2s lat, i ^ Ion., K s= right aseen*, d i=: cfec., atid 
o = obi. p = angle of position, the problem may be solved 
by (230.) by the following substitutions : 

TT 71* 

H = O^ ft = — - D, <? =r — — L, 

A = P, B = r^- - 1 \ C = ±C^ - r\ 
PROP. LXXXV. 

(278.) Given the declinati&iu and the difference of iJ^e 
right ascensions of two starSy to compute the angular 
distance between them. 

The declinations being known, the polar distances which 
are their complements may be found, and the problem is thus 
reduced to the third case of Sect. VII. 



SECTION IX. 

On the relations between the small variations in the sides 

and angles of triangles *. 

(279.) We hav^ already shown, that in all determinate 

* In order to study the subject of t?bi8 section with advantage, 
the first fifty-six articles of my Differential Calculus, or the cor- 
responding parts of some other work on that subject, should be 
read. 
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{ttoblems respecting the soludod of trianglesy it ia indk*' 
pensably necessary that three of the six parts of the triiOigle 
should be known, and in plane triangles, one at least of the 
tlHfee.must be a side. In practice, these data, always ob* 
tamed originally by observation and measurement, are liaUe 
to eartot firom obvious and inevitable causes. It is true that, 
from the great excellence of instruments, amd the almost io- 
ocmoeivable accuracy of modern observation, these errors are 
extremely minute, yet, in cases where great preeinoii is 
reqoimte^ it becomes necessary to determine the effects which 
small errors in the data will produce upon the coBdputed 
quantities, and to select the data and quaesita in such a 
moBiier, that given errors in the one shall entail upon the 
other the smallest possible errors. 

The principles of the differential calculus present easy 
tteams for attaining this end. Let us suppose that of the 
dKree data, two have been obtained with sufficient accuracy, 
but the third, x, is liable to an error of a given amount, whicb 
Wis shaH- eaU h. Let u be the sought quantity. Two^ of 
tl^ three data being considered constant, the sought qisan^ 
thy u may be considered as a function of the third, jPy 
wfhat 

u = F(a?). 
The qtmntity of becoming a: + h^ let the quantity u heoatne 
ii, we have * 

^ t^ = f{x -M h) 

h , h^ ¥ 

where Ai, Aj, A3, • . • • are the successive differential co- 

eftgients of f(^). 

. If jr be supposed to represent the true valu^ ol that part 



.t^ 



* Differential and Integral Calculus (5].)> (52.). 



160 SPHERICAL TRIGONOMETRY, SECT. IX. 

of the triangle which is liable to the error A, then a; + A will 
be the quantity given by observation, and u will be the true 
value of the sought quantity, and n! its computed value. 
Hence y! '— uis the error sought, which is therefore repre- 
sented by the above series. Since k in practice is always a 
very small quantity^ this series converges rapidly, and there- 
fore a small number of its initial terms may be assumed as 
equivalent to the whole without sensible error. The number 
of terms to be taken for the whole depends entirely on the 
magnitude of the error k. In most cases it is sufficient to 
take the first term only, but in case h be not extremely 
small, or if more than ordinary accuracy be requbite, the 
first two terms are taken ; this, however, is selddm necessary, 
so that we may in general assume 

ti' — w = AiA, 
which gives the following rule for determining the error in 
a computed quantity produced by a small error one of the 
given quantities from whence it is derived : 

Let the computed quantity be expressed as a function of 
the given quantity^ and let tlie differential coefficient he found 
with respect to the given quantity as a variable, the error in 
the computed quantity mil be determined by multiplying the 
error in the given quantity by this differential coefficient. 

(280.) If two of the data be liable to given errors, the 
effect upon the sought quantity may be computed on similar 
principles, by considering the sought quantity as a function 
of the two data so liable to error, and differentiating it with 
respect to these as two independent variables * ; the dif- 
ferential of the sought quantity thus found will represent 
the error to which it is liable, the differentials of the data 
representing their respective errors which are supposed to 

be very small and given. 

It is evident that the same method extends to the case 

* Differential Calculus, Sect. VIII. 
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where all the data are liable to given small errors. In this 
case the sought quantity is to be regarded as a function of 
three variables, and its differential found as before. 

{'281.) The principles which have just been established 
fiimish a method by which, when a triangle plane or sphe- 
rical is subject to minute variations in its sides or angles, 
the relation between these variations and the sides and 
angles themselves may always be investigated and expressed 
by equations, so that when there are sufficient data, any one 
of the variations may be derived from the others. 

The investigation of the limits of error in the solution of 
triangles is not the only useful application of these principles 
in physical science. There are, particularly in astronomy, 
certain small quantities called corrections^ the values of which 
are known, or may be found, and which produce small 
changes in the magnitudes of quantities engaged in the 
solution of problems. It is frequently necessary to trace the 
effects of these on other quantities, whose values result by 
computation from the former. This may always be done by 
ccmsidering the quantities which these corrections immedi- 
ately affect, as well as those to be computed from them as 
variables, and having differentiated the equation or equations 
which express their relations, considering the several dif- 
ferentials as the corrections and their effects upon the com- 
puted quantities. 

An example will render this easily understood. It is 
known that light in passing from a visible object in the 
heavens, as a star, is deflected from its rectilinear course in 
such a manner, that it enters the eye of a spectator as if it 
came from a different point in the heavens, and the spectator 
sees the star as if it were really placed at this point, and the 
light came straight from it. This effect, which is called 
refraction, is such, that the apparent place of the star is on 
the same vertical circle with its true place, but nearer to the 

M 
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zenith by a very small angle. The magnitude of this angle 
is known by the tables of refraction. Now if it be required 
to ascertain the effect of the refraction of a star at a ^ven 
zenith distance upon its polar distance, it amounts to no 
more than this; in the spherical triangle formed by the 
zenith, the pole, and the star, to determine the effect which 
a small variation in qne side produces upon the other, the 
third ade being constant. 

The same principle is applicable to the computation of 
the effects of precesaon, nutation, parallax, aberration, and 
various other small ineqttdHties, as they are technically 
called, upon the elements of the position of a celestial 
object. 

The following examples will illustrate the application of 
this principle. 

PROP. LXXXVI. 

(^S.) To determine the relation between the mintUe 
variations of the side of a plane right-angled triangle a/nd 
the opposite angle, the remaining side being considered 
constant. 

Let a and a be the side and angle which are subject to 
variation^ and b the constant side. 

a = &tan.A, 
\' da = 6sec.®AdA, 
which is the variation sought. To determine this for any 
given value of «, let b be eliminated by the two equations, 
and the result is 

da = a(cot.A + tan.A)dA. 

sm.^A 
(283.) Cor* Hence, for any proposed values of a and cZa^ 
da is a minimum when a = 45°. Thus, if the height of an 
object is to be computed by knowing the distance from its 
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base, and the ai^;le of deration of its summit, a giTen error 
in the etevatioo will produce a less effect upon the computed 
lid{^t~the nearer the deration is to 45^ 

PEOP. Lxxxm. 

(SS^) T\kio sides efapbme triangle being giveny fotn- 
vestigaie ike relation between ike small variations of ike 
induded angle and the opposite side. 

Let a and b be the given ades, and c the induded 
angle, •.• 

c« = a« + J« — Sadco8.c, 
*.* cdc = aJmu.odc. 
But \abskn.c being the area of the triangle (TT.)? if /> be the 
perpendicular from c upon Cj we have 

pc = a6sin.c, 
•.• dc = pdcy 
which is the relation required. 

(285.) Cor. Hence, if the angle be required to be com- 
puted from the side c, a given error in c will produce the 
least effect on c when the angle opposite to the greater of 
the given sides a, &, is a right angle. For then p is a 
maximum. 

If, on the other hand, the angle c be given to compute 
the fflde c, a given error in c will produce a less effect upon 
c as the angle c approaches either to zero or 180^. In the 
one case the limiting value of c is a — &, and in the other 
a + ^. 

PKOF. LXXXVIII. 

(S86.} Om side of a plane triangle being given, it is re- 
quired to determine the relation between the small variations 
in the angles and the remaining sides. 

Let a be the given side, and let the equation 

M 2 
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asin.B = 6sin.A 
be differentiated, a alone being considered constant. Hence 

acos.Bi2B = &cos.AdA H- sin.Adi, 
•.• db + i(cot.AdA — cot.B^B) = 0, 
a being eliminated by the first equation. Either of the last 
equations expresses the required relation. 

(287.) Cor. If the side b be required to be computed 
from the side a given accurately, and the angles a and b ob- 
served subject to small errors, the above equation gives the 
error of b corresponding to any proposed value of it, for 

db = £(cot.BtZB — COt.A^A). 
If the errors dA and dB be supposed to be equal, and have 
the same sign (as they probably wiU, if observed with the 
same instrument and in the same manner), that is, if the 
observed angles be both greater or both less than the true 
by the same quantity, we have 

dfi = dA, 
•/ db = 6(cot.B — cot.A)dA. 
Hence, in this case for any proposed value of b the error db 
vanishes when a = b. Hence the nearer to equality a and 
B are taken, the less ceteris paribus will be the drror in b. 

In like manner, it may be proved that the nearer to 
equality a and c are taken, the less will be the error in the 
computed value of c. Thus we infer in general, that when 
(as is usually the case in practice) two sides of a triangle 
are to be computed from the third, the results will be the 
more exact the nearer the form of the triangle approaches to 
that of an equilateral triangle. 

PROP. LXXXIX. 

(288.) In a right-angled spherical triangle^ one oblique 
angle being given, to determine the relation between the small 
variations of the sides which include it. 

Let A be the given angle. Hence 
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vUdi hang diflferentiated, gives 

o = catx Bec^bdb ^ tMn^bcoeecHde^ 
*•* mjb oo6.Me = sin«c oo6.od6» 
*.* an.2& . dc = sin^ . dbj 
which is the relalkm 



PROP. xc. 

(S89.) In a righi'-angled spherical triangle, ike hjfpo^ 
ihemae being given, to determine the relation between (he 
email variations of the sides. 

In this case let the equation 

006.C = 006^006.6 

be difierentiated. This gives 

co8.a sm.bdb = ~co8.i inuida, 
da tan.6 
db tan.o' 
which is the required relation. 

PROP. xci. 

(390.) Given two sides of a spherical triangle, to deter* 
mine the relation between the small variations of the angle 
opposite one of them and the remaining side. 

Let a, b, be the given sides, and a, c, the variable angle 

and side. By (181), H] 

COS.6COS.C + COS.A sin.6 sin.c — oos.a = 0, 
which being differentiated, gives 
( — COS.6 finx -l-cos.A 8in.6 co8.c)db —sin. a tanA sin.c^A=sO, 

*.* (008.A — cot.6 tan.c)db = sin.A tan.cdAy 
wluch is the relation sought 

This applies to the method of determining the time by 
equal altitudes at different sides of the meridian. The toi* 
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angle is formed by the setikh distance a, the polar distance 
^, and the zenith distance of the pole 6< The Tariaetioff of 
the polar distance de pmeeeds fwm the ehttige of declination 
of the sun between the two obdetvotions *• 

PROP. XClt. 

(S91.) Given two angles of a spherical triangle, to de- 
termine the relation between the smail variations of the op- 
po&ite sides* 

Differentiating the equation 

sin.a sin.B = sin^ an. a 
fcHT a and b as variables, we obtain 

8in.B cos.ada ^ sin.A cm.bdb. 
Dividing the one by the other, we have 

tanMdb ^ ta,n.bdaj 
which expresses the- required relation. 

(^9^0 It is unnecessary to extend these examples further. 
If the student be sufficiently familiar with the necessary 
principles of the differential calculus, he will find no dif- 
ficulty in solving any problem of this kind afler the ex- 
amples which have been already given ; and if he be not, 
examples would be unintelligible. 



SECTION X. 



On geodetical operations. 



(293.) Oile of the most interesting and important ap- 
plications of trigonomety is the determination of the figure, 
magnitude, and position of any portion of the earth's sur- 



MM«IMv^Mi«««a.aM«*MiaflhAaavaa«tar.a>^MflaMhii<kMMMMi»rf^ 



* Woodhouse, Trig. p. 203. 
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&0&, Gepdeticai opeiidioQB h«ve> in general, this for th^ 
olgect* Te entar minulely inio the prineiplct and detaila 
^thcae ^qpenHiong would not be suiteble to the purposes of 
the present treatise; but it is, neverthdess, necessary to 
^ve such a view of them as will enable the student who is 
deaious of prosecuting the inquiry further, to proceed with 
greater facility in those less elementary investigational the 
difficulties of which he will have to encounter, aad as will 
enable students generally to comprehend the means whereby 
some of the most striking results of modem praetieal sdoEioe 
have been obtained. 

Let us suppose that a survey q( a great state, as Great 
Britain or France, is to be made. In this problem there are 
three parts perfectly distinct each iiom the other, and wluch 
are sidved by ^ means equally distinct from one another* 
These are 

1^. To determine the figure of the required tract of 
eouBtrys the configuration of its various internal divioons, 
and the positions of its cities, towns, &c. relatively to its out* 
lkie% so that the whole could be laid down on a map or 
l^obe^ and might preseni a fninMme of the state to be 
survej^. 

8^, Having thus ascertained its figwre^ to determine its 
magniitiide. This will be effected if any cuoe line in it be 
accurately measured. 

S^. To assign the posUion of the country on the surface 
of the earth relatively to the equator or the pole and the 
surrounding countries. This may be done by determining 
the geographic^ latitude and Icmgitude of any place in the 
country .to be surveyed, the longitudes being supposed to be 
measMred from the meridian of some place relatively to wluch 
it|» position is to be ascertained. 

(S94.) The end proposed in geodetical operations is not 
always purely geographical. In those conducted in France 
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hj Ddambre and Mechan^ the object was to determine 
with precision the length of an arc of the meridian ex- 
tending frop Dnnkerque to Barcelona, in order to obtain a 
permanent standard measure, and the result was the deter- 
minatibn of the present French metre. 

0196,) To simplify our explanation of the method of de- 
termining the figure of the tract to be surveyed, we shall* 
in the first instance, suppose that its surface is perfectly 
smooth and all at the same level, that is to say, that every 
pmnt of it is at the same distance from the centre of the 
earth. Let us suppose that at various points of the country, 
objects called signals are erected, and that they are con- 
nected by arcs of great circles. The tract will thus be re- 
solved into a system of spherical triangles, and the sides of 
these triangles should be of such lengths, that the signals at 
their extremities may, by the aid of a telescope, be distinctly 
visible each from the other. 

Now by proper instruments placed at each of the signals, 
let th^ angle under the sides of the triangl.e connecting it 
with two other signals be measured. The methods of mea- 
suring these angles, and the instruments whereby the mea- 
surement is made, we shall presently explain. This done, 
the lengths of the sides in degrees may be computed, and 
the spherical polygon, or the system of spherical triangles, 
which is thus supposed to overspread the country, might 
be accurately laid down on the surface of a globe. The 
relative position of all the signals will then be determined. 
In this first triangukUion, the signals are supposed to be as 
distant from one another as is consistent with the distinct- 
ness with which it is necessary they should be observed one 
from another. The triangles of this system are called the 
primary triangles. Each of these triangles is again resolved 
into a system of smaller triangles by signals instituted within 
it at convenient places, and similar observations arc made 
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widi wralar letolts. These latter trim^es are oaUed m* 
eondary triangtes. These will detemnne the pontkni of 
the seoondafy skoals with respect to each othor and the 
prinuuyrfgnak. 

(896.) Such 18 the theoretical solution of the problem to 
determine the figure of a country and its varioas internal 
diyisioos. In practice, however, the probkm is attended 
with greater difficulties, and demands the aid of othor prin- 
dples. It must be conddered that the portion of the sphe* 
lical surface of the earth, which any one, even of the primary 
triangles occnpies, is small compared with the entire surface, 
and its ttdes, expressed in parts of a d^ree, are extreinely 
minute. 

The errors of observation which affect the angles of the 
triangles, though very small, may yet produce upon the 
sides, expressed in seconds, an effect which may bear a 
sensible ratio to their whole values. It is therefore de- 
sirable that we should have some test by which the cor- 
rectness of the observations of the angl^ might be tried, and 
the error in them, if any, removed or diminished. This 
eod may be attained by a rule established by General Roy, 
irkea emj^oyed by Government in connecting, by a series of 
triangles, the Greenwich observatory with the Frendi tri- 
angulation extending from the Paris observatory to Calais. 

Since all tiie observed angles belong to spherical triangles, 
the sum of every three of them in the same triangle must 
exceed two right angles (14^). The quantity by which it 
exceeds two right angles is called the spherical excess* Let 
it be £• 

Let the true values of the three angles of any triangle be 
A, B, c, and the errors of observation a, ^, 7 ; the apparent 
values will be then 

A + a, B -f ft c + y, 
the errors being negative when the observed angle is less 
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Aau the true; The sphceicid excess oompttted firom tke 
obserred ttigles being t^^ tre have 

%• a + j3 + y + « = «V 

Thus it appears that the sum of the errors is the dif- 
fierence between the true and observed spherical excess. J£ 
then any means could be found for determimng a priori the 
true spherical excess^ we should be immediately able to find 
the sum of the errors accurately. Thts» however, cannot be 
done ; Init we aife enabled to find the spherical excess sub* 
ject to an error by far more minute thati any of the (errors 
in the angles, by the ingenious rule which results from the 
fidlowing proposition. 

PROP. XCIII. 

(297.) T/i>e area of a spherical tria/ngU being Jcnawn in 
square Jeet, it is required to establish a rulejbr computing 
the excess qf its angles ahove two right angles in seconds. 

Let e be the number of seconds in the spherical excess, 
X number of square feet in the area of the triangle^ and r 
the number of feet in the radius of the sphere. By (WSt,), 
if ]> be the excess related to the radius unity, we have 

X 

But a = D X 206266, ••• 

£ = 4- X 206265, 



r 



2 



Ie =■ Ix — /; 



206266* 

When this rule is applied to the case of a triangle on the 
surface of the earth, the mean value of the radius r expressed 
in feet may be easily computed. The number of feet in the 
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length of 8 d^pree is fieeSftl X 6. Thonefiwe the 
number in a second is 

(6085M)x 6 60859.1 
60x60 " 600 ' 
and therefore 

60859.1 



r =s 



600 
ittfeeL 
From tlus» it fcdlows that 



X HO&IBS 



r« 



'^^ = 9-3967737, 

•.& = &- 9.8«67787. 

Hence, when the area of a triangle on the surface of the 
earth is known, the ;ipherical excess may be ooraputed by 
the following rule : 

♦* From the logarithm of the number of square feet in the 
area subtract the constant number 9.8267787, and the 
remainder will be the logarithm of the number of seconds 
in the spherical excess,'^ 

(S98.) In this method of computing the spherical excess, 
il is necessary that the area of the triangle should be pre* 
▼imidy known. As the computation of the area must either 
immediately or remotely depend on observation or mea- 
surement, it must be liable in a greater or less degree to 
error, and thereby the i^herical excess computed by this 
rule will be also liable to error« If the amount of this error 
were equal, or nearly equal, to the sum <^ the errors of the 
observed angles, the rule would be obviously useless. How- 
ever, although we are not able to obtain the value of the 
area with absolute exactness, and thence derive the true 
value of £, yet we are able to obtain it within such a degree 
rf accuracy, that the error with which the value of t, com- 
puted by Greneral Roy V( rule, will be affected, will not pro- - 
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duce any senifflble effect on the value of the sum of the errors 
of the angles. 

(299.) We have already obsierved, that in order to deter- 
mine the absolute dimensions of the tract under survey, it is 
necessary to measure accurately some one line. This line 
we will suppose a side of the first triangle. Its angles being 
observed, let the remaining sides and the area be computed, 
considering the triangle as a plane one. The area thus de- 
termined may be used to compute the spherical excess with 
sufficient accuracy. 

If two sides 6, c, were known, and the included angle ob- 
served, the area would be given by 

or if the side a and the two angles b and c were known, we 

should have 

' sin.A = sin.(B + c), 

, sin.B sin«c 

o = a -I — ; — : — r, c = a- 



sin.(B+ c) sm.(B 4- c) 

sin.B sin.c 
* sm.(B + c) 
^iher of these formulae will ^ve the area with sufficient ac- 
curacy to compute the excess. The side a is either the side 
which has been actually measured, or has been deduced 
from it by computation. 

(300.) If it be desired to determine the extent of the 
error to which the area is liable, by being computed as a 
plane area instead of a spherical one^ let the formula 

__ tan.^^ tan-yi sin.c 
'* "~ i +tan.-L^itan.^cos.c 
be developed by the process of common division, and we 
obtain a series of the form 

tan.^ = ;s*sin.c — 2*sin.c cos.c + s^sin.c cos.*c • • • • 
r, where 2^= tan.^a tan.^^). Now the quantities tan^a, tan-^ft, ' 



SlCr. X. SFRSRICAL TRIOOKOMRTRT. 17S 

being very small, all the powers of z^ after the second, may 
be n^lected, *•* 

tan^x = tan.4^ tan.4i sin.c. 
But by developmg tan.^, we have * 

and amilar series for the other tangents. Making these 
substitutions, and omitting those terms whose dimendons 
exceed two, we have 

|a: = ^o&sin.c, 
*•* X = 4^i6sin.c. 

The quantities neglected are therefore small quantities of 
the third and higher orders. 

(801.) The value of e being determined by the rule we 
have just established, let it be subtracted from ^ obtained 
from observation, and the remainder will be the sum of the 
errors (296.), 

The errors a, ^3, y, are still to be distributed among the 
angles. If all the three angles a, b, c, have been observed 
with equal care, and under circumstances equally favourable 
to accuracy, the sum of the errors should be equally distri- 
buted among them, so that 

Thus, in the forty-third triangle of the Base du Systeme 
Metrique Decimal^ the three stations are Lieursaint (b), 
Melum{c)9 and Malvoisine (a). The side (a), joining the 
first two, was the base measured. The observed angles 
were 

• Differential Calcolus (80.). 
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a' = 40" . Se* . 66», 81 
B* = 75 . 39 . S9, 81 
c* = 63 . 48 . 83, 79 



180». 0. 0, 41 
E computed •••• = . + 0, 49 

* + ^ + y= — ,08 

Hence the correction, to be subtracted from each observed 
angle is 

W - = - 0",026, 
neglecting the subsequent places. Hence the true angles 

are 

A = 4(y> . 3© . 66^', 886 

B == 75 . 39 . £9, 836 
c = 63 . 48 . 8S, 816. 

In this instance the sum of the errors is so small, that it 
is practically useless to modify the values of the angles by 
it. It is, however, far from being useless in such a case to 
compute it, since it serves the important purpose of verifying 
the accuracy of the observations. Besides, the smallness of 
its value could not be known until after the computation. 
We shall presently give an example in which the sum of the 
errors is more considerable. 

In the preceding example the error has been equally 
distributed amongst the angles ; if, however, there be reason 
to suppose the principal source of error to arise from one of 
the angles then to this angle the greatest part of the cor- 
rection should be applied. Or if it be supposed that one of 
the angles has been taken with extraordinary precision, the 
correction should be distributed between the other two. 

It sometimes happens that one of the angles (a) has not 
been observed. In that case the spherical excess s having 
been computed by the rule, the angle A may be found 
from 
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A + B'+c'+iS-l-y- ISKP = f , 

••• A -h j3 + y = ISfP + f — (b' + </). 
In which case the computed angle will be affected by the 
enors of both the aoglea observed. 

In the first trian^e of the English survey by General Roy 
the stations were. Hanger-hill tower, Hampton poor-house, 
and King^s Arbour : and the observed angles were 
Hanger-hill tower 4SP 9f SSF 

Hampton poor-house 67 55 39 
King's Arbour 70 1 48 

179 59 m 
Here the sum of the observed angles is less than 18(P by 
1*^. This must therefore be a part of the quantity a + /3 +y. 
The computed apherioal excess is (f^lB *. Henoe 

a + ^ -f y = I'jlS. 

This eorrectkNi is to he distributed among the angles 
according to the peculiar cincumstanees attending the ob- 
servations. 

(802.) The angles observed in the first triangle being 
thus cleared of the errors of observation, and reduced for 
computation, and also one ode called the base having been 
accurately ascertuned, suppose in feet, by actual measure- 
ment, the next step is to determine the number of seconds 
in this base considered as an arc of a great circle of the 
earth's surface. Let x be the number of feet in the base, 
a?' the number of seconds, d = the number of feet in a 
degree, and d" = SdOO'' the number of seconds in a degree. 
We have the proportion 



* Professor Woodhouse has detected an oversight in General 
Roy*s coropntation. He made th» compated excess 0"^9 instead 
ofO"15. 
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... ^n ^ tl = %m»^-, 

D D . 

If a be the measured base, and that b and c are the sides 

to be computed, we have 

. , . sin.B 
sin.o = sin.a -: — , 

sin.A 

sin.c 
sin.c s sin.a~: — . 
- sm.A 

(303.) For this computation, it is necessary therefore to 
have sin.a, and it is convenient that this should be Expressed 
in feet; in which case sin.6 and sin.c will also.be determined 
in feet. It is dierefore requisite to establish formulae .by 
which a small arc of the" great circle being expressed in feet, 
its sine may be found in feet, and lAce versL 

Let 07 be a small arc in feet, and its sine and cosine ex- 
pressed in the ^ame units, will be determined by 

sin.a: x x^ x^ x^ 
■7~~T~(3p'^(6p""(7)7^^ * * * ' 

cos.^ , j:^ ar* 

= 1 --77^7-; + 



T (2)r^ (4)r* 

where (2), (3) • • • • express 

(2) = 1.2, (3) = 1.2.3, (n) = 1.2.3 w, 

and r is the earth'*s radius in feet. 

Since x is necessarily very small with respect to r, all the 
terms of these series after the second may be neglected, so 
that we may assume 

sin.a: = ^(l - ^j, 



cos 



•^ = K^ " £) 



If the latter be expressed relatively to the radius unity, it 
becomes 
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co8ur=l--^, 

V (C08.*f = (^1 - — j =1--^, 

all the higher powers of — b^ng n^lected as before. 
Hence 

••• /sin.j: = fe + .^Jcos.x, 
where x and sin.^ are expressed in feet. By this formula 
the arc in feet may be computed from its sine in feet, and 
viee,versd, 

(804.) To illustrate the application of these prindples, 
we shall give the following computations made by Delambre 
in the French geodetical operations. In this case the arc is 
supposed to be expressed in toises *• 

Let 

X = 14088,2858 



Hence 



Ix = 4,14886 
23600 = 3,55630 
cJd = 6,24397 



laf' = 2,94913, ••• ^' = 14^ 4fl^,5. 
To find ffln.x in toiseSf 

Ix = /14088,2858 = 4,14885 84218 

47cos.JP = 4fco8.14' 49",6 • • • = 9,99999 86539 

/sin.a? in toises • • • • = 4,14885 70757. 
-Again, if sin.a7 be ^ven, to determine x itself. 



tdmmm 



* A toise is six French feet = 6.396 English feet = 2.132 
yards. 

N 
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hiru^ in UMses ..••=: 4,14885 70757 
- |/cos.ar = 9,99999 86539 

Ix = 4,14886 84218. 

In the example already given (301.) of the forty-third 
triangle of the Base du Systhme Metrique, the ^de a ex- 
pressed in toises is 

a = 6075,9001. 
The logarithm of the sine being computed as above, 
gives 

/sin.a = 3,78361 03721. 
Fram this and the values of a, b, c, already given, sln.A and 
sin.e may be computed in toises as follows : 

c./sin.A = 0,18648 00703 
/sin.a = 3,78361 03721 
;sin.B = 9,98625 01102 



/sin.& = 3,95629 05526. 

c./sin.A = 0,18648 00703 

fcin.a = 3,78361 03721 

/sin.c = 9,95264 12944 



/sin.c = 3,92268 17368. 
The sines of b and c being thus found in toises ^ the arcs 
themselves may be found by the formula already given, '.' 

b = 9042,5539, 
c = 8369,1673. 
By the process just explained, Delambre. calculated the 
entire system of triangles from Dunkerque to Barcelona in 
the survey instituted for the measurement of an arc of the 
meridian. 

(305.) The preceding method for resolving a system of 
triangles proceeds upon the strict rules of spherical trigono- 
metry. This is, however, not the most usual way of pro- 
ceeding in practice. There are two other methods which 
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vre shall now explain, by which the calculation of the 
spherical triangles is reduced to that of plane trian- 
gles. The first method is founded on a theorem of Le- 
GENDRE, whereby he assigns a plane trianglci the sides 
of which difier from those of the spherical triangle by a 
quantity so small as to be neglected without sensible error 
in the results. 

The following is the theorem of Legendre. The de- 
monstration which follows it is taken from a Memoir on 
Spherical Trigonometry, by Lagrange, in the Journal of 
the Polytechnic School. 

PROP. xciv. 

(306.) A spherical friat^ley of which the sides abc are 
very small mth respect to the radius r of the sphere, is 
equivalent to a plane triangle whose sides are eqtud to abc, 
and whose angles are a -^ J«, b — ^e, c — ^ ^e, s being the 
ecDcess of the sum of the three amgles a, b, c, of the proposed 



spfiericai triangle above two rigfit angles* 

In the formula 

C08.& COS.C + COS.A sin.ft sin.c — cos.a = ; 
a, bj c, aiq understood to represent the sides in degrees, or to 
signify the angles subtended by the sides a, b, c, at the 
centre of the sphere. If a, i, c, be taken to represent the 
absolute lengths of the sides upon the surface of the sphere, 
of which the radius is r, it will be necessary to substitute for 

them in the above formula — , — , — ; by which it be- 

r r r 

oomes 

b C . b , C ^ rk 

COS. — COS. — +'Cos.A sm. — sm. cos. — = U, 

r r r r r 

the sines and cosines being all related to the radius unity. 

n2 
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For brevity, let 

a be 

T T T 

By the principles of the Differential Calculus^ we have * 

a, a? 
1 1.^3 ^ 



cos.a = 1 — 



a« a* 



1.2 ' 1.2.8.4 

and we have similar expressions for the sines and coiunes oF 
/3 and y. 

Since the angles a, j3, y^ are supposed to be very smaU, 
those powers of a, j3, y, whose exponents exceed four, may^ 
be neglected, and we shall therefore substitute the first two 
terms in the series for the sine, and the first three for the 
cosine. Those substitutions in the last equation will give 

\ 1.2 1.2.3.4A 1.2^1;2.3.4/ 

Developing the products, and solving for cos.a, we find 

'^'''•'^ - 2/3y + —24^^; • 

Substituting for a, /3, y, their values, this is reduced to 

'^^•^" 26c ^ 24icr« "• 

Let a' be the angle opposite to a in the plane triangle, 

whose sides are a^ bj c, *.* 

ft«4-c«-a2 

cos.A' = — ^57 . 

26c 

Hence 

a* + 6* + c* - 2a^b» —Sb^c^ - 2a«c« 



sin.*A' = — 



46«c2 



♦ Differential Calculus (73.). 
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By which the fonner value of cos.a is reduced U> 

0OB.A = COS.A' — ^-;8U1.*A'. 

or* 
_ Let A — a' = X, ••• 

COS. A =: COS.(a' ■\' x) = COS. a' COS. 07 — sih.a' SlD^j:. 

The difference j? is so small, that its second and higher 
powers may be neglected ; therefore, by the series for the 
sine and cosine, we have 

sin.^ = Xj cos.^ = 1^ 

•." COS.A = COS.A' — oi'sin^A'. 

By comparing this with the last value of cos.A, we find 

be . , 

and since a = a' + 4:"^ :.• 

» I *^ • / 

A = a' + s-rSm.A'. 

The spherical and plane triangles, whose sides are a, £, c, 
may be ccmsidered to be equal in area, since thdr difference 
is so very small, that it is unnecessary to take it into account 
in the present investigation (SOO.). Let this -area be p, '•* 

D = 4^sin.A', 

V A- A +g^; 

.and for the same reasons, 

, D 
B = B' + g^, 

c = C + 3^,, 

••• A + B + c = a' + b' + tf + -rr* 

But since a', b', c^^ are the angles of a plane triangle, 

a' + b' + tf = *, 

D 

•^•— r" = A + B + C— «■ = £. 
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The quantity < is therefore the spherical excess^ and we 
have 



a' 


is: 


A 


— 


6 

a.' 

e 


B* 


^ 


B 


•"- 


T' 


C* 


= 


C 


— 


S 

S' 



(307.) By this theorem, the spherical triangles which 
compose any system may be computed by plane trigono- 
metry. The bcise (a) being measured, and the angles of the 
first triangle observed and reduced for computation, the 

sides b and c are determined by 

. ■ . sin.B 

sin.o = 8m.a-; — , 
sin.A 

sin.c 
sm.c =: sin.a-7-*— . 
sm.A 

As an example of this method, we shall take one of the 

French triangles, viz. that found by the statimis, Dam- 

martin (a), the Pantheon (b), and Saint-Martin (c). The 

observed angles, after being reduced by the method (297.), 

are 

A = 57« 52! 53" 

B = 4fi^ w 3(y',2 

c = 75« 44/ 3r',8 



180« 1" 
Spherical excess (e) 1'' 



180° 
Hence the angles a', b', c', reduced for computation by 

Legendre's rule, are 

a'=:57« 62' 52',67 
b' = 46« 22' 29'',87 
c' = 75° 44/ 87'',46 



180^ © 
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To omipute b and c, a being known, 

lb ^la ^ kin.vl + cJuu.a'j 
le = la + &in.c' + c./fln.A', 

/a = 4,46641^ 

/sIn.B' = 9,8596612 

c/sin.A' = 0,0721433 

lb = 4,3982171 

la = 4,4664126 

&in.c' = 9,9864152 

c.&in.A' = 0,0721433 



Ic =r 4,5249711 

From whence we find 

b = 25016, c = 33494^ ♦ 

(308.) The method of Legendre is not confined to tri- 
angles whose ddes are very limited in length. Puissant 
shows that it may be applied to the largest triangle which 
has ever yet been submitted to calculation, the triangle 
fiDfmed by the stations Iviza^ Montgo^ and Desierto, being 
a part of the continuation of the French triangulation into 
Spain, It may be applied with all the necessary accuracy 
to cases where the sides exceed a degree and a half. An- 
other singular advantage which it ^possesses over all other 
methods is, that it is a[^licable to triangles described on a 
spheroid of small eccentricity, and the computations by it 
are therefore not disturbed by the spheroidal form of the 
earth. 

Thus, this method comlnnes the greatest advantages thiU; 
any practical rule can possess, expedition and accuracy. 

We shall now proceed to expliun a third method of cal- 

* The sides are expressed in French tnetres. One metre 
= 39>3702 English inches. 
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culating geodetical triangles, which has been proposed by 
Delambre, and by which, as well as by the former two, he 
computed the whole series of triangles between Dunkerqtte 
and Barcelona, 

(309.) This method consists in computing, not the sphe- 
rical triangles ima^ned to be found upon the terrestrial 
sphere, but the plane triangles formed by the chords of 
the sides of the former. As these chords differ very little 
from the arcs themselves, a very small reduction will always 
deduce the one from the other. In order to apply this 
method, it is necessary therefore to reduce all the spherical 
angles formed by the sides of the several triangles, and 
which are obtmned and co^ected as already explained to 
the plane angles under the chords of the sides. We shall 
therefore propose the solution of the following problem, 
which is of very general utility, and of which the proposed 
reduction is a particular application. 

PttOP. xcv. 

(310.) Given two sides a, b, of a spherical triangle which 
differ from quadrants by very small quantities, to invesiigate 
formuke by which the difference between the included angle 
c and the opposite side c may be computed when the sides 
a, b, and either the angle c or the remaining side c are 
given. 



By (181.) 



COS.C— cos.a COS.& 

COS.C = : , — i . 

sm.a sm.6 



Let o + a' = -^, and * + i' = -^, •.' 

COS.C— sin.a' sin.A' 
cos.a' cos.o' 
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\ 

Bat of J Vf beiDg supposed so small, that those powers of 
them which exceed the second may be neglected, we have ^ 

cos^ = 1 — 4rf«, cos-y = 1 - iV^y 

C08.C— aW 
••• COS.C - j3T(^.^» 

which by diviaon, omitting as before the higher powers of 
y, V, pves 

C0S.C = COS.C — t/bf + i(af^ + &^)cos.c^ 
%• C0S;C — COS.C = rfA' — ^d* + &')oos^, 
vaffln4(c - c)sin4(c ■\' c) =zdV -^rf«+i^)cos.c. 
As sin4(c — c) is necessarily very small, we may without 
sennble error assume 

sin4(c - c) = \{c - c) = 1^, 
an4(c + c) = sin.c. 
Hence we find 

. 2a'y-(a'2+y«)cos.c 
2sin.c 
%cill{cos.^^ -h an.«j^)— (fl^+y«Xcos.^ic -Mn.«4<?) 
"" 4^n.4c C0S.4C 

The values of d^ Vy are here related to the radius as the 
unit* If they be expressed in seconds, x also expressed in 
fieoHids becomes (15.) 

which is therefore one of the required formulae. 

If c be given to find c — c = ^, the same formulse will 
answer the purpose, u^ng o in place of c, so that 

■ II I ■ I I ■■■ ■ M M I I I——— mm-m-mm^mm^imm^mm^tm. 

* Differential Calculus (73.)* 
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because, negleeting all powers of x above the second/ we 
have 

tan^c = tan.|c. 



PROP. xcvi. 

(311.) Gvoen two sides and the included angle (o) of a 
spherical triangle described on the eartKs surface^ to deter'- 
mine the angle under the chords of the sides, the sides being 
very small with respect to the radius of the sphere. 

Let tangents, to the sides through the vertex of the 
given angle (c) and the chords of the aides be conceived to 
be produced to the celestial sphere^ and let a spherical 
triangle be formed by great circles through the zenith 
and the points where the chords produced meet the hea- 
vens. The produced tangents will meet the sides of this 

triangle at the distance -3- from the zenith. Let a', V, be 

the angles under the tangents and the chords, it is evident 
that the sides of the triangle terminated at the z^ith are 

^ + a!, ^ + i-, 

and the included angle is c, the third side c being the mea- 
sure of the angle under the chords. Let c — c = a?. By 
[2] in the last proposition the value of x may be computed. 
This will be the correction which it is necessary to apply to 
the horizontal angle (c) in order to reduce it to the angle 
((?) under the chords. 

(312.) The three horizontal angles of each triangle being 
supposed to be reduced to the angles under their chords^ 
the sum of the reduced angles should be equal to two right 
angles, and the sum of the corrections should be equal to 
the spherical excess. If this should not be the case, the 
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small excess or defect should be distributed anxmg the 
^angles^ as explained in (301.). 

It will next be necessary to reduce the measured base to 
its chord. Let the base be b, and its chord c. 

c = 2sin4^, 

the higher powers of b being neglected. In this formula b 
and c are referred to the radius of the sphere as unity. To 
obtain the correction b — cm feet, let r be the number of 
feet in the earth^s radius, *.* (1S4.) 

r ""24^' 

which ^ves the required correction in feet. 

(318.) Of the three methods which have been explained 
for the resolution of geodetical triangles, the first, if the data 
could be obtained with mathematical exactness, would give 
the results of the computation also with exactness ; and for 
the same reason, the errors of the data would be involved in 
the results, though modified by the process of calculation. 
In ^matters of calculation, wher^ the data are liable to errors 
rf certain limits, a method of approximation is always as 
conducive to accuracy as the exact methods, provided that 
the approximation be within the limits of error in the data. 
Thus, for example, if the errors in the data were such as to 
expose a computed angle to an error of 5", supposing the 
method of computation exact; and that, supposing the 
data exact, the method of approximation would give the 
computed angle within (y',1 ; it is obvious, that in such case, 
the result by the approximate method would be practically 
as accurate as that by the exact method. 
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For this reason the second method (that of L^ndre)^ 
though an approximate one, is preferable to the first, on 
account of the greater simplicity and expedition of the com- 
putation. ' 

The third method is exact and expeditious, but it cal- 
culates the triangles formed by the chords, and not by the 
arcs, and a subsequent reduction is necessary if the arcs be 
required. 

(314.) We have hitherto considered that all the triangles 
were on the surface of an exact sphere, and that their angles 
and sides were the immediate results of observation and cal- 
culation. Such, however, is never practically the case. The 
surface of the earth is covered with asperities and inequalities, 
small, it is true, and insignificant compared with its whole 
extent, but very considerable when compared with the sphere 
of observation from any one point. The objects of observa- 
tion also are, for* obvious reasons, rarely situate upon the 
mean surface of the terrestrial sphere, but, on the contrary, 
are conspicuously placed on eminences raised considerably 
above the level of the sea. 

The stations having been selected, some well defined objects 
are placed above them, which become the points of ob- 
servation. These should be such as may be distinctly 
visible, and admit of accurate bisection by the observer 
from adjacent stations. Towers, spires, &c. furnish ob- 
vious points of observation, and were frequently used in the 
geodetical operations carried on in' France; but these do 
not always occur in the most advantageous positions, and 
the phases which they present, when partially illuminated by 
the sun, require corrections which are not always certain* 
The French survey was made with the repeating circle, in 
which telescopes of very limited power are used ; but in this 
country, where more powerful ones are attached to the in- 
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stnimentSy a spar of dmber planted vertically in a mound of 
earth for the primary, and a flag-staff for the secondary 
triangles, are ahnost excludvely used for day observations. 

Other dify signals have sometimes been used by French 
engineers, such as a flat black disc pierced in the centre, the 
plane of which is placed at right angles to the direction of 
the observer; the light seen through the aperture in the 
e&atre becoming the pcnnt of observation. 
- At night, large fires were formerly used, and subsequently 
white li^ts. These latter have, however, been found in- 
convenient from not continuing to bum for a sufficient length 
of time. Argand lamps, placed in the foci of parabolic re- 
flectors, have been lately very generally used. But these 
means will probably be superseded by two, one for day, and 
<me for night observations, which leave nothing to be de- 
sired as to power or distinctness. The first is Professor 
Graus* method of projecting in any direction a beam of solar 
ligfat by a mirror connected with an heliostat which, at great 
dbtances, appears in the telescope as an intensely lucid point, 
visible even when the mountain on which it is exhibited is 

r 

wrapt in mist. The other, for night observations, consists 
in placing in the focus of a parabc^c reflector a small globe 
of lime, which is intensely heated by flames blown with 
oxygen gas. The Ught thus produced is visible at a distance 
of one hundred miles, and in weadier when no other signal 
would be seen, though less remote *, 
A perpendicular from the point of observation to the 

* For this beautiful application of a barren fact, we are in- 
debted to Lieut. Drummond, of the royal engineers. It has 
already been used with great effect in the triangulation of Ulster. 
This talented young officer has also improved the method of 
Gaus, by contriving a very sidiple apparatus for directing the 
reflected light instead of the complex heliostat. 
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horuxMD, detenmned by a plumb-line, is called the axis of 
the ngnal, and is considered as marking the centre of the 
station. 

Any three points of observation being oondeived to be 
connected by straight lines, the plane of the triangle thus 
formed will be in general inclined at small angles to the 
horizons of the three stations. If frcm the vertices of this 
triangle, or the points of observation, the axes of the signals 
be supposed to be produced until they meet the surface of 
the sphere on which those spherical triangles which are tfa6 
final objects of computation are ima^ned to be described, 
the pcnnts where they meet it will be the vertices of the 
spherical triangle, the angles of which, ^called horizontal 
angles, are to be determined. If the angles of the plane 
triangle formed by the points of observation be thoise which 
are observed, a reduction or correction is necessary to de- 
termine the spherical angles; but the necessity of this re- 
eduction depends on the nature of the instrument with which 
the angles are observed. 

The instruments used for angular measurement in geo- 
detical operations usually consist of a circular limb very 
accurately graduated. They may be divided into two classes, 
repeating circles and theodolites; one of the distinctions 
between which is, that the repeating circle measures the 
angle subtended by two points of observation at a third, 
while the theodolite measures the horizontal angles. Thus 
the former requires that its results should be reduced by 
calculation before they can be applied to the spherical tri- 
angles. We shall now describe these instruments more 
particularly. 

The repeating circle. 

I 

(315.) The circular limb of this -instrument is connected 
with a vertical pillar, in such a manner, that it has a motion 
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on All horizontal axis, bjr which its plane maybe inclined at 
any (Nroposed angle to the plane of the horizon. There are 
means of clamping it at any required inclination to the 
horizon. The aaia of the vertical pillar which thus sup- 
ports the limb is placed in the centre of an horizontal circle^ 
which is sufqported by the tripod which sustains the whole 
apparatus. The vertical pillar is capaUe of an azimuth 
modern^ the quantity of which is marked faj an index which 
plays upon the horizontal cirde, in the centre of whidi the 
axis of the jnllar is inserted. Thus it appears that the 
circular limb has two motions, one round an horizontal^ and 
one round a vertical axis. It is not difficult to percrive that 
l^^ the combination of these motions, the plane of the limb 
can always be brought to coincide with the plane of a trir 
ang^ formed by its centre and any two objects. For by 
the motion on the horizontal axis, the plane of the limb 
may be placed so as to be inclined to the horizon at the 
angle as the jdane of the two objects, and then the 
being clamped so as to maintun that inclination, the 
alumuth motion on the vertical axis must bring the plane of 
the instrument to coincide with that of the two objects. 

Two tdescopes are connected with the circular limb, so 
that thdr lines of collimation are parallel to its plane^ and 
placed at opposite iddes of it ; that which is placed upon the 
graduated side of the limb is called the superior, and the 
other the inferior telescope. 

Beades the motions round the vertical and horizontal axes 
already described, the limb is capable of another motion 
round an axis through its centre and perpendicular to its 
plane, which therefore is a motion round its centre, and in 
its owd plane. 

Each of the telescopes is also capable of moving round 
the same central axis of the limb, the line of collimation 
continuing parallel to the plane of the limb. 
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The superior telescope carries with it verniers, and micro<- 
scopes for reading off. 

The motion of each telescope round the central axis is in- 
dependent of the other and of the limb^ so that the whole 
apparatus being fixed, and all the other parts clamped, the 
observer can move either telescope round the axis of the 
limb, so as to make it traverse the entire circumference. 

Either telescope may be made to move with the limb 
round its central axis by clamping it to the limb, or the 
limb may be made to move round its axis while the tele- 
scope remains fixed. 

To observe with this instrument the angular distance be* 
tween two objects r and l, let the plane of the limb be first 
brought to pass through the objects by moving it on the 
horizontal and vertical axes. Let the superior telescope be 
moved round the central axis until its vernier coincides with 
the zero of the limb, and there let it be clamped to the limb. 
Let the limb be then turned upon its central axis, carrying 
the superior telescope with it, until the line of collimation of 
the superior telescope shall be directed to the point of ob- 
servation B. 

This is done by bringing the intersection of two fine wires 
placed in the focus of the eyeglass accurately upon the object e. 
The limbbeing then fixed in its position, let the inferior telescope 
be brought upon the object l, and then clamped to the limb. 

^ Let s and i be the eyeglasses of the 
./' superior and inferior telescopes, directed 

1 9 

as already described to the objects r 
"; / and L. Let the limb be now turned 

round its centre c in its own plane, and 
on its central axis, carrying thte tele- 
scopes with it until the inferior telescope 
I shall be directed to r. By this change 
I is moved to where s was, and s is 



,.*■•«,,/ 




I 




81CT. H. SPHERICAL TBIGONOMETRY. 198 

moved back to s', sotliats'i - ^ 

Hi the present poation of the 
iartraaient is the same arc 
li SI in the former. 

Tbis done, the superior 
tdesGope being . relieved of 
Ae damp, is moved towards 
I9 the limb remaining fixed, 
nntil it is brought upon the 
olgeet l, and then it is clamped again. It is evident, that 
if Ae divisions were exact, and the observations accurately 
mad^ the vernier carried by s would, by this process, be 
moved fiom cero on the limb to that point whose distance 
Aem zero is double the angle subtended by' the objects e 
and I. at the centre of the instrument. 

By a repetition of this process, die superior telescope 
fBmyhe again moved forward upon the limb through an- 
other arc equal to double the observed angular distance of 
die objects, and that after n repetitions of the process, the 
ail^ being read off at the vernier carried by s, the value 
will be 9nf. In case the number of repetitions be such that 
the telescope s shall have gone once or oftener round the 
entite circumference, let m be the number of circuits, and a 
the angle read off. To determine 7, the angle under the 
objects, we shall have 

The advantage of this beautiful principle of repetition is, 
that it spreads any error of division or inexactitude in read- 
ing off, over so great a number of observations as to 
produce no sensible effect upon the observed angle. If the 
eScaey of this principle be admitted to its full extent, it ' *" 
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go SO far as to render a small instrument susceptible of as 
high a degree of accuracy as the largest and most costly 
astronomical circles. It is only necessary to haye the ob- 
servations taken with great care, and multiplied until the 
repetition will give the desired degree of accuracy. 

Besides the method of observing by crossed observations, 
which has been just described, there is another method of 
taking angles with the repeating circle, which it is proper 
to mention. Having, as before, fixed the superior telescope 
with its vernier at zero, and directed to the object R, let the 
inferior telescope be moved upon the limb until it also bisects 
the object r> and in that position let it be clamped upon the 
limb. The superior telescope bemg then disengaged, is 
moved upon the limb until die object l is bisected by its 
wires. The vernier will then have moved over an arc of 
the instrument equal to the angle under the objects, and the 
angle may be immediately read off if greater accuracy be 
not required. But if repetition be necessary, the superior 
telescope being clamped upon the limb, the limb is turned 
on its axis until the superior telescope is agsdn made to 
bisect the object r, and then the inferior telescope, being 
brought as before also to bisect R, is clamped upon the limb^ 
and the superior telescope again made to bisect the object l. 
The vernier will give double the angular distance, and the 
same process being continued, any number of repetitions 
may be made, and any degree of accuracy obtained as 
before. When many repetitions are to be made, this process 
is not so expeditious as the former. The inferior telescope 
is only used in this case to ascertain whether the limb has 
changed its position while the superior telescope has been 
moved. 

The theodolite. 

(316.) The limb of the theodolite, like that of the re- 
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peating cirde^is a circle graduated with great accuracy. This 
circle is permanently connected by a number of strong 
conical radii or spokes to a central pillar, the axis of which 
is perpendicular to the plane of the limb. This central 
pilar being hollow^ is placed upon a solid vertical pillarj 
which is made to fit it, and on which it turns with a per- 
fectly smooth motion. When properly adjusted, the axis 
on which the instrument turns is truly vertical, and the 
plane of the limb is truly horizontal, and continues so while 
the instrument turns upon its axis. The central hollow 
pilar to which the limb is attached, rising to some distance 
abcnre its plane, terminates in an apparatus which supports 
a telescope, whose line of coUimation is in a vertical plane 
thiou^ the axis of the instrument. 

The supports of this telescope are such as to permit its 
line of coUimation to move in the vertical plane, so as to be 
Erected to any proposed altitude. A vertical semicircle 
properly graduated is attached to it, which determines the 
altitude of the object to which it points. The line of col- 
limation of this telescope is therefore capable of two motions, 
one in azimuth, of which the limb of the instrument par- 
takes^ and one in altitude, during which the limb is sta- 
tionary. 

The limb of the instrument thus moveable is surrounded 
by a fixed frame, which is provided with means of supporting 
several microscopes over the upper surface of the limb, and 
by which the angles are read off. These microscopes are 
placed with their a^es vertical immediately over fixed ver- 
niers under which the graduated limb moves. 

In the fixed frame^ and beneath the plane of the limb, is 
placed a telescope, whose line of coUimation is in a vertical 
plane through the axis of the instrument, and is level, or 
nearly so. 

The instrument being supposed to be adjusted, and its 

o2 
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axis brought accurately to coincide with the axis of the 
station, let us suppose that the horizontal angle under two 
mother stations be required. Let the inferior telescope be 
made to bisect any distant object, and let the superior or 
transit telescope be made to bisect the signal at one of the 
proposed stations l. If the vertical plane through the line 
of collimation be supposed to pass through zero of the limb, 
and the verniers be severally observed, they will show the 
angular distances of the »gnal l from each oF them ; let 
these distances be 

d', d", ly'' . . . . 

Let the transit telescope be now moved, together with the 
limb upon the vertical axis, until the signal of the other 
proposed station R is bisected. Then having examined the 
inferior telescope, to ascertain whether the frame carrying 
the verniers has remfdned fixed, which is proved by the 
same distant object continuing to be bisected, let the yemiers 
be again observed, and let the angles read off be 

d', d", d<" 

It is evident that between the two observations an ajrcb of 
the limb equal to the difference of the azimuths of the two 
signals, or what is the same, the horizontal angle under 
them, must have passed under each vernier. 

Hence the horizontal angles observed at the verniers 
severally are 

d' - rf, d'' - d"y d'" - d'" 

the mean of which is to be taken as the value of the ob- 
served angle. 

Reichenbach, the celebrated German artist, has added the 
repeating principle to the theodolite. 

In cases where the horizontal angle only is required, the 
theodolite has the advantage of the repeating circle, inas- 
much as it gives the horizontal angle immediately without 
any subsequent reduction; whereas the repeating circle 
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taking the actual angle under two signals, a correction is 
necessary to reduce this to tlie horizon. 

(817.) We now propose to investigate the correction ne- 
cessary for reducing the angular distance between two objects 
observed with the repeating circle to the horizontal angle. 

Let the altitudes of the objects, which are always small^ 
be df II J and the angular distance observed be c. In the 
spherical triangle formed by the zenith and the two objects 
projected on the heavens, the two sides terminated at the 
zenith are nearly quadrants, and the angle c at the zenith 
is the sought hprizontal angle, being the difference of the 
ftatnuthfr of the two objects. The quantity c — c = ^ is 
the correction which it is necessary to apply to c: to find c ; 
hence by [1], (310.), 

^ = 206285 K"^; "^"-^ ~ \^) "^''^^ V 
which gives, the required correction. 

(818.) To facilitate this reduction in practice, tables have 
been computed, which give the value of J? when (a! -f bf\ 
nf '^ Vy and c are known. Such tables may always be com- 
puted from the formula just established for a succession of 
▼dues of these quantities a' -{- b, a' — bl, and c, which are 
called the arguments of the tables. 

The zenith distances of the objects, which give the al- 
titudes a', /y, should be observed at the same time^ or nearly 
so, with the angle c, in order that no change in the quan- 
tity of refraction may affect the accuracy of the reduced 
angle. 

(8190 It has been already observed^ that there is in the 
ntis of each signal a certain visible point distinctly marked, 
which forms the point of observation from other stations. 
If, in observing the angles of the plane triangle formed by 
three signals, the centre of the repeating circle could be 
brought accurately to coincide with that point in ' > of 
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each signal which forms the point of observation from the 
other ^gnals, the three observed angles would, if added^ 
amount to 180^. This, however, is not the case; for in 
general the centre of the instrument cannot be brought to 
ccnncide with the point of observation in the axis of each 
i^gnal; and it frequently happens that the centre of the 
limb cannot even be brought into the axis of the agnal. 
From these causes it happens that the three angles which 
are the results of immediate observation are not in the same 
plane, and if they were, they would be frequently not the 
angles of the same plane triangle. Hence it arises that 
their sum would not be accurately equal to 180^, even if the 
observations were taken with the utmost exactness. 

Two corrections are therefore necessary to reduce the ob- 
served angles to those of a plane triangle joining three points 
in the axes of the three signals ; one for reducing the ob- 
served angles to the plane of these points, and the other for 
reducing them to the axes of the signals. The former cor- 
rection is unnecessary when the angles are taken with a 
theodolite, since they are immediately horizontal angles 
without any reduction ; but the latter correction is necessary 
when the centre of the theodolite is not exactly in the axis 
of the signal. 

(320.) We shall first suppose that at the three stations 
the centre of the instrument has been placed accurately in 
the axes of the signals, and that the angles are only to be 
reduced to the same plane. The centre of the instrument 
being supposed in the axis of the station a, let right lines be 
supposed to be drawn from it to the points of observation of 
the signals b and c. Also from the same point let lines be 
drawn to these points of the axes of the signals b and c at 
which the centre of the instrument had been placed in taking 
the angles at these stations. The angle under the former 
lines 13 the observed angle, and that under the latter the re» 



SECT. X. SPHEBICAL TRIGONOMETRY* 199 

duoed angle. The investigation of the required correction, 
therefore, resolves itself into the following problem. 



PROP. XCVII. 

(S81.) An angle observed in a plane making a smaU 
angle with the horizon is projected upon another plane also 
making a small an^ tsnth the horizon^ and passing through 
ike vertex of the observed angle by vertical circles through 
Ae sides of the observed angle and the station of the ob- 
server, ii is required to investigate the correction which it is 
necessary to apply to the observed angle to reduce it toils 
projection. 

Let the arcs of the verticals through the sides of the ob- 
served angle between them and the horizon, or, what is the 
same^ the altitudes of the observed objects be >a and ft, and 
kt the altitudes of their projections on the required plane be 
d and V. Let the observed and reduced angles be a and a'. 
The corrections which would reduce these angles to the 
horizon are (817.)) 

where r" = 206266. It is obvious that the correction which 
reduces a to of is a: — a/. Since a — of is very small, we 
may assume tan.^ = tan.4af. Let 

$a = a -^ al, 6b == b — V, 

... (fi+*J_(^'= .(Ja + Ji)[(« + b)-i(Sa+Sb)l 
Hence we obtmn 
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ar - o:' = ^J (aa + $b)[(a + i) - i{ia + ^6)]tan4a 

- (o'flj - db)[(a - 6) - i{5a - ^6)]cot.ia|. 

(322.) This formula will serve to reduce the observed 
angles to the same plane, the quantities $a, 56, being esti- 
mated by the distances between the place of the centre of 
the instrument and the points of observation at each of the 
stations. 

The same formula will serve for computing the effect of 
refraction on the observed angle by substituting for Sa and 
$(J the known values of the refractions. 

(e^23.) Whether the repeating circle or theodolite be used, 
it may, and frequently does happen, that the centre of the 
limb cannot be brought into the axis of the signal. The 
observed angle must therefore be corrected^ and a formula 
determined by which this reduction may be made. 



PROP. XCVIII. 



(324.) The angle under- two distant objects being observed, 
it is required to investigate a formida by which the angle 
under which the same objects would be observed frmi a near 
point in the same plane may be computed. 



K 




Let o be the centre of thie instrument 
with which the observation is made, l and 
11 the objects, and c the centre of the station 
to which the angle o is to be reduced, and 
LOR (which we shall call o) the observed 



angle. 



Let the distances cl and cr be / and r, 

and let the distance co and the angle cql be 

accurately measured, and let co = a and col = y. Now, 

since in the triangles lcr and lor the three angles iu ea^h 
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are equal to the same sum 180'\ and by the change of the 
vertex firom o to c, clo is added to, and cro subtracted 
from, the angles l and r, it follows that 

LOR = 04- CRO — CLO. 

Let LCR = Xf '.- 

jr — O = CRO — CLO. 

But 

sm.cao = — sin.coB = — sin.(o + y)^ 

a . 
8in.CLO = — sm.^. 

Snoe the angles cbo and clo are very small, their sines 
may be substituted for them without sen»ble error. Hence 

<sin.(o +y) an.y\ 
— r ry 

or if this be expressed in seconds, 

or— 0= ^ /sin.(o+y) sin.y\^ 
sin.F\ r I / * 

In the application of this formula it is necessary that the 
distances r and / should be known, but great accuracy in 
th«r values is not requisite. They will be determined with 
sufficient exactness by resolving the triangle lor as a plane 
triangle, assuming the angles observed as the true values of 
the angles L, o, r. 

The above formula may be conadered inconvenient from 
its having two terms. A formula with only one may be 
easfly derived from it. 

We have 

* In retaining this formula in the memory, some technical 
assistance may be derived from remembering that r is the 
distance of the right-hand object, and /of the left. Also, y is 
the angle under the centre of the station c, and the left-hand 
object L. 
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a similar arc having the radius r. Let b be the reduced 

base. 

B r+h 
T"" r ' 

deTdo|Miig this last by oommon division, we find 

Since h is always very small with respect to r, it is never 
necessary to take more than two terms of this series. 

The value cfh may be determined with great predion; 
bat the details of the process could not be suitably introduced 
into this treatise. 

(926.) We have observed that it is necessary that some 
one line or base which is generally a side of the first triangle 
of the series should be accurately measured^ that from it, by 
the aid ci the observed angles, all the other ades of the 
triangles may be computed. Since then the accuracy of the 
whole process depends on the correctness of this measure- 
ment, it should be executed with extraordinary care and 
predsion. The gh)und selected should be as level and free 
from inequalities as possible, and the base should be as long 
as the nature of the ground permits. Every part of the 
base should be in the same vertical plane, so that, setting 
iqpart small inequalities of the surface, it may be an arc of a 
great drcle of the earth. K straight rods of a substance 
which would not be liable to a change of magnitude with a 
diange of temperature could be obtained, and wUch would 
admit of being placed end to end in close contact, the length 
of the base could be found with the greatest predion. But 
tlus is not the case ; all substances are liable to change thdr 
dimensions with their temperature, and it becomes necessary 
to ascertain the temperature of whatever measures be used 
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at the time they are applied to determine the base, and 
to determine the change of length corresponding to every 
change of temperature. 

. Rods of various substances have been used in the mea- 
surement of the bases in the British and French surveys. 
In the former, rods of deal and of glass were used by 
General Roy in 1784, and steel' chains by Col. Mudge in 
1791. The degree of exactness attained in these operations 
may be conceived from the fact that the two measurements of 
a base on Hounslow Heath of upwards of 27400 feet in length 
differed by less than three inches. In the French survey 
rods of platinum were used. 

(327.) In order to check the observations, measurements, 
and computations, it is usual to measure one or more sides 
of the triangles which are remote from the base from which 
they are all computed. By a comparison of the values of 
these obtained from computation and frmn measurement, 
the accuracy of the results may be determined. The 
lines measured for this purpose are called bases of veri* 
Jlcation, 

In the survey conducted by General Roy, the original 
base was on Hounslow Heath, extending from King's 
Arbour to Hampton poor-house, a distance of 27404 feet, 
and a base of verification was measured on Romney Marsh, 
near Dover, the length of which was 28533 feet. In this 
case the length of the Romney base computed differed from 
the length measured by only twenty-eight inches. 

(328.) We have hitherto considered the figure of the 
earth, setting aside small inequalities, as a perfect sphere, 
and it may be regarded as such in most geodetical operations. 
Its true figure is, however, an oblate spheroid * of small 

* An oblate spheroid is a solid generated by the revolution of 
an ellipse round its lej^er axis. 
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eccentricity, the axis of which is ihe polar diameter. The 
meridians, which are sections of the surface by planes through 
the axis, are therefore equal ellipses, the eccentricity of 
which is that of the spheroid itself. The transverse axes of 
all the meridians are in the plane of the equator^ and the 
centre of the equator is their common centre. The parallels 
of latitude are obviously all circles. 

As in some calculations it has been found necessary to 
iake into account the spheroidal form of the earth, we shall 
here determine a few of the formulae most necessary in such 
investigations. 

The horizon of any place being the tangent plane to the 
spheroid at that place^ the vertical line, or that which points 
to the zenith, must be the normal to the meridian drawn 
through the place. If the latitude be defined to be the angle 
under this normal and the plane of the equator, it is easy to 
dhow that the principle that ^^ the latitude of the place 
equals the altitude of the celestial pole^ is true of the 
qpheroid. 

(829.) We now propose to establish formulae expressing 
the various quantities connected with the position of a place 
on the terrestrial spheroid in terms of its polar and equa- 
toreal diameters and the latitude of the place. 

Let aba'b' be a meridian of the earth, cb = & being the 
polar, and ca = a the equatorial semidiameter. Let a 
circle be described upon aa' as diameter. Let p be any 
place upon the meridian, and let the normal and tangent 
pll' and tpt' be drawn to intersect both axes. Let pm, 
Piw, be perpendiculars to the axes from p. Let pm be pro- 
duced to meet the circumscribed circle at p, and let cp and 
CP be drawn. 

Let X == the angle plt, which is the latitude of the place, 
w = the angle pct, or the geocentric latitude. 
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A' = the angle pCT, called the reduced latitude. 
N = PL, T = PT, at c=rm = cm. 

rf = Pl', T* = PT*, y = PM, y = pM. 

» = CPj fl = CPL, a = PA. 

a 
(330.) The equation of the elUpse referred to the axes 

AA't BB*, is * 

oy + b^x* = a*6«. 
The angle under the normal and the transverse axis b de- 
termined by 

tanA = ^. 



» See Geometry (1^8.), (187.) 



SECT. X. SPHSUCAL TRIGONOMETRY. 907 

a\x)S.«A C06.*A 



sin.'w = 



6^sb,*A (1 - g«)<>8in.»A 

a*CD8.« A + 6*sm.2A "" 1 - 2e«an.2 A + ^^.«A* 



(881.) To determine A, we have * 

tan.A' y a 

tan-w"" y ~ 6 ' 

, a 6 

••• tan.A' = -5- tan.w = — taii.X, 
a 

• • I- **an.gX _ (l-e«)an.»A 

"" a«cos.«A + ft'an.»A "" 1 - ^«sin.*A * 

J ,_ fl»C08.^A C 06.«A 

^' ^ " flr«cos.^A+ Wrin,«A""l^^«fflii.«A' 
^l-e«8iii.«A"^'*-* 

ain^A' = (1 — e*)^MfflILA, C08.A' = MOO&Ay 

(882.) To determine 0, 

* A ^ /* X tan.A-tan.w 

tan.fl = tan.(A — ») = =— - — , 

^ ' 1+tan.Atan.w 

__ ^Han.A ^f*sin.A cos.A 

V tan.9 - i+(i_^,)t^^«^-i3^«sin.«A ' 

••• tan.0 = M*^*ffln.A cosuA. 
(333.) To determine z -fy 

^ cfiCl - 2e«ffln.«A + ^-^.'A) 
' ^" l-e«8in.»A 

2« = M«a«(l — 2^«^.«A + e*an.«A), 
= a«(l - ^'ffln.^A'). 
(384) To determine x and y, we have 

X = ;8oos*«ir, y = »nn.a;. 



♦ Geometry (195.) t Geometry (173.) 
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I 

••• X = Macos.A, y = Mfl(l — e2)^sia.X. 
(335.) To determine n and n', we have *, 

= 6*(1 — M«e2cos.»A) = M^a^Cl — ^«)2, 
••• N = Ma(l — e% 

•/ n' = Ma. 
(336.) To determine t and t^^ 

T = Ntan.A = Ma(l — e*)*tan.A, 
•t' = N'cotA 5= icacot.A. 
(337.) To determine the radius of curvature, we have f 

"^^ ah' 
II being the semidiameter conjugate to Zj \' 

a^ 

•.• R =i= ■ \. — - == M^aCl - ^2\ 

c> 

(338.) To determine dsy we have J 

cfc = -Bidx = M^a(l — e^)d\, 

(339.) The factor m, which enters all the preceding ex- 
pressions, can be reduced to a form in which it is capable of 
being developed in a series of cosines or sines of the mul- 
tiples of the latitude A. We have 

1 2 



• . 



M*- = 



M« = 



1 -^<?«sin.aA "" JiJ-2e2sin.2A' 



* Geometry (191.) f Geometry (387.) 

t Differential Calculus (140.) 
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Let n = 



e« 



1 + w 



M« = 



1 -I-WC08.2A' 

Under this form m, or its powers, or /m, can be reduced 
to a converging series of the form 

A + BCOS.2A + CCOS.4x + DCOS.6A -|- . . . . 

The details of the process for reducing it to this series could 
not properly be introduced here. 

(340.) By the preceding formula all the lines of the ter- 
restrial spheroid corresponding to a ^ven latitude may be 
computed when a and e are known. These are determined 
by a comparison of two meridional arcs measured in dif- 
ferent latitudes. 

Let s be the actual length of an arc of the meridian, and 
let X be the difference of the latitudes of its extremities, we 
have 

s = F(ai) ; 
and by Maclaurin''s series *, 

* == A.^ + A,^j + A,^ + A,^-^ + . . . . 

where A|, a,, • • • • signify what -7- and its differential co- 

effidents become when a? = 0, and 

(2) = 1.2, (3) = L2.3, (4) = L2.3.4, &c. 
By (338.), 

-J- = R = M*fl(J. — &). 

The value of m being substituted, and the successive dif- 
ferential coefficients found, we obtain the series 



5=Rir+|- 



M«R^ j sin.2Xr3r +2cos.2XT^~2*sin.2A.-^ y 



* Differential Calculus (57.). 
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ifhere5^ = ar. But 

y^ V* y^ 

t ^ ^ y 

Hence, neglecting ^, &c. we have 
5= Ba: + -g R^ j sm.2x(l - cos.S^) + co8.2x(ar -rin.2j)\ 

=Ba:-|- -T-R^< arcos.2X — sin.a? cos.(S\ + ^) 5^ 

c, 3 _ 3 ^^ ^ffln.a?-> 
=Ra: < 1 4- ■;7-^«cos.gX — -;j- e«Cos.(2\ + x) S. 

But 

sin.a7 = a?(l — -T^ . . . . ), 

COS. a; = (1 - -^^ . . . .) = 1 _ _ . . . . 

Hence we obtain 

(3 3 ' ) 

5=R ) 1 + -T-^®cos.2X - -j-^cos.^4rcos.(2\ + a:)>. 

In this formula x is understood to be expressed in reference 
to the radius unity. If it be expressed in seconds^ as is 
usually the case^ the formula becomes 

a? . f 3 3 ' 1 

^'^1800^'^ I ^ "^ IT ^^^^s*^^ "" X e^s7.rcos.(2\H-a?) >. 

(341.) From this formula we may deduce one expressing 
kn arc of one degree, more simply than the former, and 
-sufficiently accurate. Let a: = 1, and e = sin.i, *•• 

R = M^acos.^i, 
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• • 






M 1 + -T-8in.*i(cos.2\- cos JPcos.(2X+l<^) >, 



for which, without sensible error, we tnay take 



'=l80^*' 



f 3 * 1 

< 1 + -T- jggtaih«i 8iii.2\ >. 



To determine the ecc^tricity of the terrestrial s[^en)id, 
let degrees be measur^ in differoit ladtudes, and let $ and 
sf be thar absolute lengths. The values of s and y bdng 
expressed by the preceding formula in t^ms of the latitudes, 
lei a be eliminated, and the value of i will be determined 
by 

8in.«i s= —. • ■ • ^ , 

an.«\— w^ffln.«\'— ognl sii* 2X' — wi^sin.2X j 

where 471 = — 9 and X, X', are the latitudes of the southern 

s ^ 

extremities of $ and 5^. By this formula, idn.i being deter- 
mined^ we have 

^ = sin«j. 



— = a/I — e* = COS.I. 

i . ■..■ a 

^ (342.) Having explained the general principles oh which 
geodetial operations are omducted, it may be useful to give 
an example of their actiud application. For this purpose 
we diall take the operations carried on by Delambre and 
Mttcbain by order of the French government to obtain a 
standard for the dedunal system of measures. In ordar that 
tbe standard lAould be permanent and subject to no ac- 
ddentad changes, it was pisoposed that the length of a qua- 
drant of a mepdian should be afccuratdy determined, and 
this being divided into 10,000,000 equal parts, one of these 
parts should be adopted as the unit of length, and that all 

p2 



V '■>. 
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measures of length should be referred to it^ and should be 
ioither multiples or submultiples of it. This unit is called a 
metre *. Ten metres, a hundred metres, a thousand metres, 
ten thousand metres^ &c. are called decametre, hectometre, 
kylometre, myriometre, &c. ; and the tenth, hundredth, thou- 
sandth parts of a metre are called decimetre, centimetre, 
millimetre, &c. the multiples being named by Greek, and 
the submultiples by Latin derivatives. 

(343.) In order to obtain the length of the quadrant it 
was determined to measure an arc of the meridian extending 
from the parallel of Dunkerque to that of Barcelona, an 
extent of about ten degrees of latitude. A chain of tri^ 
angles was accordingly formed between these points along 
the meridian. This triangulation for about two degrees from 
Dunkerque to Paris, is represented in the plate, p. 218. The 
angles and sides of the primary triangles are marked by the 
larger characters, and those of the secondary triangles by 
the smaller ones* We shall suppose the angles and sides of 
the primary triangles to be measured and computed by some 
or all of the methods already explained. The question 
then is, by the secondary triangles formed by the sides of 
the primary triangles (produced if necessary) and the me- 
ridian, to compute the several parts into which the meridian 
is divided at the different points where the sides of the 
system of primary triangles intersect it. 

The latitude of the point d (Dunkerque) and the azi- 
muth of w (Watten) from d being obtained from observa- 
tion, the latitude of w, and the azimuth of d from w, and 
the difference of longitudes of d and w, may be computed. 
For (the earth being supposed spherical), a spherical triangle 
will be formed by the pole (p) and the points d and w. In 



. * For the length of a metre relatively to our measures, see 
p. 183, note. 
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this triangle td, the colatitude of d, and the angle pdw, the 
azimuth of w from d (or its supplement, according as the 
azimuths are measured from the north or south), are ob- 
tained by oliservation. ]>w is a side of one of the primary 
triangles, and . has been therefore previoudy computed. 
The ang^e at r is the difference of longitudes of d and w. 
The data therefore in this triangle are two ades pd, dw, 
and the included angle pdw, and the quantities souglit are 
the difference of the sides pd and pw, the angle p and the 
difference of the angles d and w. These being all very, 
amali quantities, the ordinary formulae may be modified, so 
as to give ease and expedition to the process of computation, 
and all the necessary accuracy to the results. 

By continuing this process through the whole scries of 
triangles, the latitudes and longitudes of the several stations 
may be computed, also the respective azimuth of each sta- 
tion from the horizons of the others, and the perpendicular 
distances of the several stations from the meridian and from 
the perpendicular to it through the first station d. 

(844.) The first of the series of primary triangles formed 
by the stations Dunkerque, Watten, and Cassel (c), is di- 
vided into two triangles by the meridian na. In the triangle 
iDwa, the side dw and the angle w are known from primary 
system of triangles; the azimuth angle wna is known from 
observation. Hence by the usual formulae Da, wa^ and the 
ang^e a may be computed. 

Also wc being known from the primary system, we have 

wc — wa = ca, 
wluch is therefore obtained. Also the angle bca is known 
from the primary triangle WCF (Fiefs). Hence in the tri- 
angle bca, ca, and the angles a and c are given, to compute 
abf c6, and the angle h. 

By continuing this process, we shall successively solve 
the triangles fipd, dpe, sef &c. &c. This process being 
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carried through the whole chain of triangles, the length of 
the entire arc from Dunlcerque to Barcelona was obtained 
by adding the several parts Da» oft, bd^ de, &c. 

Asa yerificadon of these results, not cmly the entire arc, 
but also the subdivisions of it, were computed in another 
way, and by prindples and data different from, and inde- 
pendent of, those used in the investigation just explained. 

In the triangle ixb, the azimutii cpi bdng obtuned by 
obElervation, and the ^e dc and the angle dc& b^g known 
from the primary triangles, the sides bfi, c&, and the angte i, 
may be computed; -■ This value^fsfi serves as a 'verificatioB 
of that dbtaaned by adding Da and a& computed by the tri- 
angles nwa and acb. Again, in the trian^e bvcj the side 
&F is known by cf — c6, and the angle f is known fibm 
the primary triangles; hence be^ Fe, and the angle e are 
computed^ and be •serves as a verification pf the value of the 
same quantity obtained by adding bd and de dmved from 
the triangles brd and dFe. And by continuing this process 
through the whole chain of triangles, every part of the one 
computation was checked and verified by the corresponding 
parts of the other. 

It cannot but be interesting to examine a few of the re- 
sults of these two computations, the comparison of which 
shows the extreme skill and precision with which they must 
have been conducted. In the following table will be found 
the computation of the arc of the meridian from Dunkei'que 
to the eighth intersection (i) deduced firom each series of 
secondary triangles. The successive points of verification 
bf ef &c. are called nodes, being the points where the two 
series of triangles intersect. The distances are all expressed 
in toises. 
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Rrtt series of secondary trian^. 



Nft 


Angle.. 


AngU.. 


anglej. 


Sina of opp. 
lidei- 


P.rlialandlolaJ»tct 
Log. of portiil arc- 


1 


won 

Donk^que. 


S5°I9'42".I4 
74 as 4E.aH 
eo 1 1 :i3.:i7 


9.S3 124.637 
9.983BU.S86 
9.98360.631 


3-75411.345 
4-10673.294 
4.11647.240 


Da- 12785.981 
log.Da- 4. 10673.405 


0.6s 


1 


cab 


80 11 33.27 
79 48 35.35 
19 69 5I.BS 

0.47 


9.93360.631 
9.99309.481 
9.5341X1.453 


4.075l5.3ai 

4.07464.170 
3.61555.143 


- fl»= 11876.247 

log.a5 "4.07464.265 

d5- 24661.228 


3 


Tbd 
bid 

Mw 
Fuft. 


19 53 51.85 
B[ 11 19.40 
Ga 48 48.88 


0.53400.453 
9.99990.652 
9.96960.GG8 


3-35345.178 
3.81935.376 
3.78905.392 


log.M- 3.8 1035.406 
U- 6597.115 
d6- 2J66I.22B 


0.13 


mJ- 3I2SB.343 


Fief.. 


42 59 49,63 
111 11 11. IS 
35 48 59.32 


9.8.1375.931 
9.96960.668 
3.63897.819 


J.54823.350 
3.684U8.02G 
3.3534S.178 


A-= 3533-732 
log-A- =3.54823.358 


0.07 


De= 3479S.075 


i 
6 
7 
8 


SauU. 


25 48 59.33 
54 45 a.G6 
99 35 52.62 


9.63897.819 
9.9l2IK.43fi 
9.99409.953 


3.76803.561 
4.04I10.17B 
4.12314.695 


log.c/-4.041 10-259 
tj= 10992.655 
DC- 34792.075 


d/= 45784-730 


Bonniero. 


S9 25 52.62 
51 56 49.41 

28 37 18.27 

0.30 


9.9940B.953 
9.89621.832 
9.68035.617 


3.9580S.3flB 
3.86018.277 
3.64432.262 


fg= 7247.415 
log.J'^=3-860l8-313 


-Dg= 53032.145 




28 37 18-27 
116 33 40.58 
34 49 1.15 

o-oo 


9.68035-81? 
9.95155-931 
9.75680.339 


3.03584.634 
3-3070-1.748 
3.11209.156 


ga ^ 2027.905 
log.^u = 3.30704.751 


iia= 55060.049 




28 37 18.27 
91 54 0.07 
59 28 41.66 


9.68035.817 
9.9997e.li6 
9.93522.319 


.i.85722.6S4 
3.I7662.9S4 
3.II209.I56 


log-fft=3. 17662.956 
gj,= fiOl-BGO 
Df= 53032.145 


O-OO 


dA= 54534.005 


9 


Vignaeoun. 


S!) 28 41.66 
66 14 50-05 
55 16 Sa.BS 


''..13522.3I9 
9.95814.466 
9.91481.493 


■i. 90,130-846 
i.9Z822.396 
1.88489.423 


/<i= 8476.654 
logJ,i- 3.9^822.445 


0.54 


Dt'^ 63010.659 




I 



1^ " 




■ r 




Angled 


Sow of 
angles. 


Sines of opp. 
lides. 


ToUl ind luutJal ura. 
Log. of the ptinial 


I>c6 


le 46 ^7.sa 

19 59 fil.85 


9.77'J'1S-.BOfi 
9.4GO30.065 
9.53.300 45;i 


4^9-201-060 
4.07515.319 
4.14865.708 


D^= 24G6I.929 

log.D6= 4. 3920 1.471 


1' „". 




rAtui 


O'Sb 


the 


19 59 S1-M5 
134 11 9.03 
35 48 59.53 


9.53-100-453 
&:«S55ti.934 
9.G3»97.H24 


8.C8408.O23 
4.00564-504 
3.7B»tl5.393 


lc.e;fe- 4.00564-57.1 
t= lO130.ai(i 

Il6= H4G61.a29 


^ 


bet 
Firfs. 




0.21 


De- 34792.076 


3 


SiimL 


25 44 59-53 
119 -Jl 0.65 
34 49 1.15 


i).e389;.B24 
9.94tyj6.e2i 
y.75Ci:0-33H 


4-00752.319 
4.30691.120 
4-12314.733 


log,™ =4-30681. 399 
ca= 20368.097 
Be= 34792.075 




1.3 


, M= 55O60.1T3 


4 




24 39 40.51 
65 U 50.05 
90 5 S9.70 


9.62039.904 
9.95814.466 
9.99399.948 


3.54424.270 
3.88198.833 
3.9'J384.314 






0.2fi 


5 


obi 
bia 


31 49 1.15 
89 54 30.30 
55 16 28.«3 


9.';5C60.3.39 
[».99a99.fl4» 
9.91181.495 


3.(i.sf;y9.-;o5 

3.90039-313 

a.aisao.BSs 


oi- 7950.484 

lDg.fli-3-90039.35tt 

Da= 55060.173 




0.28 


Di= 63010-657 



'^ 




'/^MecAod^rt^^i^ M^e^AdedAt^s^y a^^/liuJUHii0laM a^n/ad^yf^M^ 



Ufl^A 



'Vignacoart 



"CeMuiU \'\ 




Beauqiieile 



\\ 



foyers 
Betlixine 



B ayonviller 8 




Clermonjf"'' 



S* Martin 
dttTertre 



Fantlieoii 



Belle Assise 



lO.OOO 



JOJHfO 



f^J3€. 



ITeelef S&3S» Jttfi 
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By comparing the several results of these two computations^ 
we find, 

by the first series, by the second series, 
d6 = 24661.228, d* = 24661.229, 

w = 84792.075, j>e = 34792.075, 

Dfl = 65060.04S, Da = 65060.173, 

m = 63010.659. m = 63010.657. 

Difierence of the values of d6 = 0.001, 

De = 0.000, 

Dfl = 0.264, 

Di = 0.002. 

Hence it appears that, except in the third case, the dif- 
ference of the results of the two computations do not exceed 
the 500th of a toise ; and even in the third case, the dif- 
ference does not amount to three-tenths of a toise. The 
entire arc m is in length about 134338 English yards, and 
the two computations agree in its value to within a small 
fraction of an inch. 

The arc of the meridian between the parallels of Dun- 
kerque and Barcelona computed by the whole of the first 
series of secondary triangles is in toises 

651583.765 = 1175986.687 English yards, 
and by series for verification, 

651683.612 = 1175986.048 English yards. 

The difierence of these results is less than nineteen inches, 
the entire arc being above a million of English yards in 
length, 

. The length of the whole arc of the meridian, and also 
those of its several parts being thus ascertained, it is neces- 
sary to determine the differences of the latitudes of the ex« 
tremities of the several partial arcs, in order to obtain the 
angles under the normals through their several extremities, 
and, by comparing these with t&lleihgths of the several arcs, 
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to compute the eccentricity of the meridian. The diffarences 
of latitudes of the several points may be obtained by ob? 
serving the zenith (^stances of the same star when on the 
meridian at both extremities of the arc, the difference of the 
two zenith distances will be the angle under the normals or 
the difference of the latitudes, if the star be at the same dde 
of the zenith at both places, and the sum if it be at opposite 
^des *, If the latitude of any one station be known, the lati- 
tudes of the others may thus be found. In this manner the la- 
titudes of Dunkerque, Paris, Evaux, Carcasonne, andMont- 
joUy, were obt^uned* By comparing the results with those 
obtained by a measurement made in Peru in 1736, it was 
concluded that the excess of the equatoreal diameter above 

the polar = ^. 

That part of the process which consists in determining 
the difference. of the latitudes of the extremities of each 
partial arc, is not susceptible of the same degree of accuracy 
as that which determines the actual length of the arc. Ilie 
observation of the difference of latitudes is generally liable 
to an error of about two seconds, no accidental cause being 
supposed to disturb the plumb line. Now a second of 
latitude answej^s to about 33 yards of the meridian. Besides 
this, it is well known that the attractions of mountains, 8cc. 
frequently displace the plumb line by several seconds. 

We have already noticed the great degree of accuracy of 
which the terrestrial measurement is susceptible by a com- 
parison of the results of the two series of secondary triangles. 
The computation was, however, submitted to another equally 
severe test. A base of verification upwards c^ seven mile^ 
long was measured at upwards of four hundred miles distant 



* The observed zepith distances are to be corrected for re- 
fraction, aberration, &c. 
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bom the first bafle; and upon oomparing the lenglh ob- 
timed fiom abscdute admeasurement with the length ob* 
timed fitxn the computation of the chain of triangjes, the 
two results did not differ by one foot. 

The instrument used in this survey was the repeating 
cntle;* 



SECTION XI. 
On the compuUUion of trigonometrical tablee. 

(S45.) It has been already observed, that trigonometrical 
computation is conducted by the aid of computed tables 
firom which the numerical values of the sines, tangents, &c 
of angles referred to some given radius may be found. Of 
these tables there are two kinds; those in which the im- 
mediate values of the sines, &c are registered, and which 
are called tables of iM/tira/mef, &c and those in which the 
logarithms of the ones, &c. are registered, and which are 
caUed tables of logarithmic «nes, &c. It is not proposed 
here to enter minutely into the detiuls of the methods of 
constructing trigonometrical tables, but only to point out in 
a general way the application of the formulae by which the 
sucoesnve terms of a table may be computed, and the 
methods of checking the errors, whether of the computist 
or the printer, in those tables which have been already 
computed. 

: (846.) It very rarely happens that the values of the sines 
or^connes of angles can be exactly expressed by integers or 
finite decimals. An approximation in decimals can, how- 
ever, be always obtidned to any degree of accuracy whic)i 
may be required. The ordinary trigonometrical tables give 



220 SPHERICAL TRIGONOMETRY. SECT. XI. 

the values continued to seven places of decimals; but tables 
have been computed extending to ten^ and even to fifteen, 
decimal places. If the sines of angles, which are nearly 
equal to 90®, or the cosines of very small angles be required 
to that degree of approximation which would determine the 
results to seconds and tenths, it will be necessary to extend 
the computation to twelve decimal places, the radius being 
unity. 

(347.) The radius, with respect to which the ordinary 
tables are computed, is 100000. The values of the sines, 
cosines, &c. obtained from such tables may be converted 
into the corresponding values related to unity, or vice versd, 
by moving the decimal point five places to the left or to the 
right (24.). We shall, as usual, suppose them related to 
unity as radius. 

(&4S*) If we suppose' that the series of angles of which 
the sines and cosines are to be tabulated, are in arithmetical 
progression the common difference, and the number of 
places in the approximate values will depend each upon 
the other. If a be any angle of the table, and x the com- 
mon difference, then several successive angles of the table 
will be 

A 

A + »r, 
A + 2a:, 
A f Sa. 



Now if upon calculation it be found that the sines of 
several of these successive angles agree in the first seven 
places, it is plain that seven places do not give a sufiicient 
approximation to distinguish angles differing by so small a 
quantity as jr. Let us suppose that the computed value of 
the sines of A, a + :r and a + 2iC, were the same as far as 
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seven places, but that the seventh place in sin.(A + 3x) were 
different ; it is obvious that in thb case it would be useless 
to tabulate sin^(A + ^)9 sin.(A + 2x)f and that if the ap- 
proximation be limited to seven places, that sin.(A + 3a;) 
should succeed sin.A9 and therefore that the common dif- 
ference should be 3jr ; or if the common difference ^ be re- 
tained, the approximation must be continued until the last 
digit of sin.(A + x) difier from that of sin.A. It should 
also be observed, that the degree of approximation neces- 
sary to distinguish angles, having a given difference or, also 
depends on the values of the angles themselves, since the 
variation of the sine is very slow with respect to the variation 
of the arc, if it be nearly 90®, and that of the cosine if 
it be very small. In calculations requiring an extreme 
degree of accuracy, therefore, it is frequently necessary to 
compute the values of the sines or cosines to a greater 
number of places than are given in the tables. 

(349.) If ^ be the least angle in the proposed table, and 
the succesdve terms be the multiples of a?, 2^, 3x, 4iX, &c. 
any three successive tabulated angles will be 

{n — l)Xy nXj (n -f 1)^, 
and by (43.) [4], we have the relation between their sines 
and cosines ; 

sin,{n + l)ar = sin.(n — l)x + Ssin.ar cos.7«a:, 
cos.(n + 1)^ = cos.(;j — i)x — 2sin.;r sm.nx. 
By these formulae, if the first term sin.or be known, and 
also the apes of {n ^ l)x and nx, the sine of (w + l)x 
may be computed. That is, if the first term of the tables, 
and any two successive terms be known, all the succeeding 
ones may be computed. By substituting successively 1, 2, 
8, • • • • for n, we obtain 

sin .2a? = 2sin.a? cos.a7 

cos.^^ =s: 1 — Ssin.^o? 

sin.3a? = sin.^ + 2sin.x cos.2r7 

cos.3.r = cos.^ — 2sin,x sin.2a?5 
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oos.4ur = oos*2d? — Ssiii.a? An*Sx 



by which, if the first terin of each series be known, all the 
others may be found. 

(350.) To determine the first terms, we have * 

X a? ofi X* 
^•''^T-W"'" (6) ""(7) '*'*'** 

x^ x^ sfi 

As or is always small, these series converge suffidently to 
determine dn.^, cos.x, with considerable facility. Thus, if 
X be one degree = 3600", we have 

3600 240 

X = 



•.• sin.A7 = 



206265 1375r 
240 (240)» (240y 



13751 (13751)^ X 6 ' (13751)«x 120 



(240)2 (240)* 



(13751)«x2^(]3751)*x24 
If jr be one minute, we have 

60 4 



X = 



206265 13751' 
in which case the convergence is still more rapid. 

In order that the values expressed in a ^ven number of 
decimal places should be the nearest possible to the true 
value, the computation should be continued to a few ad* 
ditional places. Thus, suppose the sine of 1' were com- 
puted only to six decimal places, we should find its value 

(A), 

A = ,000290 ; 



* Differential Calculus (73.) 
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but if the computation were continued to three additional 
(daow, we should find its yalue (b)^ 

B ^ ,000290888. 
Hence it follows that its value in ax places is more nearly 
expressed by (c), 

c = ,000291 

than (a). For if we find the excess of c above the more 

approximate value b, we shall find it much less tiian the 

excess of the latter above a. 

c = ,000291 
B = ,000290688 



\- - B = ,000000112 

B = , 000290^88 
A =,000290 



•/ B - A = ,000000888 

the one difference b^ng nearly eight times the other. In 

all calculations in which approximate decimal values are 

used, this remark should be attended to. 

(351.) The ones and cosines being found, the tangents, 

cotangents, secants, and cosecants, may be determined by 

' sin.^ cos.a? 

tan.o? = • • cot.jr = -: — •• 

COS.J? sin.jr 

_ 1 ^1 

secaiiv —- ^"""^ • coseCaM? ^-* • • 
cos.^ sin.a? 

(352.) By the form of the series for the sin.j?, it is easy to 

percave that the dues of very small angles are in the same 

ratio as the angles themselves, for 

sin.a? ^ -x^ x^ 

"^ " (8) "^ "(5) " " 

which is subject to imperceptible variation when x is very 

small : or what will, perhaps, be coniddered more satisfac- 
tory, its variation, whatever it be, will not appear within the 
number of decimal places to which the tables are computed. 
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UpoQ tilis principle ihc eines of angles less than one 
minute may be computed. Let n he a number less than 60, 
We have 

sin.n" ; ain.l' : : n : 60, 

V sin.»''=sin.l'x^ = , 000291 x^, 

V sin.n" = 00000*85 x n; 

or ifslill greater accuracy be desired, lake 
Mn.l' = ,000290888204', 

•.■^^= ,0000048481367, 
60 

■.■ sin.n" = ,0000048481367 x n. 

(353.) When the common difference of the tables is 1', 
the process of calculation may be greatly expedited by 
taking the successive orders of differences until one be 
found, which, for the requisite number of places, is con- 
stant. Then the terms of the tables need only be computed 
at cert^n intervals, the intermediate ones being fille<l up by 
values derived from the constant differences *. 

When the table has been computed up to 30°, the suc- 
ceeding terms may be obtained by a more expeditiouB 
process. By the formulas 

sin.(60'' - x) = cos-tSO* ~ x) - Mn.x, 
co8.(60» -x) = cos.a: — an-CSO" — .r). 
By which the sines and cosines of the arcs from 30° td 60" 
may be computed, those of the arcs less than 30^ bang pre- 
viously known. 

By the principles, 



* Differential and Integral Calculus (508.), et seq. This is 
the principle upon which Mr. Babbnge's ingenious machinery for 
calculating tables is constructed. The machine now in process 
of Gonstmction extends to six orders of differences. 
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rin.(60® 4- .r) = co8.(30> — x), 
co6.(60o + or) = ffln.(30^ - x), 
the oodnes and sines of the arcs from 60^ to 90^ are the 
suae as the sines and cosines of those below 30^. 

In like manner in the computation of the tangents and 
cotangents^ those of the arcs from 0^ to 45^ are the same as 
the cotangents and tangents from 45^ to 90^. 

(354.) In order to check the errors of the tables, certain 
fi^nrmulae have been selected, called ybrmt^ of verificcMon. 
Ilie student will find no difficulty in establishing the fol- 
lowing, which are taken from Professor Woodhouse's Tri- 
Sonometry. 

sin.3(y> = -5", sin.45« = — =, 

• fino '^^ • TOO \/5— 1 

8m.Q(r = -^, sm.l8"= — 7 — . 

ffln.9» = COS.81' = i[{ -x/S + 3)^ — (6 - v'S)^, 

co8.9»= an-SP = ^[{^5 + S)^ + (5 - v'5)^, 

sn.2T' = COS.630 = |[(5 + V5)^ - (3 - ^S)^], 

cos.2T> = sin.63» = ^[(5 + V6)^ + (3 - VS)^], 
and the following formula of Euler, 
sn.x + an.{3&> - x) + 8in.(72« + a?) = wa.{3&> + w) 

+ sin.(72» — a:). 
By substituting for x in these any proposed value, the values . 
of the sines, &c. resulting from the tables should render the 
equation identical, if they be correct. 
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SECTION I. 

Of midtiple arcs. 

(355.) The formulae which exhibit the relations between 
two arcs and their sum and differences may be eaaly trans- 
formed into others which determine the relations between 
the sines, coanes, &c« of successive multiples of the same 
arc. If in the formulae established in Fart I. Sect. III. we 
substitute fktf and »^ for w and et/, we obtain the following 

results: 

8in«(ii ± l)ft» = sin.no; cos.ai + sin.ci) cosmuj^ 
cos.(n + l)<i» SB cos.na» cos.w + sin.^a> sin.<u, 
ffln.(7» 4" 1)» + sin.(n — l)w = 2sin.ww cos.w, 
sin.(7» 4- 1)« — sin.(n — !)«; = Ssin.oi cos.nta, 
cos.(n + 1)» + cos.(» — l)w = 2cos.ii(tf cos.<tf, 
cos.(n + l)w — cos.(n — 1)« = — 9^n.nw sin.oi, 
sin.(« + l)w sin.(n — l)w = sin.*«« — sin-^w, 
cos.(n+ 1) cos.(» -- 1)0; = cos.%« — sin.^o;, 

sin.(» 4- 1 )« ___ tan.nw+tan.tt> 

idn.(ii— 1 )u# "~ tan.no; — tan.tt;' 

cos.(ii + 1 )w 1 — tan.n(«> tan.ft? 

cos.(«— l)a;""l -|-tan.nw tan.w' 



I 
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, , ,, tan.ni^±tan.(u 

tan.(« ± l)w = j^=- . 

^ ' I + tan.nutan.u) 

(356.) The whole theory of angular sectiong, and all the 
various relations between the trigonometrical functions of an 
angle and its multiples, may be derived from two remarkable 
formulae established by Euler, by which the sine and cosine 
of an angle are expressed as exponential functions of the 
angle itself. These formul« we propose, ill the first in- 
stance, to establish, and from them to derive all the thef>- 
rems which form the subject of this part. They will thus 
hold the same relation to tlie analysis of angular sections as 
the formula for the sine of the sum of two angles does to | 
Plane Trigonometry, and as the formulfe established in 
(181.) do to Spherical Trigonometry. Were it not that 
the principles upon which these exponential formulae are 
established are not sufficiently elementary, ibe oi'igiual 
formula for the sine of the sum of two angles itself might 
be deduced from them, and these celebrated theorems might 
thus be made the foundation of the whole superstructure of 



It is tni^, that by adopting these theorems as the founda- 
tions of all the investigations through whicb we are about to 
conduct the reader, we shall, in some few instances, derive 
our fonnulie fFont considCTati^s lees eleotentary than might 
otherwise be necessary ; but the clear nid Byrtemiitical con- - 
nexion which the difieretit parta of the sal:geot vill thus 
acquire, and the rangleneBS and uniformity of the reasoning 
by which we shaU be conducted through them, will much 
more than compensate for the absence of one or tvro in- 
sulated elementary proofs, which, were they introduced, 
would not at all hu-moniBe with the othcs' parts of the in- 
vestigation. 

(357.) The exponential ibrmulae for the ^ne and cosine 
which we are now to establish are ■ 
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8in.a; = — ==( e — e I, 

1 / «v— 1 -r-TTiv 
cos.a: = -g-I ^ +ff j. 

^Ve shall ^ve two methods of investigating these theorems. 

RrH method *. 

(868.) Let 

y = sin^, z = co6.ar, 

%* £{y = co%.xdXy dz = ^ sin^ivdw, 

•••dy = ;b:^;p, dz s= -^ydof; 

uullapljing the first by \/ — 1, and adding the resnltSy we 
obtain 



& + >/ - l£fy=:(5r+ ^— ly)(ir>/— 1, 

The first member of this equation is the differential of the 
hyperbolic logarithm of « -f v"— 1 .y, and •.• 



*V— 1 



%• cos.a: -f \/ — 1 . sinjc = e 
Ho constant is added, since both sides become equal when 

« = 1. 

* It will be necessary before the student can proceed with this 
part of trigonometry^ that he should acquire a knowledge of the 
£rst principles of the Differential Calculus, sell, the differentia- 
tion of algebraic, exponential, logarithmic, and trigonometrical 
functions, and Taylor's theorem. It would be also desirable 
that he should know the fundamental principles of the Integral 
Calculus. The first six sections of my worlt on the Differential 
Calculus, and the first section of the Integral Calculus, will 
probably be found sufficient. 

t Differential and Integral Calculus (21.)» (191.) 
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If the flign of x be changed, this becomes 

cos.^ — V — 1 sin.«r = ^ , 

which being added to and subtracted from the former, 
pves 

cos.^ = i(e _+6 J I . . . . ni 
— Isin.^ = 4(e — e ) J 



'V/ 



Second method. 



(359.) The developments of cos.jr and sin.jr, given by 
TayIor'$ or Maclaurin^s theorem, are 



• • • • 



The developments of e and e by the same 



means are 



0)~"(3) + W*> 



e 



T__/ a;2 a?* \ 



Eliminating the series within the parentheses by the de- 
velopments of sin.jr and cos..r, we obtain 

xV — 1 ^ ^ 

e = cos..r -\- ^/ — \ sin.x / 

e = cos.^ — ^ — \ sin.tr j 



* See p. 209. 



) 
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From which, by addition and subtraction, we get 

COS.W = -g-( e + e U 

1 / xJZi -^vHFv 

The former of these investigations is given by Lagrange 
(Calcul. de Fonctions, Le9on X) ; and the latter was j^ven 
hy Euler in the BerUn Transactions. 

. (360.) From these formulas we can immediately deduce 
exponential values for tan.;r. Dividing the second by the 
first, we find 

g — g g — 1 

^/ — ltan.a; = — -= == =, [81. 

e -he e -f 1 

(S6l.) From the formulae [1] another celebrated formula 
may be immediately derived, called from its discoverer, 
Moivre^s formula. Since 



cos.^ + >/ — 1 sin.a? = ^ , 



true ^y— I 



(cos.a; + V — lsin.a?)"*=e 

But also, 

, , =■ . mxj^ 

cos.ma; + ^/ — 1 sin.mx = e ^ 



V (cosur+ V — 1 sin.^)'"=cos.i7W+ v/ — 1 sm.mx * • • • • [4], 

I — ■ — • 

* In the case ia which m is a rational number^ this formula 
may be established on principles somewhat more elementary. 
Let 



cos.a; + >/ — 1 8in.x = x, 
•.* cos.«a: — sin.«j: +2^ — 1 siniX cos.-r = x«, 
or co8.2j; -j- -v/ — 1 8in.2a; = x*. 
Multiplying this by the firsts we obtain 

cosurcos.2^— sin.^8in.2x -|. y^ — l (sin.dx;os.2a:+ 8in.2;rcos.^)sx', 
'.• cos.3d? + i^/ — 1 sin.3r zs-x^. 
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first member cannot have more than n different values ? To 
explain this, we should observe, that in the successive sub- 
stitutions for mx in the second member of* [4] the quantities 
added to mx are the successive multiples of %rmy so that 
after a certain number of substitutions, some multiple of 
2m«' will be introduced, which is also a multiple of 9jk, As 
soon as this occurs, the corresponding sine and cosine will 
be the same as the sine and cosine of mx^ and the value 
will be the same as that of the second member of [4] ; and 
after this, every successive substitution will give the second 
member a value which it had obtained by a former sub- 
stitution, and the values will be subject to no further variety. 
The first multiple of 2mit^ which will be also a multiple of 
Sir, will evidently be 2wmir. For since m is a fraction 
whose denominator is n, the least integer, which, being 
multiplied into it will give an integral product, will be n. 
The nth substitution will therefore give the second member 
the same value which it has in [4], and there all variety of 
value ceases. There are then w — 1 substitutions for ar, 
which give the second member n — 1 different values, and 
these, with the value in [4], complete the n values which 
the second member ought to have, in order perfectly to 
represent the first 

(362.) By multiplying the equations [2], the first mem- 
ber of the resulting equation is unity ; from whence it follows 
that the formula 



cos.ma: + -^z — 1 sin.ma: 

is changed into its reciprocal by changing the sign of m, x, 
or the radical a/ — 1. 

(363.) The formulae [2] suggest an extension of the 
formulae for the sine and cosine of the sum of two angles to 
formulae for the sine and cosine of the sum of any number 
of angles. 
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Let the angles be a/, a:'', j:"', • • • • x<"> ; and let 



x' =: cos.o;' -f a/ — 1 sin.^ = e 



»V— I 



^'V— 1 



x" c= cosur'' + a/ — 1 sin.j?'' = ^ , 



By taking the continued product of these, we obtain 

x'x" . . . .* x^"' = e 
By [2] we have 

c08.(y+^,...j<»))+V^sin,(j'+a:ff+.,.ar<«>)=e^'''*''^"'^^^^ 
Let a?' + a;" + a/" . . . . a;^"^ = Sar. Hence we have 



x'x^x"' x^"> = cos-Dar + V — 1 sin-Sa? .... [6]. 

If the continued product xV • • • • be • developed, its 
torms will be some real and some imaginary ; and by the 
piinciples of equations, the sum of the real terms must be 

equal to cos.S(jr), and that of the imaginary to v^ — 1 sin.X(x). 
By examining the form of the development, we shall there- 
fore obtain general expressions for the sine and cosine of the 
algebraical sum of any number of arcs, of which those for 
the sum and difference of two arcs in (43.) are particular 
cases. 

The real terms of the development of x'x" • • • • x*"^ are 
those in which the number of sines which enter as factors is 
found in the series 

0, 2, 4, 6, 

There is but one term corresponding to the first, which is 
the product of all the cosines. Let this be called c«. 

To the second there correspond the products of cjvery 
combination of two sines, and these are to be multiplied re- 
spectively into the continued products of the remaining co- 
sines. Since each sine is multiplied by a/ — 1, the product 
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of every two wiU be necessarily negative. Let the supi of 
the continued products of every combination of two ^nes 
into the remcuning cosines be expressed by — Cn^^Ss. 

Since ( >/ — 1)* = + 1, the product of every four terms 

of the form \/ — 1 sin.jr is positive. Let the sum of the 
continued products of every four sines into the remaining 
cosines be c,»^S4, and so on. 

The imaginary terms of the development are those which 

involve an odd number of factors of the form a/ — 1 sin.o:. 
Let the sum of the continued products of every factor of 
this form into the remaining cosines be V — 1 Cn-iSi« 

Since ( v^ — 1)^ = — V — 1| the sum of the products of 
every three factors of the form a/ — .1 sin.ar into all the fe- 

nKoning corines ia — v^ — 1 Cn^s^, and these terms- go on, 
in the same manner alternately + and — . 
Hence we infer 

C03.X(J?) = C« - C„_2Sa +, Cn-.4S4 - C^^^ ' ' ' • • [6] 

sin.2(a?) = c«_iSi -^ Cn-sSs + c„_5S5 - • [7] 

which are general formulae for the sine and cosine of the 
a^bratical sum of any number of arcs. 

(364). From these formulae we may easily deduce an 
expression for the tangent of the algebraical sum of any 
number of arcs of which the common formula for the sum 
or difference of two is a particular case. 

Let the values of sin.2)(^), cos.5){x) be substituted in 

^ ' cos.2:(x) 
and we find 

Cfi— iSi "— C„__3S8 + G»— sSfi 



tan.2(jr) = 



Divide both numerator and denominator by c^ or the coft- 
tinued product of the cosines. Since c„«iSi signifies the 
sum of the products of each «ne into the continued product 
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of the remaining cosines, if it be divided by the continaed 
product of all the cosines, the result wi^ be the sum of the 
quotes of the sines divided by. the cosines, that is the sum 
of the tangents. Let this be Ti* 

In like manner, if c^^^ be divided by c^ the quote must 
be the sum of the products of every two tangents. Let this 
be Ts. 

And in general if t^ signify the sum of the products of 
every m tangents we shall have 

^ ^ 1 - T, + T4 - T« + •■ J 

(S65.) From the last three formulae [6], [7], and [8], 
the first two of which do not appear to have been heretofore 
noticed, some elegant conclu^ons follow, when certain re- 
lations are instituted among the several angles. We shall 
confine ourselves here to a few examples of a very numerous 
class of inferences. 

- If there be but three arcs engaged in the formulse^ and 
that they be connected by the relation 

the formula [6] will become 
cos.nir = cos.a/ cos.a/' cos-a?"' — cos.o:' sin.a?" sin.o?"' — cos.:t" 

sin^o? an-o:"' — cos.;f '" sin.^r' 8in.a:" 
adding to this the identity 

= Scos.^ co8.ai" cos.o:'" — Scos.o:' cosi^ cos.d/" 
we obtain 

cos.7Mr = 4cos.ar'cos.a;^' cos-.r"' — cos.^ co8.(a?" — x"') — cos.j/' 
cos.(^"— ot') — cos.a:'"cos.(j:'— ^') 
=s 4cos.:r' cos.jj^cos.a?''' — cos.(j/ + j:* — af'^) 
— cos.(a?' -f ^^ — J?") — cos.(^-f j;^'- of) ; 
from which by the relation between the three arcs we deduce 

cos-Sa/ + cos-ar" + cos.ar^' = 4cos-a?' cos.«?^ cos^'' ± 1, 
nnce cos.nv = ± 1 according as n is even or odd. 
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By a process precisely nmilar we deduce from the for- 
mula [7] the relation 

mi^ -f sin.2a:" + sin.^a/" = ^ sin^j:' an.ar" siD.or"' 
— being taken when n is even and -f when n is odd. 
Since 

tan.mr = 
we immediately deduce from [8] the formulae 

tan.o;' + tati.a;" + tan .a:"' = tan..r' tan.a/' tan.a/". 

If w=l, af+a^+a"' = 180°. Hence it follows that '' the 
product of the sines of the angles of a triangle, with its sign 
changed, is equal to the sum of the sines of their doubles^ 
and that the product of the tangents of the angles is equal 
to the sum of the tangent of the angles themselves." 

(366.) By Moivre^s formula we can obtain immediately 
expressions for the sine, cosine and tangent, of a multiple 
arc in terms of the sine, cosine and tangent, of the simple 
arc. By supposing x alternately + and — we have 

cos.mx^ ^/ — l sin.^r = (cos.a?+ \/ — 1 sin.ir)"* 

cos.m/r— \/ — 1 sin.^z = (cos.a:'— v/ — ^1 sin.*r)"* 
Hence 

cos.mx 

=i\ (cos.o:-!- v^ — 1 sin.a?)'" + (cos.a?— ^Z — 1 sin.a:)*"! 

sin.mx 

= 5— — -I (cos.r + -v/— 1 sin..r)'"— (C0S.J7— ^/ — 1 sin.ar)"* j 

•.' tan.mx 
__ (cos.a7+ x/ — 1 sin.o:)** — (cos.jt— V — 1 sin.a:)"* 
(cos.a:-|- // — l sin.jr)"" + (cos..r ~ v/~l sin-ar)*" 
*.• V — 1 ta.u.ma: 

_ (1 -f V^ tan.^r — (1 - v'^Itan.^)"' 



(1 + a/ -1 tsLn.x)"^ + (1 _ ^-. 1 tan.j) 



m 
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(S670 By the principles which have been just established, 
we are enabled to resolve the formula 

2** — 2asr + 1 " 
into its simple factors when a b not greater than uni^. 

Let a = ops«ar, and the formula becomes 

By solving the equation 

«^ - 2co8.jr;8^ +1=0, 
a/*" = COS. « ± a/ — 1 Mn.ar, 



'.• 2/ = (cos.ir ± V -^ 1 sin.a:)«», 
'.•«'= cos. h a/ — 1 sm. — . 

By the observations in (361.) it appears that of these two 
formulae for s/^ each is susceptible of m Afferent values 
found by substituting succes^vely for or, 

iT, 2* + j:, 4ir + J?, • • • • 2(w -» l)ir + ar, 
and therefore the proposed formula resolved intaits simple 
factors will be 
jK^ — 2jg" cos.a: + 1 = 

(X . *r \ 

z — (cos. h A./ — Ism. — ) I 
^ m ' m'/ 

I z — (cos. h -v' — Isin. ^ ) I 

\ j» m / 

I js: — (cos.-— V — Isin. ) j 

» 

/ , 2(m-l>f-fa7 . , — -. 2(m-l)ir+«\ 
{-z — (cos.-^ ^ + a/ - Ism. ) J 

/ , 2(m-l)ir-ha7 ^ -. 2(m-.l)*+4?\ 

I « — (oos.-^^ a/ — Ism.-^ ) I 



R 



24a 
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If each pair of simple factors be united by multi plication, 
we shall have the proposed forinula resolved into real qua- 
dratic factors, 
V" — 2tf" cos.;c + 1 = 



(2» — 8*COS. + 1){)!* — fecOB.- 

X (»* — 2x COS. 1- 1 



■ I) 



(W+x 



■■(»' 



■ 2x coa.-— 



-!)« + » 



+ !)■ 



It appears, therefore, that in general all the simple factors 
are imaginary, and the quadratic real. This theorem wai 
discovered by Molvre, and previously another similar to it, 
and deducible from it, was discovered by Cotes. In the last, 
let X = 0, and we have 

j:^ - 28- + 1 = (2« - Sr 4- 1) X {Z"- — 2SC08.— + I) 



X {z* - 2zcoi. + 1) 



X (x" - 2 



S{m~\y 



1). 



This may be somewhat Amplified; but to effect this, it is 
necessary to condder ^stinctly the cases where m is odd 
and even. 

1°^ Let m be odd *.* m — I is even. Henc^ exclumve of 
J* -• 2z + 1, there are an even number {m - 1) of qua- 
dratic factors. 

liut 



SECTr I. THB ANALYSIS OF ANGULAR SECTIONS. 34S 



COS. 



/ 2*\ 2it 

= cos.i Sir — — )=C08. — . 
\ my m 



m 

Hence the first and last factors in the above column are 
identical, and when united^ give 

{a^ - 22 COS. — f !)•; 
• ill 

in like manner the second and penultimate^ and every pair 
of factors equidistant from the first and last are equal, and 
when united, give, in the same manner, squares. Since the 
number of factors in this column (m -*- 1) is even, there will 
be two in the middle which, united, ^ve 

(;s«-2«cos.^-^— ^+1)^ 
Also, since 

«« - 2» + 1 = (z - !)•; 
we find by taking the square root of both members, 

2it 

;g« — 1 = (2 ^ 1) X (JK« - 2Z COS. + 1) 

X (2* - 22? COS. h 1) 

m 



X (2« - 2z cos.^ + 1). 



9P. If m be even, and ••• wi — 1 odd, there will be a 
solitary factor in the middle of the column, which will be 

«« - 2z cosX + 1 = 2?« + 2z + 1 

= (js + 1)^ 

The first and last factor, and those equidistant from them 
being united as before, and the roots of both members taken, 
we have 

R 2 
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2* 
;»»• — 1 = (ar — 1) X (z^ --^z COS. — + 1) 

X Iz'^ — 2z COS. h 1) 



<•!-> 



X (s« - 2z COS. + 1) 

x{z + 1), 
which are the factors of ^f* — 1 when m is even *. 

(368.) It is.plain, therefore, that when m is odd, »* — I 
has but one simple factor, which is real, scil. ii? — 1, all the 
others being imaginary; and when m is even, it has two 
real simple factors, scil. ^ — 1 and ;sr + 1, all the others 
being imaginary. 

The investigation of the simple factors of «*" — 1 deter- 
mines the values of the with roots of unity ; for if « — a be 
a factor of ^** — 1, a must be a root of the equation 

^r*" - 1 = a, 

the roots of which are obviously the mth roots of unity. 
Hence it appears that the roots of unity are included in the 

general formula 

2mr -. . 2/171' 

COS. h V — Ism. , ' 

771 m 

and are found by substituting successively for n the terms 
of the series 

Vf, X^ a^ O^ a • . • 

Thus the cube roots of unity are 

^ = 1, _ 

-1+ V-^ 



z = cos.120^ + V - lsin.l20« = 



5 



z = cos.240« + a/ — lsin.240o=: 



-1-V— 3 



* Another investigation of these theorems is given in my Geo- 
metry (588.) 



* ' 
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The last two roots may easily be verified by raising them to 
the third power. 
In like manner, by substituting 4 for m, and 0, 1, 2, 3, 

&r n, we find the fourth roots of unity to be 

« = + ^/ - 1, 5r = - 1, » = — a/ - 1, ;?=+!. 
Having determined the factors of a?"* — 1^ we may find 
those of «"• — a"* for 

jiT — or = aH-^ ~ 0' 

The HI factors of — ;;j — 1 being found, each of them mul- 
tiplied by a is the corresponding factor of 5f" — a"* ; and for 
the same reason, the determination of the mth roots of unity 
involves that of the mth roots of a"*. 

(S690 The principles which have been established in this 
siBCtion supply a very elegant geometrical construction re- 
presenting the sums of the squares, cubes, &c. of the roots 
of a quadratic equation of the form 

«« — pz + 1 = 0, 
in which p is not > 2. 

Let a circle be de- 
scribed with a radius 
equal to unity, and let 
AoPAj = /r, and let the 
srcs AqA|, A|A2, A2A3, •••• 
be equal. 

It is obvious that 

PA, = 2cos./r, PAj = 2cos.2;r, PAg = 2cos.3jr, &c. 

Let 01 be assumed, so that pa, =^, which is always pos- 
sible, since p is not > 2. Hence 

s^ — 2;8rcos.j: +1=0, 

1 ^ 
•/ 2: + — = 2cos.a: = pa,, 

and by (359.)> it follows that 

1 




;s* + -r- = ^cosJ2x = PA| 
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l' + — 3- = Scos.3^ = PA„ 
i* + — = 2cos.4d; = PA,, 



4 



The roots of the equation proposed beiag reciprocals, it 11 
obvious that the first members of these equations are the J 
sums of their successive powers. 



SECTION II. 

Of Oie development of the aines and cosines of multiple arct i 

in powers of the sines and cosines of the simple ares. 

(S70.) Notwithstanding the elementary nature of the tri- 
gonometrical analysis, and the attention which has been 
devoted to its various detuls from the time of Euler to the 
present day by the greatest mathematicians, yet the analym 
of angular sections remained until a late period in a most 
imperfect state. , Formulas expresang relations between 
the ^ne and cosine of an arc and those of its multiples were 
established by Euler, and subsequently confirmed by the 
searching analy^ of Lagrange, which have «nce been 
proved inaccurate, or true only under particular con- 
ditions, and it was only within the last three years that 
the complete exposition of this theory has been published, 
and general fbrmulse asugned expres^ng those relations. In 
the year 1811, Poisson detected an error in a formula of 
Euler, expressing the relation between the power of the ane 
or cosine of an arc, and the sines and cosines of certain 
multiples of the same arc. But the most complete dis- 
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cussion of this subject which has hitherto appeared is con- 
tained in a memoir read before the Academy of Sciences at 
J^ctris by Poinsot *, an eminent French mathematician, in 
the year 1823, and further developed by him in another 
memoir published in the present year (1825). 

The developments respecting multiple arcs may be di- 
vided into two distinct classes. The first includes all series 
in which the sine or cosine of a multiple arc is expressed in 
powers of those of the simple arc, and the second those in 
which a power of the sine or cosine of a simple arc is ex- 
pressed in a series of sines or cosines of its multiples ; to the 
former we shall devote the present section, reserving the 
latter for the following one. 

The series m powers of the sine, coane, &c, may be 
dther ascending or descending, and accordingly the severnl 
problems into which our analysis resolves itself may be 
enumerated as follow : 

To develop, 1». co8.nu: Jj„ ascending powers of cos.x. 



stxk.mx 



i 



'^"^ > in ascendinfi^ powers of 8in.dr. 
,truc y *^ * 

> in ascending powers of tsnjp. 

.os.mx i j^ descending powers of cos.j?. 
m.mx 3 ° '^ 

5®. sin.mx ? . j j. r • 

> in descending: powers oi sm^. 

cos.mjr3 



2^. ^.mx 
cos 

3*. sin.ma: 
cos.fnx 

4P, cos.mx 
sin 



* This mathematician has rendered himself distiDgnisbed by 
the invention of the " theory of couples" {Tkeorie des couplet), 
a most powerfnl instroment of investigation in analytical me^ 
chanics, and one which has not yet received the attention 
which it deserves from mathematical writers either here or on 
the continent^ and which I ventare to predict it most ultimately 
command. 
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(871.) To develop «w.mx in a series of ascending poweri 
ofcos.x. 



= y, and let 



vy- 1. 



But by (S59.), 



2cus.Tax = «"■ H — —. 



1 



If then z" be obt^ned in ascending powers of y, and ar"" 
deduced from it by changing the sign of m, we shall tbencc 
obtain 2coB.ffU7 in a series of the required form. 

Let 

s" = « = Aq + A^y + Ajy' + Ajy* + • . . - 
The solution of the question will be effected if the values of 
the coefficients of this series can be obtained without in- 
troducing any condition which restticts the generality of the 
problem. 

Let the series assumed to express u be twice differentiated, 
and the results will be 

— = A, + gA^ + 3A,y' + 4.Ay + 

^ = 2a, + 2.3a^ + 3.4a^ + 

Also, let 

« = (y + Vy'^- - 1)" 
be twice successively differentiated, and tlie results are 

(|)V-.,-.-« = o, 
air>-'>-(|)-(l>— • 
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hich divided by -r-, gives 

^(y' - 1) + (^-> - «%. = 0. 

Let the values of m, ^, t-^, derived from differentiating 

the assumed series, be substituted in the last equation, and 
let the result be arranged according to the ascending powers 
of y. We shall thus obtain the following series : 

Aom« + 2a,, 

+ [AXm* -. 1) + 2.8a3]^, 

+ [A2(m« - 4) -I- 8.4A4]y», 

+ [a,(7ii« - 9) + 4.5A5]y, 

+ [a4(»i*-16)+5-6aJ5^* 



+ {A^aK-(w-2)«]-h(n-l)(n)A,}y-», 

. • . =0. 

Since this must be fulfilled independently of y, the co- 
efficients must severally = 0. Hence we find 



m2 — 1 • 

2J 

w*-4 

m^9 
4.5 



•^8 O Q Ai, 



•^4 "~ « yl -^i* 



Aa — — . f. Aa, 
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Hence we obtain the following conditions : 

•^3 — "" 'o'^O^ 






A4 = + ^o A A^^ 



"^^ ^ "^ 2.3.4,5 ^^* 
_ ^ wi«(7w«~4)(m«~16) 
^* ~ ~ 2.3.4.5.6 ^^' 



The law of which is evident. These conditions, how- 
ever, fail to determine the first two coefiicients a^, a,. To 

du 
find these^ let ^ = in the series for u and -r-, and also in 

the values 

«^ = «" = (y+ vy^T^ 

du mu 



dy ^fy^^X 
and equating the results, we obtain 



m 
TT 



Ao=(v/- ir = (-ir. 



»«— 1 



A, = ^«( ^/ - l)"*-! = w( -1)2, 

whence we find 

A. = - ^(- ir, 

A3 = — ^;3"*^^"" ^^ "" ' 



T 
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2.3.4.5.6 



Hence we find 



^ ^' I 1-^ 1-2.3.4 ^ 1.2.3.4.6.6 ^ 

fw2(m« - ^) (m» — 4«) (m^ - 6«) _ 1 

^ _ . . . . s. 



+-(-l)^{y-^-^V + 



1.2.8.4.6.6.7.8 



1.2.3.4.6 



1.2.3.4.5.6.7 ^ J 

To find the series for ar""*, it is only necessary to change 
the sign of m in the result which has just been obtained. 
Since neither of the series in this result contains any odd 
power of fn, this change produces no other effect than to 
change the sign of the coefficient of the second patenthe»s. 
Let the series in the first parenthesis be called for brevity s, 
and that in the second s', and we have 



m »i— 1 



2" = (- ly. 6 + to(-i)~. s'. 



m m — 1 

"T 



^m = (- 1) \ s + m(-l) » . s'; 

m — 1 m — 1 

since — w(— 1) "»"= w(— 1) * . 
Hence, by addition we obtain, 



^ tn iw^l m— -1 



z'-+;sr-=:[(-ir4-(-l) *3s + [(-l) » +(-1) ' ynsf, 

tn tn M^ 1 

v2cos.7W^=[(-l)''+(-l) *]s + [(-!)« 

+ (-1) "^]ws' . . . . [1], 
which is the development sought. 

(372.) The form of the coefficients of this formula may 
be changed, ^y (361.), we have 

(cos.^+ V — lsin«r)"*=cos.w(2n7r±^) 4- ^ '-lsin.m{2nK ±a) 
n being any positive integer. Let x = {r** *•' 
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m 



(— l)'^=cos.4^m(4n±l)«'-h ^/ - lMn4m(4»±l)*, 



m m 



... (- 1)^ + (_ 1)^ = 2cos4m(4n ± !>, 



m— I m— 1 



(- 1) 2" + (- 1) 2 = 2cos4(m - l)(47i ± l)ir. 
Hence the series for cos.97i^ becomes 
cos.wwF=cos4wi(4w±l)7f.s-hcos4(?7i - 1){4»JF l>r.ms'...[2]. 

In this formula n is an indeterminate integer, for each 
value of which the second member has two values corre- 
sponding to the double sign +. The successive terms of 
the series 

.^ 0, 1, 2, 8, ... . 

being substituted for n in cos4^(4/i + 1)^^, it will suc- 
cessively assume different values until the number sub- 
stituted for n is equal to the denominator of m ; for this 
value of n the value of cos4m(4n + 1)^ will be equid to 
that obtained by substituting for ti; and all integers 
greater than the denominator of tti will in like manner give 
a constant repetition of values before obtained by substituting 
for n values less than the denominator of m. It follows, 
therefore, that oos.i;W(4n + 1)* is in general susceptible of 
as many different values as there are units in the deno- 
minator of w, and no more. In like manner cos.| w(4w — \)ii 
is susceptible of the same number of values, and therefore 
the coefficient of s is susceptible of twice as many values as 
there are units in the denominator of m, and a like ob- 
servation applies to the coefficient of ws'. 

Since s and s' involve no functions of «r, except cos.a:, the 
change of x into 2w7r + x makes no change in their value, 
and it follows, therefore, that for a given value of cos.a; the 
second member of [2] is susceptible of twice as many values 
as there are units in the denominator of m. It is therefore 
necessary to show how cos.ma; can have several values cor- 
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Tesponding to a ^ven value of cos.^. The angle x being 
dianged into SnV±jr, n' being an integer, makes no change 
in cos.;p, but changes co&^mx into co8.m(S#if«' ± x\ which by 
(361.) has twice as many values as there are units in the 
denominator of m. Hence the formula [2] will be more 
generally and correctly expressed thus, 

cos.wi(2n'ir ± a?) = cos.4m(4/i + 1)*, s . 

+ cos4(w — l)(4n ± l)«'.tws', 
where both members have the same number of values, and 
^here the values of the indeterminate integers n', n are sup- 
posed to be less than the denominator of ^n. 

It still remains, however, to show 4he values of each 
member which correspond respectively to those of the other. 
Since the value of each member changes by ascribing dif- 
ferent values to the integers rJ and n^ this question only 
amounts to the determination of the relation between any 
two corresponding values of these integers. 
Let X = ^v, and therefore s = 1, s' = 0. Hence 

cos.m(2n'ir + ^ir) = cos4^4n ± l)w, 
or cos.iwi(4n' ± Vyn = co6.4m(4n ± 1)^. 
Since n and n! are not supposed to receive any value greater 
than the denominator of m (for all the values of the cosine 
after that would only be repetitions of former values), this 
last condidon can only be satisfied by 

n = n'. 
Hence the formula becomes * 

* In clearing the formula [1] of imaginary qaantities, La- 
grange has fallen into an error which was lately detected by 
PoinMot, and the difficulty explained as above. Lagrange b mis- 
take arose from assuming that 

(V^ — !)"• = coB^imir 4- y^ — 1 tin*r^»it, 
whidi is evidently errooeous^ since the first member has as iBany 
difoent valoes as there are onits in the denominator of m, and 
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cos.m(2nii' ± a?) = cos«4^m(4n ± 1)* . s 
-I- oos.4:(97i — l)(4n ± l)ff . ms' • • • • [8]. 
(373.) It does not always happen that the formula ex- 
pressing the value of co8>mx includes both terms of the se- 
cond member; for the angles whose cosines are the mul- 
tipliers of s and s' in [3] may one or other of them be an 
odd multiple of a right angle, in which case the multiplier 
will be = 0, and the term will disappear. 

To determine the conditions under which this can occur, 
it is necessary to consider when either of the numbers 

4jm(4/* ± 1)^, 4.(m - l)(4n ± l)if, 
is an exact odd multiple of ^te. 'I)his evidently takes place 
when either of the numbers 

m(4in ± 1), (m - 1)(4» ± 1), 
is an odd integer. 

Let m = — y, and let i be any odd integer. That the 

first of the above numbers be an odd integer, it is necessary 
that 

ml{4in ± 1) = w'i« 

Since m' and w' are prime, one or other must be an odd 
number ; but since 4n ± 1 and i are also odd, it is necessary 
that both m! and n' should be odd. 

Also, since m! is prime to w', and measures n'l, it must 

the second member has but one value. He forgot to take into 
account, that while the change of x into 'Unit -f- x produces no 
change on 

(cos.o: -f- /y/ — 1 sin.o;)''*, 
it does produce a change on 

cos.mx -f- y^ — I 8\n.7nx. 
In fact, without this consideration, Moivre's formula itself is 
involved in the absurdity of one member having a greater num- 
ber of different values than the other. 
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Tneasure i. Let -r = t, which must be an odd integer, 

anoe both i and fnl are odd. Hence 

4n±l s: v!i^ 



4n±l 



n' 



s »• 



But since n is supposed to receive no value greater than 
fl^ i cannot be greater than 4 ; and since it is an odd integer, 
it must be either 1 or 3. The two corresponding values of 
n are 



n = 



n'Tl 



n = 



Sw'Tl 



4 ' " ~ 4 

The denominator ri being odd, must be either of the form 
4^ -f- 1, or 4^ — 1. 
If n' be of the form 4^ + 1, the two values of n must be 



n'-l 



n = 



n = 



3n'+l 



4 '•"" 4 

since 4 evidently would not measure n' + 1 =4^ + 2, nor 
8«' - 1 = 12< + 3 - 1 = 1^^ + 2. 

These values of n being substituted in [3], and m being 



m 



changed into — y, and the sign + only being used for the 



n' 



first, and — for the second, give 



rrifi 

COS. —71 ' 



2 



+ 



J? j = COS. 



\tdit\ s 



m 



+ cos.^(m' — n')w . — r-s' 



n' 



cos.-7( — T^ — f( — jr j = cos.|W7r . 



s 



m 



+ cos.|^(m' — n')!* • — rs 



n 



[4]. 



Since ni and n' are odd, 

cos-irTtV = 0, cos4(m' — riyic = ± 1, 
cos.4m'ir = 0, cos.lC^ "" ^*')* = ± 1> 



^6 
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- ^ J = ± 



• • • 



[5], 



COS.- 



the fflgn 4- being used when i(m' — rtl) is even, and — when 
odd. 
If n' be of the form U — 1, the two values of w are 



n = 



n'+l 



n = 



8«'-l 



4 ' " ■" 4 

for it is evident that 4 would not in this case measure ti — 1, 
or 3w' + 1. 

These values being substituted in [3], and m being 



changed as before into tj,'^® obtain 
m'/n' + l \ , , 

cos.--^( — 5 — «•— X\ = COS.^WlV. 



S 



m 



+ cos.4(m' — ri)jt . — 7s' 



w 



cos.-^ — p — TT -f o: J = cos.l^wiV . 



> • 



m 



+ cos.|^(7»' — n!)'jr . -y s' 



[6], 



[7]. 



Hence as before, we find 

The signs + and — being used as before. 
(374.) The condition under which 

(m-l)(4n±l)=— -r-(4n±l) 

should be an odd integer, may be immediately derived from 
those of the last case by changing nJ into m' — n'. Hence 
the two values of n are the same as those already found; 
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mnd fi and wl — »', must be odd integers. Hence ni is even. 

Hence we have 

cos.4^mV = ± J, cos.4-(wi'— »')«• = 0, 
oos.4i»''r = + 1, C06.|^(fii' — It*) «• = 0. 

Hence the formulae [4] and [6] become 

w'/n' - 1 \ 



cos. 



s 



C08.-r( s «• 






s 






[8] 



^he sign -f being used when 4 ^' is even and — when odd. 

(875.) From the preceding observations it appears that 
'when the denominator of m is odd there are always two 
values of an angle x whose cosine is given, of which the 
cosine of the multiple inix admits of being expressed by a 
single series of ascending powers of the given cosine *, but 
that for all other values of the arc whose cosine is given 
the cosine of the same multiple requires the combination of 
lx)th series s and s'« 

If the denominator of m be even, there is no value what- 
ever of the angle v/hose cosine is given which allows of 
cos.wjo? being expressed by a single series. 

(376.) The case in which m is an integer comes under 
the cases where the denominator of m is of the form 4^ -f 1, 
i being in this case =0. If tw be odd we have by [5] 

cos.mx = ± ws', 



* Before the publication of Poiusot's Memoir these cases wore 
not noticed. Lagrange expressly states that whenever w is a 
fraction b{)th terms of the second member of [3] are necessary^ 

s 
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the «gn + being used when \{m — 1) is even and -^ when 
odd. If m be even we have by the first of [8] 

cos.ffM: = ± s, 
the sign + being used when im is even and — when odd. 

(377.) The laws of the two series s and s' are easily de- 
fined. Let T,be the rth term of s and t' of s' ; by attending 
to the forms of the coeificients and exponents we find 

* 1.2.8. 2(r--l) ^ 

._ (m^-V) (in«-3«) (m^-B^) > > > (mg-(2r-~3)«) 

- 1.2.8. ar-1 ^ ' 

It is evident from the forms of these terms that the aeries 
8 can only terminate when m is an even integer, and s' when 
mx is an odd integer. 

(878.) To determine the number of terms in each series 
when it is finite, let n be the sought number. The (n + l)th 
term mu$t therefore = 0. Substituting n + 1 for r in t 
and t!, and putting the results = 0, we obtain 

w«-(2n +2 — 4)* = 0, 

the number of terms in s ; and 

w«-(2w + 2-3)2 = 0, 
w+ I 

the number of terms in s'. 

(379.) To obtain the last term {%) of s, it is only neces- 
sary to substitute the value of n in place of r in t, and the 
result is 

_ 7n%m^—^^) (mg — 4«) (m« - (m - 2)^) ^ 

^""^ 1.2.8. . . m ^"' 

Each factor of the numerator may be resolved into two thus, 

m^ =i m X m, 
(fw«- 2«) == (w -f 2) X (m — 2), 
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(i«« - 4») = (m + 4) X (m — 4), 



(m* - (m - 2)2) = (2m — 2) x 2. 
The second factors of these, be|^ning from the lowest, are 
obviously the even integers from 2 to m inclusive, and the 
first factors beginning from the highest are the even int^ers 
from m to 2m— 2 induave. Thus the ample factors of the 
numerator are all the even integers from 2 to 2m — 2 inclu- 
sive^ the factor m being twice repeated. The numerator of 
X may therefore be written thus, 

2. 4. 6. • • • (2m — 2) X m;, 
which is equivalent to 

1.2.3. . - . (m - 1) X m X 2^K 
The factors of the denominator destroying all these except 
2^'^\ we have 

jp = Hh 2'»^^y~, 

+ b^ng taken when -^ is even and — when odd. 

•ft I f 

(380.) To determine the last term :/ of s', let —5 — be sub« 

stituted for r in the general term and we obtain 

^ - H- (»»^-l^)(w»^--3') ' ' ' (m2~(m-2)g) 

1.2.3 w ^' 

Each of the fact(»rs of the numerator may, as before, be 
Tesolved into two thus, « 

(m«-l«) = (m + l) X (w-1), 
(m«-3«) = (m+3) x (m-3). 



-» 



(m«-(m-2)«) = (am-2) x 2. 
The last factors of each of these beginning from the lowest 
are the even integers from 2 to m — 1 inclusive, and the Stst 
beginning from the highest are the even integers from m + 1 

m2 



\ 
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to 2m — 2 inclusive* Hence the factors of the numerator 
may be expressed thus, 

2.4.6. • (2m- 2) 

= 1.2.3. (m-l).2~-'. 

Hence 

1 

«' = ± — 2»'~' y"". 

PROP. C. 

(381.) To develop sin.vax in ascending powers qfcos.x. 

By subtracting the value of «""• obtained in (371.) from 
that of ^'"j and the result being disengaged from the ima- 
ginary symbols by the method used in (372.) becomes 
sin,m(2nif±x) = sin.4^w(4w±l)irs -I- sin.|(w— 1) 

(47i±l)ir.jws'. [9] 
All the observations in the last proposition are equally appli- 
cable here. When the denominator of m is an odd integer 
there are always two values of an angle x whose cosine is 
given, which are such that sin. two: will be expressed by only 
one of the two series in [9]. 

(382.) To determine the conditions under which this 
will happen it is necessary to determine when either of the 
numbers 

W2(4« ± ] ) (W - 1 ) (472 ± 1) 

is an even integer. 

To find the values of n which will render w(4w jf 1) an 
even integer, let 

w/(4n± 1) = I, 
•.' »/'(4// ±1),= i?i'f 

•.• 4w -+- 1 = — ,?i\ 
~~ m 

Hence — -,n' is an odd integer, therefore — -. must be an odd 
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integer, therefore rri must be even. Let — y =^ «, 

•.• 4ff ± 1 = vd. 

It may be proved, as in the former case, that % must be 
either 1 or 3, and that when ii has the form 4^ + 1^ the 
values of n are 



w'-l 



n = 



n = 



3»'+l 



4 ''•" 4 ' 
and when vi has the form 4^ — 1, the valueis are 



II = 



n' + l 



3n'-l 



n = ~ 



4 ' " ~ 4 

(383.) In like manner, in order that {m — 1) {^m. ±1) 
be an even integer, the same values of n are obtained, and 
it is necessary that ri should be odd, and tri — nl even, 
and therefore m! odd. 

(384.) Hence if m! be even, and the values of n obtained 
above be substituted for it in [9], we obtain 



sm.—C —3 — It H- or 1 =3 sin.im'ir . s ' 



+ An.Um! — wV . — rs' 
sm.— y4 — 5 — * — j: J = sm.l^wV . 



tJV 



+ sin.Kwi' — n'y . — rs' 



sm 



.■^— o — ^ - a: 1 = sm.^7/iV . 

fn! 
+ sin.|('W — n!)ir . —rs' 

tf + iT j = sin.^mV.s 



sm.~ri 



»'\s 2 



w' 



-I- sin4(^' — n!)if.—rs^ 



IV 



• . • • 



[10]. 
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But since m! is even and ri odd, 

mJymlnt = 0, inn.4(77i' — 7i!)it = ± 1, 
fkivk^mlTC = 0, sin^C^' — w')ir = ± 1. 



Hence 






Sin.- 






[11]. 



71' 



S 









[!«]• 



The first two being true when n' is of the form 4l^ -f- 1, 
and the last when of the form 4^—1. The sign + is used 
when 4(m' — n' + 1) is odd, and — when even. 

(385.) If wi' be odd, 

sin.i^m'tf = ± 1> sin4(w' — w')* = 0, 
sin.^wt'ir = ± 1, sin.-|(m' — n^it = 0. 
Hence the formulae [10] become 



sm. 



mV w' + 1 



tf — .r J = + g 
. wVw' + l \ 

Tj* -f 47 J = i S 



f 



[13], 



sm.— rl 



the sign + being used when ^(m' + 1) is odd, and — when 
even. 

(386.) The series s and s' in [9] being the same as those 
in [3], their law and properties when m is an integer have 
been already determined. 

It is obvious that when m is even, we have 



2.f 

2. 

2. 

2. 



10. 



9. 



10. 



1. 



2. 



f9. 



i 



S2. sec.(« 



^. coseci 



24. coseci 

25.* sin.wi 

26.* sin.J 

27.* cos.al 

28.* cos.a 



29.^ 



30.* 



31. 



sin.oi 

sin.oi 

sin. 

cos,< 

sin.< 



32.^ 



33. 



34. 



cos.< 
sin.^ 
cos.1 
sinj 
c< 

C08« 

cot 
35* sii 
36.* 

37.* 

38. cot 

39. s< 

40. co« 

41.* sii 



recip* of 10. 



ID, of 1. 



recip 



reap 

3. 

4. 
11. 
12. 



io. of 3- 



26-r26. 



26-^27. 



26-r28. 



26-r27. 



26-r28. 



27 -r 28. 

1. (w = J) 
. 11, 18. (a; = a/). 

17. (w = «'')• 

19. (w = »')• 

21. (w = ««')• 



23. 



36. 



(w = w'). 



L 



> 



/!#- 



•^ 



42.* cos.^ 
43.* sin.c 



44. tan4 



46. cot.-4* ^ 



46. sec.i4k 



47. cosec.4^ 



48.* sin.4fi 

40.* COS.6O 

50.* sm.m 

51. VSsin. 

52. sin. 

53. sin, 

54. tan 

55. cot. 

56. sec. 

57. — 

tan 

58. tan 
69. cot. 



Re 

Sid 



3iy£N. 



SOUGHT. 



; b A 



I b 



c 



B C C 



ABC 



B a 



. B C 



\ b 



b c c 



a b c 



ABC 



sin.B = — sin.A, c = 180® — a — b, c = 
a 



a-h 



tan4(A— n)=— icot.^o, cos.^(a— b)= 



a+b , 



•sm. 



Let sin.«9 = , . „,^ , •.• c = (a + 6)cc 



sin.B 



sin.(A + B) 

— n 2 1 r« — 



6 = a-r-^, c = a ^""V ' "^ c = 180* 



sin.A 
sin.A 



sin.A 



a = c - 



sin.(A+B) 



, ft = c -: 



sin.B 



sin.(A+B)' 



c = 



(s— 6)(5— c) ^ a(s— a) 



6c 



sin.2i-B= ^ -^ 

* ac ' 



COS.'^B = 



. „, (s— o)(5— i) 

Sin.^^C = — ' nr^a^in — 



ab 



, cos.^^c = 



6c ' 

sjs-b) 
ac ' 

5(^— c) 



^^^^^^^K Values Jbr the side i 


r 

i 


^^^^^H 




^^B 




^^^^^V acos.s + &COS.A. 




^^^^V^ 4. (<i< + b'- ~ ^b&ys.c 




^^^^F [(a + by - 4a£cos.' 




^^^^C [(a - d)' -)■ 




^^^^^^^^ 7- dcos.A + a(l — 




^^^^^^^B S, bcos.A. + (a^ ~ b^xQ 


u 


^^^^^^E 9. ncos.B + b{l — 


■ 


^^^^^^ 10. acos.B + (6* - fl'^si 


^ 


n *" 




cos.B+sin.ncot.c 





ft 



C(}S.Ai-Mll.ACOt.C 

ncos.n + nsin.Bcot, 
ficos.A + 6sin.ACol 



Values ofsm.c. 
1. sin.(A + b}. 



Resolutiofh qfi 



Sides a, b, <^ 



GIVEN. 



c 
c 



a 



a 



a 



B 
A 



a 
b 



B 



B 



SOUGHT. 



B 



b 


a 


a 


b 


B 


a 


A 


b 


c 


A 


c 


b 


c 


a 


c 


b 


c 


a 


c 


a 



A 

B 



B 



B 



B 



sm.6 : 
8in.a : 

sin.B = 
sin .A = 



8in.c sin«B 
sin.c sin.A 
sin.6 



8in.c 
sin.a 
sin.c 



COS.C = cos.a cos.d 



s\n.c = 



sm.c = 



tan.c = 



tan.c = 



sm.a 
sin.A 
sin.d 
sin.B 
tan.a 

COS.B 

tan.i 

COS.A 



COS.C = cot A COt.B 



to 
to 

CO 
CO 

to] 

sir 
sii: 
toi 
toi 

COf 



f 



1. COS. 



2. 
3. 

4. 



6. 



7. 



8. 



a 

b — COS. 

c 



cos.(6 + c) 
sin.5 sin.c co 
sin. 6 sin.c sii 



5. sin.& sin.c sii 



tan.«-iA = 



sin. A sin.B 



sin.^ sin.^ 




A 


1 


COS. 


BCOS. 

c 





9. sin. 



a 

bcos, 

c 



Bi 



A 
Ij 



a 

10. sin. b COS. 

c 

11. sin. (a + il 

12. sin.(a — ^ 

i 

13. sin. [(a -f I 

14. sin.{(A — 

15. cos.4^^(a -}- 



16. cos.i(A - 



\ 



17. 



18. 



20. 
21, 

22. 
23. 

24. 
25. 
26. 



30. 
31. 

32. 



34. 



cos.t(a— 5) 
tan.i(A + B) = ,. , ,. cot.tc. 

sin.i(a~6) , 
tan.tlA — B) = - — r- J- cot-ic. 



19. COS. 



A 




a 


B 


B - 


- COS. 


6 sin. 


c sm. 


C 




c 


A 



c 


B 


A + cos. 


ccos. 


B 


A 



sin.B sin.c cos.*4^ = cos.(s — b) cos.(s - 
sin.B sin.c sin.^^^ = "~ cos.s cos.(s — a. 

sin.B sin.c sin.a = 2n, 

cos.(8 — b) cos.(s — c) 

cot.«4^ = ^^ r ^ • 

cos.scos.(s— a) 

sin. a sin.d sin.c 2n 



sm.A sin.B sm.c sin a sin.B sin.c 
4n7i = sin.a sin.& sin.c sin.A sin.B sin.c. 
sin.a sin.6 sin.c n 2n 

N 



27. cos. 



28. sin. 



sm.A sm.B sin.c 

a c 

b COS. A — sin. 

c B 

A b 

B COS. C - cos. 

c a 



sin.A sin.B SI 



a 


b 


c 


6 cot. 


c + sin. 


A cot 


c 


a 


B 


B 


c 


B 


csm. 


A — sin. 


ccos. 


A 


B 


A 



29. sin. 



A 

BCOS. 

C 



C 

a 



COS. 



c 
A sin. 

B 



B 

c — sin, 

A 



c 

A cos 

B 



sin.(A -i- b) cos.2^c — cos.t(flf — b) co 
sin. (a — b) sin.^tc — sin.i<a — b) sir 



sm.tc 



an.t(a + b) = ^T—T- cos.t(A — b). 

sin. 2^ 



sui.tc 



sin.i-(a — 6) = — j-sin.i:(A — b). 



cos.tc 



cos. c 
cos.i(a + 6) = . * * cos.t(A + b). 



sin.jc 
cos.i-c 



35. cos.t(a — 6) = 7- sin.7(A + b). 



cos.tc 



36. tan.i(a + 6) = 

37. tan.i(a - i) = 



38. 
39. 

40. 

41. 
42. 

43. 



47. 
48. 

49. 
50. 

51. 

52. 
53. 
54. 

55. 



n.(a— 6) 



= ta 



n.(a+i) 
n.(A — b) ^ 
n.(A+B)""^ 
n.t(a— ft)cot.: 



cos.f(a + i) 

sin.A sin.B — si 
8in.A sin.a = [t 



sin. 



44. sin. 



45. sin. 



46. sin. 



A 
BCOt. 

c 

A 

BCOt. 

C 

a 

6 cot. 
c 

a 
6 cot 



a 

6 = si 

c 

a 

6 = s 

c 



A 
B 
C 

Ic 



s. 

I 



d 



sin.^c sin.(flf — i' 
= COS. (a — 
sin.^(a 



cos.c 

sin.*tc ^_ 

cos.^i:c =cos.®t(<! 
sin.(d 
sin.(c( 
= — cos.(j 
sin.^i( 



cos.c 
cos.'tc 



sin.*i:c = cos.*t( 

sin. (a 

cot-^tc = ^~ 

sin. (a 



\ 



TABl 

sin.(5 — a) sin.(4 —6)' sin.) 
56. sin.tA sin.tB sin-ic = SSi^TiOriHT' 

[sin.5 sin.^.sin.5 sm.{s ^a 

57. COS.tACOS.tBCOS.iC = ^JJJ^ 

Csin.(5 — a) sin.(5 — b) sir 
sin.$ sin.5 sin.5 

cos.(s — a) co8,(s — b) cos 

69. COS.ia COS.t^ COS.tC =^ v :; : 

t^i/. w 4 X X sin.A sin.B 6in.c 

[ — COS.S COS.S COS.8 cos.(& 

sin.A 



60. sin.ia sin.fft sin.ic = 



,- , r cos.(s— a)cos.(s — b) 

61. cotia cotifi cot-tc ;= ^ r^ — -. r 

* L Sin.A sin.B sn 

62. n = ^[sin.^a sin.^6 sin.*c sin.A sin.B sin.c]^. 

I 

63. N = t[sin.a sin.6 sin.c sin.^A sin.^B sin.^c]^. 

I 
n rsin.a sin.A sin.t"!^ 

64. — = : : • 

N Lsin.A sin.B sin.c J 



65. ;..5 = 



I n^ 



I sin.a sin.6 sin.e sin.^A sin.^B sin.fc %i 

r 

sin.a sin.J sin.c cos. t A cos.Jb COS, yc ^ 

66. sm.s = '• = »- 

n 

67. 8in.«5 = 



tan.fA ta^i.tB tan.fc 



68. COS.S = : : ' 1 TT T* " 

sm.A sm.B sin.c cos.^a cos.to cos.tc 

sin.A sin.B sin.c sin.ffl sin.fi sin.fc ] 

69. COS.S = • = 2- # 

N 

70. cas.*s = -— ; -jT — -v 

cot.t« cot.fo cot.tc 

71. 71* = 4cos."-ia cos.2-5 cos.«tc — U — cos.^i:a — 

72. n'^ = 4cos.«ia sin.^t^ sin.^fc — [1 + cos.^ia - 



73. 


N* = 4sin.^ 


74. 


N^ = 4sin.* 


76- 


1- 

COS.S — - 


76. 


1- 

sin.s = — 


77. 


tan.s — -|^ ; 


78. 


1 

tan.s = — 



79. sin.(s - ' 



80. cos.(s - 

81. tan. (5 - 



82. cos.(s ~j 



83. sin.(s 



84. cot.(s - 



Resolution o 
Sides a, 



. ( 



I 

I 
/sin.5 sin.(5 - a)\^ ^ 2sin.i(9- 

2. 0O8.tA = I : — T": 1 5. COS.A = ~ 

\ sin.asin.c / 5i 

I 
. /sin . (s — 6) sin, (s — c)\ * 

\ 8in.« 8m.(5 ~ a) / 



r, COS. (a 

O. COS.A = T-~- 

0OS.9B1IL 



Givi 



I 

. /-cos.scos.(s— a)\* . 2[-.cos. 

1. sin^ta = I : ; ) 4. 8in,a = — == 

\ sm.B sin.c / 

/cos.(s-b)cos.(s— c)\* ^ 2co8.i(A 

2. cos-ia = I 1 : ) 5. cos.a = ^: 

* \ sin.B sin.c / 81 

/ cos.(s— b)cos.(s— c)V c co8.(a- 

3. cot.~a = ( — —. — ^— V— ^ J Ofc cos.a = -t ?-- 

\ COS.S cos.(s — a) / sm.B smj 



Given two sides (a 



P. To determine a and b. 

COS.tC 



1. sin.i(A + b) = ^^ cos.i{a - i)| 

. V cos.tc . 4 

8in.i(A — b) = -7--T7 sin.7(a - 6) 1 



2. C08.t(A -i- 
C0S.7(a — 



* COS.-* signifies '* the angle whose cosine is." Thus cos.-*(c< 
similar signification* 



73. N* = 4jsin> 

74. N^ = 4sin.* 

76, COS.S = — 



76, sin.s = 



1- 



77. tan.s = Y^ 

1 

78. tan.s = -^ 



79. sin.(s - ' 



80. cos.(s - 

81. tan. (5 - 



82. cos.(s ~. 



83. sin.(s H 



84. cot.(s - 



Resolution o 
Sides a, 



I 



I 



(sin.(s— i)sin.(s— c)\» . . 2psin.«8i 

— jm^r:: — J "*• ^^-^ = 
sin.o sin.c / 

_^ 

/sin.5 sin.(5 — a)\* ^ Ssin.ftd - 

2. OOB^iA tx: I . ^ . J 5. COS.A = ~ 



(sin.5 sin.(5 — a)y 
sin.b sin.c / 

, /sin.(s— 6) sin.(s — c)\ 
^^ * \ 8in.« 8in.(5 - a) / 



^ COS. (a 

O. COS.A = T-~— 

OOS.0 Bin. 



Givi 



I 

(-cos.scos.(s— a)\^ . . 2[-COS. 
: r— J 4. sin.a = -t 
sm.B sin.c / 

'cos.(s — b)cos.(s— c)\* 2coa.t(A 



(cos.(s — b) cos.(s— c)\* 
: 1 ^ ) 5. cos.a = 
sin.B sm.c / 

I 

(cos.(s— b)cos.(s — c)\^ ^ co8.(a- 

C08.S cos.(s — a) / sin.B sin.< 



Given two sides (a 



P. To determine a and b. 

COS.tC 



1. sin.i(A + B) = ^^^ cos.t{« - A) I 

s cos.i^c . , , TV I 

8in.i(A — b) = ^-j- sm.^{a - 6) 1 

sin* ^c 



2. COS.t(A -f- 
COS.t(A — 



* COS.-* signifies '* the angle whose cosine is." Thus cos.-*(c< 
similar signification. 



cos.i(a— 6) 
5. tan.ttA + B) = ^^;T(r+'ftj«^ 

sin.t(q — &) 

2". To determine the side c 

sin.a . 
1. sinc='- — sin.c, 

SID-A 



BSERVATIONS. 
(iG lirit fonnula » 
' uicfu) ahen A hu 
I pteviouity CDm- 

t. The quaatiiin 
are repiesenled hj 
ke easily computed. 

^ I If. To eompule 
. b,Iet9=lan.— '-rt 
.»^cfiin.asin4n.'e = v ■.- 1 + s 



-tMu>fl (237.) 



i 



1". To determine a and 

sin.^c 



Sin.^C , , , -. >gouB to those in 

1. sin.i(a + f>) — -r-rr-COS-i^fi - B) J ast case, »nd «mil« 
""■i'- T rvatiom are appli- 

sin.-rc , , , V i '■ 

aii.i(i.-6) = ;j;75;»n.i(»-B)) 



COS.iC 



acos.i(a + 4) = ; 

co,.i(.-6) = ^ 

2°, To determine the angle c. 

sin. A . 
1, sin.c = -. — am.c. 
sin .a 

COS.A COS.(*-t-B) 



•A 



9. cos.c = - 



[S = tan.- 



8in.H:(A + b) 



6. coi.ic=-sin.i<A-B)sin.icl l+2j^^^^ =-8in.i 

Ccos-^^Ca + b) "1 ^ 



Given two sidei 



F. To determine the angle b opposed to thi 



i 
ni 

SlIkB = -r- 
8U 

1. If f7i < sin. A, there is no solution. 
S. If m = sin. A, b = 90^, when a and a . 

When a and 

3. If m > sin«A and < 1, there are two £ 

When a and 

4. If m be not < 1, that value of B only 
^. To determine the angle c. 

oos.^ s tan.ft 

1. If m > 1, c = p 

c = p 
% If m < 1 and > si 
3^. To determine the side c. 

COS.^ = COS. 

1. If m > 1, c = 9 

c = 9 

2. Ifwi < 1, c = <p 
If b be previously determined, the angle c i 

cot^< 



tan4 



p. To determine the ric w^tions 



1 l£m < BitkM, there 

2. If m s sin.a, b =' 

3. If m > dn.aand - 

4. If f7i be not < 1, t 
2^. To determine the sic 



lobierTatioiis 
■•in the last 



1. l£m > Ij 6 and (p 
species. 

2. If m < I, (p has t^ 
3^. To determine the an 



If m > l) ^ and 6 are 
I( m < ly (p has two s 



1. D = r«(2s — 91*), 



If r = radius of the sph( 

formulae the 

all expressed 

the radius 

le method 

. . , the formulae 

9 «m «T. - £!l!ilf" ding ones re. 

<. sin.^D 2 other radius 

sxplained in 



T T, (the 1 ^1 

('ftiri-.c sin jm 



\ 



% 



3. COSr^D 

6. tan^D = 

7. taii.4-D = 



cos.4/3( cos4& + sin-l^ sin.^ coa 



C08.a + 



COS.^ 
»8.a + C08.i + C08.C + 1 

4cos.4^ cos.-^ cosmic 
^/tan.4^ tan,^{i 



_ cos.^4J 
COS 4c ~" 2{ 



. 

^/t8Ln.\8 tan4(^ — a) tan4(^ - 

tan.^^s XBn,\b sin.c 
1 +tan.4fl tan^ft cos.c' 

sin.^^ sin4d sin.c ^. 

4cos4(<p + 9) cos4(<i> - ey ■• 
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4- being used when ^m is even, and — when odd. 

And when m is odd 

sin. mx = ± s, 
+ being used when i{m 4- 1) is odd, and — when even. 

(887.) Another form for the development of sin.97ij? in 
ascending powers of the cos.^? may be established by dif- 
ferentiating the series found for cos.77iar in (372). By this 
process we obtain 

ds 
nmn.m(2ivif + ar) = — co8.4m(4n + 1) ^r.-r- 

ax 

di/ 
— cos4(m — 1)(4» ± l)* . w-T-, 

dy" \y^ ~i72.3 ^ 1.2.8.4.6 ^ 

d^ m«-l» ^ (w«-l«)(m«~3«)^ _ , 

rfy ~^ 1.2 y "^ 1:2:3:4 ^ ""' 

^ = - sm.^, 

ds . ds' . , 

•.• -r- = wsin.a?B, --y— = — sm.ar.a', 

••• I7i8in.m(2mr ± a?) = — sin.^[cos.:^m(47» ± l)ir.mR 

- cos.i(m - l)(4n ± l)if.E'] • • • • [18]. 

This being deduced directly from the formula [8] is 
liable to the various modifications which have been shown 
to be incident to [3], on assigning particular values to m 
and n. The several modifications of [13] which correspond 
to these may br deduced by differentiating the several series 

[51 [7], [8], &c. &c. 

(888.) The laws of the series b and r' are easily defined. 
Let T and t' be their rth terms respectively 

_ wg(^^~2«)(ffl«-4») [w^— (8^-^y] ^^i^i 

^"" - 1.2.3 2r-l . ^''^ 
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"" - 1.2.3 2(r-l) -^ ' 

The number of terms in r is only finite when m b an 
even integer, and in u' when it is an odd integer. The 
number in a is evidently one less than in s when it is finite^ 

and is therefore equal to -^. But the number in r' when 

it is finite is the same as in s', and is therefore — ^. 

The last terms of r and r' in these cases may be obtained 
by differentiating those of s and s', and dividing the one by 
msm,x, anfJ the other by — sin.x. - 



PROP. CT. 

(389.) To develop the cosine or sine of a multiple arc in 
ascending powet^s of the sine of the simple arc. 

Let y = sin.jT, 



z =z vi - y -{- j/v - I, 

z'" =(^/l-3^2 + y V - IT; 

and since 



, — in 



2 V — l^in.mx = ^'^ — z' 

the problem will be solved by obtaining the development of 
z"^ in ascending powers of y. 
Let 

2'" = Ao + Ajy \- A2«/^ 4- . . . . 

By proceeding exactly as in (37L), we shall obtain 
«"-Ao^l -ygr+ i2.;i4 •^'"" 1.2.3.4.5.6. ^ 



+ 



• m • • 



SJECT. II. THE ANALYSIS OF ANGULAR SECTIONS. 'S6S 

The values of Aq and a^ may be determined by making, as 
in (371.)».y = in the two values of z*^ and — i — , and 
equating the results^ which gives * 



m Mr— I 



Ao = 0) , A,= ?7Iv/-l(l) a . 

The value of ^r** may be deduced from that of «^ by 
changing the sign of m. Hence, if the series which enter 
these values be q, q!j we obtain 



m m— 1 



Z** = (lyQ + V — 1(1) a Wq', 

fit m—l 

sr— = (iPa- -/ — 1(1)" » w»a', 

mm m— 1 w— 1 

v2cos.ma?=[(l)'+(l)'']Q+^/-.l[(l) « + (1) » ]ma', 
2>v/-lsin.m^=[(J)''-(ir^]a-f V-l[(l) » 



+ (1)" « ]mQ'. 

It will be observed, that by changing x into Swir + ^, no 
change is made on the series o. and a' ; but there is a change 
made upon the first member of each, equation. The co- 
efficients of a and q' have exactly as many different values 
as the first members of the equation. This is a circum- 
stance which has been hitherto overlooked f. 

The above formulae can be cleared of imaginary quantities 
by the usual method, 



m 



(1)^ = cos.ww2ir+ V — 1 sin.nmif, 



m— 1 



(1) 2 = cos.w(m — l)* -f v' — 1 sin.n(m — ly, 

* LagraDge> and all mathematicians after hiip^ have fallen into 
an error in the determination of these coefficients. Poinsot has 
latclv corrected it. 

f Poinsot, 1825. 
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the number n being an indeterminate integer. All the arcs 

which have the same sine may be included under the formula 

mt ±a;,x being taken with the sign + when n is evoi, and 

— when n is odd. Hence the formulae become 

cos.wi(iwr+a?)=cos.n»t7r.a— sin,n(wj---iy.»iQ' • •'• • [14], 

sin.wi(nir+a:)=sin.nw*.a+cos.«(i»— l)if.m<i' • • • • [16]. 

(390.) There are certain values of n for which each of 

the coefficients of these formulas = 0. To determine these, 

let m = — , and let it be remembered that no value is sup* 

posed to be assigned to n greater than n^ We^have thence 

the following conditions : 

«' 8n' 

co^nmif = 0, '.• n =: -^, orn = -^, 

• 

cos.n(m — l)tf = 0, •.• w = — , orn= -5-, 

mi.nrmt =0, •.• « = 0, or » = n', 
un.n(i7e — \)Tt = 0, •/ n = 0, or « = n'. 

The firgt two conditions can only be satiafied when the 
denominator (rJ) of m is even. Hence it follows, that of all 
the arcs whose sines have any given value, there are always 
two (x) for which the formulae [14], [16], are reduced to a 

single series. These two arcs are of the forms -jr-ir + ^9 

'-;^it — 07, or-^tt — x^ —^ -{■ X. I? or these two values of 

n we have 

cos*7?2x = ± mo!, sin.mx = + Q. 
The last two conditions can be fulfilled, whatever be the 
value of n\ and the formulae [14], [16], become 

cos.mx = ± Q, sin.mx = + mQ!\ 
where x is an arc of the form x or rJit + x when rl is even, 
and X or rJit — x when n! is odd. 

It appears, therefore, that among Ihc values of an arc, 
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whose sine is given, there are always two^ the cosines and 
anes of whose multiples admit <^ being, expressed by a 
single series. In this respect, the developments by the 
powers of the sine di£Per from those by the powers of the 
oodne, in which, when the denominator of m is even, there 
is no value of the simjple arc, the cosine or sine (^ whose 
multiple can be developed in a single series. 

(391.) If m be an integer, one of the coefficients of each 
of the formulae [14], [15], must necessarily =0. 

This comes within the case in which m has an odd de- 
nominator, once the denominate is unity, and nnce no value 
is supposed to be given to n greater than nl^ it is in this case 
necessarily = 1. Hence in this case 

cos.mx = ± a, un.mx = ± mo!. 
The double sign applies to the two values of x, sdl. a: and 
* — ar, which have the same ane. The value of cos.mx 
with the sign + is used when tn is even, and that with the 
ingn — when m is odd ; and in the value of mumx the sign 
+ is used when m is odd, and — when m is even. 

When m is even, the series a is finite and q' infinite, and 
when m is odd, o! is finite and q infinite. Tl^e form of these 
series being the same as the series s, s', in (S71.) the law, 
the number of terms when finite, and the last term is deter- 
mined in the same manner. 

« 

PROP. CXI. 

(392.) To develop the sine and cosine of a multiple are 
in a series of ascending powers of the tangent of the simple 
arc* 

By developing the formula 

cos.^^ -f- v' — 1 sin. war = {cos.a? H- v — 1 sm.a?)"*; 
by the binomial theorem we shall obtain 
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cos-mo: + v' — 1 ain.ma; = a + v' - In' [16], 

where R repreEcnts the sum of the odd, and r' of the even 
terms of tiie development, and therefore 
R = eos.'"j; — A,cos."'~V'sin.-a:+A^cos."'-^a-sin,'j-— ■ . . ■ 
B'=A|C08.~~*a!sin,a: — A3cos.™~'«s!n.^a' + A5cos."'~'3rsin.'^— ■ 
where a„ a„ a„ - ■ ■ - represent the coeiBcients of the s 
cond and succeeding tenns of the expanded binomial, whoH 
exponent U m. 

As each side of the equation [16] consists partly of real 
and partly of imaginary quantities, it is equivalent to two 
distinct equations, between each separately. If we consider 
R composed exclusively of real, and ■/ — 1r' of imaginary 
quantities, we should therefore have 

1[17]. 






These formula, which were first pubhsbed by John 
Benwutli in the Leipsic Acts, 1701, have been, even to the 
present day, conadered as exact and general. This, how- 
ever, is not the case. 
To explain this, let 

T = 1 — Ait&a.'x + A^tan.'j; ~ . . . . 
t" = Aitan.a; — Ajtan-'a: V A,tan.'ic — . . . . 
■.• R = cos."x.T, 
h' = cos-^^tt'. 
By changing x into 2mr. + .r, the factors t, t", of the 
second members of 

cos-tna: = cos-^a^.T, 
sin.m^r = cos.";c.t', 
undergo no change, since these arcs have the same tangent, 
and since t, t', include no powers except integral powers of 
tan.^:, they can have eacli but one value for an arc, whose 
sine and cosine are given. The first factor cos.^a; has, how- 
ever, as many different values as there are units in the de- 
nominator of ni, of which two, at most, can be real, and all 
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the Others must be imaginary. On the other hand, for an 
arc whose sine and cosine are given, and which is of the 
form @nir + ^, n being any integer, the first members of 
these equations have as many different values as there are 
units in the denominator of m^ and all these values are real. 
Thus the two members of the equations are inconsistent 

It is not difficult to perceive that this absurdity has arisen 
from the false assumption that the real and imaginary parts 

of the second member of [16] were b and v — 1r'. We 
shall find upon consideration that neither of these quantities 
are altogether real, or altogether imaginary, but that each 
of them is composed partly of real and partly of imaginary 

quantities^ and is of the form a -\- // — l.i. 
In the formula 



cos^mx + V — 1 sin.TWJ? = cos.*'*a?(T + V — li''/S 
let the absolute, real, or arithmetical value of cos.^'j?, cos.^ 
Toeing considered merely as a number, be p. It is plain that 
its several algebraical values will be expressed by the formula 
p(+ 1)'". And since 

(± 1)"" r= cos.;;?n7r + v — Isin.fwwjr, 

•.• cos.'"a: = p(cos.77?wn' -f V — IVin.mn'Tr), 

the indeterminate integer w being even when cos.a: is po- 
sitive, and odd when it is negative. 

Making this substitution in the former equation, and in 
place of 07, substituting the general formula rii: + x for all 
arcs having the same cosine, in which the sign + is used 
when v! is even, and ~ when it is odd, we obtain 



cos.w(w'7r ± a:) + a/ — l%m,m{n'n + x) 
= p(Tcos./ww7r — T'sin.mwr) 



+ v.— i.p(Tsin.??2727r + T^cos.wnir). 

Here the real and imaginary parts are separated on each 
side, and equating them, we have 
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<xxu»(nV ± *) = p(Tcos.wiiir — T'sin-wn*"), 
m,m(fil* ± 4?) = p(T8in.«n* -f T'cos.f?mir). 
Each member of these equations is susceptible of as many 
different values as there are units in the denominator of m* 
But it remains still to be determined which of the values of 
the second members correspond or are equal to those of the 
' first severaUy* In other words, it is necessary to determine 
what relation subsists between the indeterminate integers n' 
and n, neither of which are supposed to exceed twice the 
denominator of m. To determine this, let <r = 0, '*•* p = 1, 
T = 1, i/ =s 0. Hence 

cos.tnnlit =z cos.mmr, 
sin.mnit = sm^fnn^y 
•.• n' = 72. 
These int^ers are therefore always equal, and the formulae 
become 

cos.m(n?r ±. x) = J?{Tcos,mmr — x'sin.mwir) • • • • X^S]f 
sin.m(fi'!r ± x) = p(Tsin.7wwir + T^cos.mnif) * • • • [19]. 
Whether the odd or even integers are to be substituted 
for n in these formulae, and whether x is to be taken with 
+ or — , is to be determined by the signs of sin.j: and cos.^:, 
which are supposed to be given. If cos.a: be positive, the 
values of ;/ are to be selected from the series 

0, 2, 4, 6, . . . • ; 
if it be negative, they are to be selected from 

1, 3, 5. • • • 
If sin .or be positive, ir is to be taken with -f , and if nega- 
tive, with — . In all cases, however, the coefficient b in the 
second members is to be considered as an abstract number 
independent of any sign. 

If m be an integer, the formulae are reduced to the forms 
cos,mx = cos.'".rT, sm.mx = cos.*"!.!'', 
which have hitherto been taken to be general for all values 
of wi. 



SECT. n. THE ANALYSIS OF ANGULAR SECTIONS. 871 

There are, however, particular values of vl even when m 
is a fraction, for which one or other ci the series by which 
oo8.mx and 8in.mx are expressed will disappear. In cider that 
oosjimi' should =: 0, it is necessary that mn should be a frac- 
don whose denominator is %j and therefore whose numerator 
is an odd number. This can only happen when m is a fracdon 
with an even denominator, and therefore an odd numerator, 
and when n is equal to half the denominator. Also in this case^ 
if half the denominator of m be an even number, it is neces- 
sary that cos.Ar should be poative (otherwise n should be 
odd), and if half the denominator be an odd number, it is 
necessary that cos.x should be negative, for otherwise n 
should be even. Hence we may conclude, that if m be a 
fraction with an even denominator, there is always one arc, 
whose cosine has any given po^tive value when half the de- 
nominator of m is even, and whose cosine has any given 
negative value when half the denominator is odd, which is 
such, that each of the formulae [18], [19], are reduced to a 
isingle series, since under the conditions just stated, 

coR,mnit = 0, hxn.mnie = + 1» 

In order that mijmnit = 0, it is necessary that mn should 
be an integer, and therefore that n should be equal, either 
to the denominator of m^ or to twice the denominator. In 
each case soLjnnit = and cos.ini2^ = ± 1. If cos.a? be 
pontive, n must be even, and in this case, if the denominator 
of 171 be even, there are two values of ti, which will reduce . 
the formulae [18], [19], to a single series ; but if it be odd, 
since n must be even, there is but one value will satisfy this 
condition. If cos.j7 be negative, n must be odd, and there- 
fore, when the denominator of m is odd, there is but one 
value of n, which will reduce the formulae to a single series, 
and when m is even, there is no value of n will effect this. 

It appears, therefore, that when m is an integer, cos.mx 
and'sin.?77x can always be expressed in a single series of 
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Ki^ only icerlf^a yi^luet of lUiiHfc of a|^iM pne^^dcMpe^ 

WJhlc^. iM^aMit of # ikvekpii|9pt ivitfaoiit liotk 1^1^ nf 

tdjt [}0]> And that ill gnne ciitti^ ^ A^ im> trc wboc^ ad? 

imt»:it* 

i, If the tWQ formalfle [181 [19]) be diyid^ one by the 

j^herj we ^haU obtain 

... Tcos.t9fi?r---!r'8iii«mitB: 

taii.m(ri«' ± 4?) =r —7 — ^ — --T — ^ ^j 

.: ' Tffln.fii,w*+Tcos.iiinir 

whidi^ when m is an integer, and in the piM^t^ jc^uis 
already mentioned when m is a fract ion> beoooi€» 

tan.^t^? s£s — -y ^ 

T 

T . ^ ■ 

or X&xi,7nx 5s — i'. 



- FROP. cur. 

I 

(393.) To develop the cosine or sine of a multiple arc in 
descending paivers of the cosine of the simple arc. 

This problem was investigated by Euler, and subse- 
quently by Lagrange, and both obtained the same result, 
although they proceeded on different principles and by dif- 
ferent methods. The series which were the results of their 
investigations, and which have, even to the present time, 
been received as general and exact, are the following, 

.... csi], 

••• ••••••• -4— •'• • • • • • • • • 
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, iw(»+4)(«+5) ^^^ . ^ Mm * 5X«» ♦ 6)(«* 7>( ^^ . 



+ 



where y =: oo&x. The series fat ^ujhx was deduced from 
this by differentiation. 

In the memoir ah-eady cited, P6m$(4 has examined the 
analysis by whidi these results were obtained, and shown 
that it is fidladous, and that the results themselves are fiilaeb 
To render this refutation intelligible, it would be necessary 
to detail the process by which Euler and Lagnmgt csti^ 
blished the formulae, which would lead to investigations un«> 
suited to the purposes of the present treatise. As, how- 
ever, the results of Lagrange have been hitherto universally 
recdved as correct, it is proper to make the student aware 
of the fact of their having been proved erroneous ; and if ho 
be de^rous to examine the details of the process, he is re- 
ferred to the memoir kself. . 

We shall confine ourselves here to that part of the 
memoir in which the true development of coB.mw and Bin*mar 
is investigated. 

"Letp = COS.X and q = 8in.a?. By (S66.)| we have 

i^ Q^ ^ ^ 

where 1^ Ai, As, . . . . are the coefficients of the binomia 
series, m being the exponent. We have 

j» = 1 - jp«, J* = 1 — 2p« + JO*, . • . . 
Let these values be substituted for ;% ;% &c. and let the 
results be arranged according to the descending powers of pi 
jand we have 
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B = As + 2At + 9a„ + 4a, + 5a,„ 
: = A4 + Sab + 6a, + IOa.o + . . 

= As + IAs + 10a,u + SOAis 



4 



The law by which these coefficients are formed is evident, 
but it is necessary to obtain finite expressions tor them as 
functions of m. For this purpose, let us suppose that the 
successive tei-ms of the first coeftident A were multipfied by 
the Bucces^ve powers of an arbitrary quantity j/, so tbat it 
becomes 

1 + A,v + A^ + A^» + 

1.2.3.4 
But this last is equivalent to 

BQ that IT becomes eqaal to A when y = I. It is not dif- 
ficult to perceive tbat the other coeffitnents are wliat the 
successive differential coefficients of u taken with respect to 
^ as a variable become wheny = 1. We have 

u = l + A,2/ + A^y'' + A^+ 

dv 
-^ = A, + gA.y + 3a^ + 4a^ 

1 *H 



When J/ = 1, the second members of these equation* 
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ralues of the function n and its successive differential co- 
efficients when y = 1 be called y, y', y", y'", &c. ; we have 
hence 



B 






c = Y''=g^y?7i(m-l)(2*»-^+0"»-*)— 77?(2^»-0«^i) |, 

E =Y""=^y 7n(m— l)(?7i-2)(wi-3)(2"*-*+0'»-*) 
-6w(m-l)(wi~2)(2'»-»-0'»-») + 16w(m- 1){2*»-»+0^») 
— IS^C^"*-* — 0"-^) I , &c. &c. 

In these analytical expressions for the coefficients of the 
sought series, it is necessary to preserve the terms 0*, 0**"*, 
0*""*, &C. because each of these powers of become either 
unity, 0, or infinite, according as the exponent of the power 
is = 0, positive or negative. 

The true development therefore of cos.?72^ in descending 
powers of cos.a? or p, the angle x being supposed less than a 
right angle, and only considering a single value of cos-mor 
relative to the arc ^, is 

cos.w2^=Yp"* — Y^*"""*4 ^y"p"*"~*— ^^Y^y**^ + • • . . 

If m be a positive integer, this series will be finite, since 
all the terms beyond a certain term will = 0, and it will 
thus give the exact value of cos.?wa:. Thus when m = 0, 
or w = 1, we find that the first coefficient only has a finite 
value, and all the others = 0, For m = 2 and m = 3, the 

t2 
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first two co^cients are finite, and all the rest = 0. For 
m = 4fym = ^9 there are three terms finite, and all the rest 
equal nothing ; and in general, if m be an even integer, the 

171 . . 171 •■\- 1 

number of finite terms is -^ + 1, and if it be odd, — ^ . 

But if m be a fraction, the series never terminates, and 
the coeflicients only continue finite as long as the expo- 
nent of which occurs in them is not negative. After 
this happens, all the succeeding coefficients are infinite. 
Thus, if wz be a fraction between and 1, the first coefficient 
alone is finite, and all the rest infinite. If m be between I 
and 2, the first two coefficients are finite, and all the rest in- 
finite, and so on. If m be a fraction between « — I and w, 
the first n terms are finite, and all the rest infinite. The 
series therefore in these cases is useless and absurd, and the 
same happens when m is negative. From whence we may 
conclude, that the development of the cosine of a multiple 
arc in descending powers of that of the simple arc is never 
possible, except when the coefficient of the multiple is a 
positive integer ; and in this case, since the number of terms 
is finite, the series is nothing more than the series already 
obtained in ascending powers, the order of the terms being 
reversed. So that in effect, the only case in which the de- 
velopment by descending powers is possible, it is useless. 

It is worthy of remark, that iri the analytical expression 
for the coefficients a, b, ic, &c. if the powers C", 0"*"~*, 
0'"-% &c. be neglected, the coefficients will be exactly those 
of the series [21], which has been hitherto considered exact 
Whence may be seen the reason why this series gives false 
values for co^,mx^ and also why in the particular case in 
which wis an integer the value resulting from it will be exact 
if we retain in it only the positive powers of /?, for that is 
in effect rejecting all that part of the true development which, 
becomes = 0. 
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(394.) The series for cos.mx in descending powers of 
cos-o: or p, m being supposed to be an integer, is therefore 

2cos.wijr = (%))"• -^(2p)'»-2 + ^ , I" (%?)"^ 

f^(m-4)(m-5) W^-5)(>w-6)(m-7) 

1.2.3 ^^^^ ^ 1:2:3:4 ^^^^ 

[22]. 

(395.) To define the law of this series, let the rth term 
be T, 

T= ± 

iyi(fy>— r)(m-r~l)— (m— 2r+4)(fw~2r+S) ^^ 

1.2.3 . (r-1) ^^^ 

To determine the last term z, let the values of n already 
found be substituted for r in this formula. 

If m be even, let — 4- 1 be substituted for r, and the re- 
sult is 

z = ± ~7^~~A^; ^^^ • 

All the factors of the numerator, except the first, destroy 
all the factors of the denominator, except the last, and 
therefore 



-f being taken when -^ + 1 is odd, and — when "o" + 1 
is even. 

If m be odd, let —3— be substituted for n, and the re- 
suit is 

'm— 3\/wj— Iv ^ 



;5: = ±: 



/m-SK/m— IV 



I 
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fit I "I 
+ lieiD^lfcakai when — ^ is odd, and — when it b eyen. 

PEOP. CIV. 

'■ (88&y 7^« develop 8in.mx in deecending pmers qfm^x. 

To effect thia^ it is only necessary to differentiate the 
secies [22]. I'his b^g done, and the result divided by 
Sfit^ aid obfi^ving that 1^ s ilcosui? s= -- smui^Art we el^tdn 

sin*«ii^ ' Ji*4$ 

-.. -.[la]. 

" Tlus4«r^opitieiit, like the last^.b only paestUb whett m 
is an integer. 
When m is an even integer, thf number of terms in the 



• ' • • ■ ■ III' 

series f<ur Scos.m4? bdng '^^1^ and the last term 

it followsj since ^z=0, that in the present case^ the number 
of terms must be -77. 

The rth term in the present case is evidently 

(m-rKm-r-l)--(m--2r+3)(m-ar4-g) g .^^^r-i) 

* 1.2.3 . r-1 ^ •''^ 

Hence the last term, m being an even integer, may be 

found by substituting -^ for r in this formula, which gives 

^ = ± — ^ ' -TZ. ^(2y)- 

2.3 



'^^/^-l^ 3.2 



(f - 

••• « = ± my. .. 
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If m be odd^ the last term in the series for 9cos.mx being 

+ wi(2y), that of the series for — : is 

■~ "^ sin.:r 

z- ±1, 
the number of terms being , and + being taken when 

this is odd^ and — when it is even. 



PKOP. cv, 

(397.) To develop the cosine and sine of a multiple arc in 
descending powers of the sine of the simple arc. 

It 
In [22] and [23] let x be changed into — — a:, and the 

two series being expressed by m and m', and p being under- 
stood to express sin.a? instead of cos.<r, we shall have 



2cosmi'T — a?) = M, 
sin.mC ^ — a? 1 = cos.^.M'. 



In this case, as in the former, m must be an integer. 
If w be even. 



K^ - «) = 



cos,w( -^ — a?) = ± cos.97ijr, 

sin.w/'^ -^ a? j = 4^ sin.mXy 

+ being taken when ^m is even, and — when odd. 

Hence, in these cases, 

2cos.m:r = ± m, 
2sin.m;r = + cos.x.m'. 

If m be odd 












sin 
.«i»— 1 



m.fwf — — 4?) .= ± COS.WM?, 



' t IT'S" J ■ » ■ i" 



,-fr,jbang iMjedif -»— — b^ even, and — if odd. 



Hence 



dn.mr = ± m, 
cos.»w == ± cos.ar.M'. 



? ' , • ■ » ', ■ ' ' " Tvx 









SECTION III. 



J ■> i i 



d/ihe development (^ a power of Ihe sine or codne of an 
^-y^hiortim a eeriee qfrines oroasine's qfiU fmltiphe»:i o»> 

PROP. CVIi^ \ 

(398.) To develop cosJ^ in a series cf cosines or sines qf 
multiples qf x. 

By (358.) we have 

%cos.jr = e + e , 

•/ 2'"COS.*"d? = (^ -f ^ )*". 

If this be developed by the binomial theorem, we obtain 

2-cos.»^ = .'^^'^+ a/"-'^"^% 3/"-'^'^^ + 

where 

1, Aj B, C, • • • • 

are the coefficients of the binomial series.' 
Eliminating e by the general formula, 



eos.9n«r + >/ — 1 skn,mx =e 



mxt/^i 
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we obtain 

2'"cos.'"j:=cos.w2ar+Acos.(m— 2)a? + BCos.(m— 4)x+ .... 

+ V— l[sin.»M? + Asin.(m— 2)a7 + Bsin.(m — 4)x-f • • • • ]. 
Let the first series be p^, and the second a^, and we have 

(Scos.a?)"' = p, + v' — 1q^ 
Let cos.jr be first supposed to be posiUve, and in that 
case (2cos.j?)"* must have at least one real value. Let this 
be x^ and all its other values will be found by multiplying x 
by the values of (I)*". They are, therefore^ all expressed by 
the formula 



x(cos.2mnr + V — 1 sin.2f?i;i«'), 
n being any integer not exceeding the denominator of m. 
Also, in 

(2cos.a?)'» = p, + V — IQxj 
no change is made in the first member by changing x into 
2nit + Xf and therefore 

(Scosur)*" = p + V — 1q 

2nir + x 2nir + x 

Hence 

xcos.2mnir+ V — l.xsin.2;»7wr=p + a/ — 1q ..•m* 

Equating the real and ima^nary parts of this equation, 
we find 

1 1 

"" COS.2OTn7r^2n« + a:> "~ sin.2mn^ 2nir + x' ' * ' L J* 

Hence it appears that the real and positive value x of 
(2cos.ar)'" can be indifierently expressed, either in a series of 
powers of the cosines or sines of the multiples of a?, and 
that the two series di£Per from one another only in the con- 
stant coefficients. 

Between the two series thus found, there subsists a con- 
stant relation : 

cos.2mn^ ^2fMr + x 



SSI fn Ai^t«t4ii8 or AnauLAB SBdTiDHs. s^KCTi in; 



a-;; 



% tbe fennuke [8]^ {4J9 it foUowi that wh^ Q06.Ar is : 
native, the real and podtive value of (2oos.^)t may beex^ 
ptiesaed eidier in m aefiea of sindi or cosineB of tlie multiples 
cf Xf and that the two developments cfiffer only in the- oo« 
dki^ts; and ibidly, that Iheir ratio is Ae Hune for all 



values of ^ between -^ and -5-. 



» F 



(400.) If m be a pbdt^e int^r ^ =s 0, and we have -> 

(2oos.a?)*" «= i?j^ . 

The number of ^erms in p« is m 4- 1^ bdng Aoae of the 
Itedn^ s^fies. ' Hbnce the last tmn must be 

whidi is equal to the first And^ in like manner, the penul* 
timate term is equal to the second, and every pur of terms 
equidistant from the iextrem^ are equal. 

IffeBolFSy therefore, that when f7i,b odd, and *.* m + lieven, 
the first half iS the series s is equal to 4(2"'cos."']r) s 
2M-i(»08.**ar ; and when m is even, and therefore m + 1 odd, 

the first -g- terms together with half the T — -f 1 )th term 

is equal to 2*»-^cos.*"a?. 

Hence we conclude, 
P. When m is odd, 

2'^^cos.'"jr=cos.ww?H-Acos.(w— 2)a?4-Bcos.(/»-4)^+ • • • . 

. J w + l" 
continued to — 5 — terms. 

The last term of this series is 

Mcos. m— 21 — 1 j Lr = mcos.^;, m being the co- 

eflBcient of the ( — -^ — J term of an expanded binomial. 
From the law of the binomial series, we have 
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lii.jii — 1.W--2 Im Q^ I 

" = s^ir- 

1-2-3 -2- 

This may, howeTer, be reduced to a somewhat amjder 
form. Let both terms of the fracUon be muItifJied by 



-] 



2 ^ , the operation being effected on the denoounatxir by 
doubling each of its factors ; the result is 

wi.jfi — l.j»— 2 (m 5— ) ,^j 

•'"2A6 (»»-l) * 

Again, multiplying both numerator and denominator by the 
odd integers from I to jn inclusive, in order to complete 
the series of factors in the denominator, 

fii.»i— l.fn— 2«- • • im — J ^ 

M = T~o~o / ^ V ■" «» * I l«tJ»0 » •••III). 

I'^-o (w— l)m 

Expunging from both numerator and denominator the 

descending factors from m to m — inclusive, we obtain 

1.3.5 . . . . m •^r.^ 
M = ^:j7j 2 » . 

JL«^«<9 • • • • _ 

Hence the last term z is 

1.3.5 . . . . m »!iz3 
z = -^ 2 a cos.;r« 

1.2.3 ^. 

2". If m be even, 

2'^'cos."'^? = cos.mx + Aco8.(in — 2)a? + . . • . 

m 
continued to — + 1 terms, the coefficient of the last term 

-g- + 1 ) term of the expanded W 



* 

* 



MMaunu C0 AntmtiA mmioi^ ^1^^% no* 






s- . ♦; . ■ 






J r 



]Ufii)%ljiii|g bodi nuflBMurator nd dendmiiurtflr lijr 2^ in the 
mne maoner aa m tiie*]l(tf|; caic^; naA mimkmng tto d»> 
fidadt fiuHxNn 1.8L5 . • • • m — 1, we obtain 



• — • 



Ifxpung^ the numerator and dcupmaiiv Ijbe d^ 



'j';*;l.. . ■ » 



aoendiiig ftctors from #i lkr<ift — ^ -f , lyindtirive, ird ob^ 

tain 

W J .... (i»— 1) jf 
M adf ■ — i — r— ^ 2*, 

1.3.5 .... (m — 1) qg-i 

•,* z = __— ,^_— — — — .^— ^ 

1-2-3 T 

which is the value of the last term. 

(401.) The development which has been thus obtained 
gives the value of the mth power of the cosine of an arc 
in a series of cosines or sines of its multiples. Similar series 
for the mth power of the sine may be obtained in a similar 
way. 

By expanding 

(2$mur)*»( >/ - 1)« = V.^ ^ ^ e ) , 

and eliminating e by the formula, 



. ±ma:V—l 

cos,mx dt V — I sm.w^r = ^ , 



we obtain 
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(2sm.x)"'{ >v/ — l)'"=cos.mir— ACos.(wi— 2)a?+Bcos.(w— 4>r— .• 
-f >/— l[sin.mj:— Asin.(m— 2)47+Ban.(«i— 4)«— ...3. 
If the series be called p, and q^, we have 



m 



(2sin.a7)'»(-.l) = p, 4- V^ - iQ^ 
This formula being treated in a manner similar to that for 
(2cos.a?)"*, will give similar results. ' 

(402.) I£m be a positive integer, the number of terms in 
each of the series p^ and a, will be i» -f 1, and one or other 
of them will = 0. We shall ccmsider successively the cases 
in which m is even and odd. 

1°. Let m be even. 

The number of terms in q, being (m -f 1) and •.• odd, 
the sign of the last term is by the law of the series +, and 
it is therefore 

+ siil.(m — 2m)a: = — sin.mx. 

The penultimate term is 

— Asin.[;w — 2{m — 1)]a' = — Asin.(— m + 2)x 

= + Asin.(^ — 2)jr, 
and by continuing the process, it appears that the extreme 
terms, and those equally distant from them, destroy each 
other. Hence q^ = 0, and therefore 



2'»(V - l)"»sin.'»a: = p,. 
But since m is even. 



m 

2 



(-1) =±1, 
+ being taken when —is even, and — when odd. There- 
fore 

± 2'"si9.'**jr = p,. 

In the same manner as in the former case, it follows that 
in the series p^ the extreme terms, and those which are 
equidistant from them, are equal, and have the same sign, 
and hence, as before, we find 
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.,^.--- ....■,■ ,, ,. ;t3r:'«»"*,-p«. ■■■" " .■■■■} 

■&eii6iDter of Mi^B'li^As ■„- + 1,^ the UatWis bong 
.;■.,,* ru 

the same as for S*-<go6."x when.ffl U evni. 

' 8<*. Let mjMiui odd integer. 

-;<>Inthis'c«K the Dunbnr of tcrnu beingfli + l,tbeii(|ta' 
uS the last term of f, u by the kw of the soiA — , and k is 
,tbaMfi»e 

I — . C0B.(« -^ 2m)« S. — COBJMC* - 

Mid the penultimate t«m is - - ' 

+ 4cos.[fli - 2(»» — l)]r s= + Aco8.(m - 2)a:, 

and by continuhig the process, it appears that the extreme 

.tenns^ and those vluch tat eqmdiatant from them, are 

!c({nal'with different mfpa, and therefore destroy each other. 

Hence p, = 0, and. ^i;-.- .( 

Sr{ V - l)"Btn.-JC = v" — 1(U 

V 2"< V~^^)~-'an.-« ■= tt^ '.'iii^ 

Bui since m -i^- 1 is even, 

(/3T)— = ±1, 
■.■ + a"'siii."ic = «„ 

+ being taken when —^ — is even, and — when it is odd. 

In th; same manner as before, it may be shown that the 
extreme terms of Q, are equal and have the same ^gn. 
Hence we find 

8'»-'sin."';c = a, 

- continued to terms, the last terra bring 

1^.5 m •^=1 

z = ; 2 ' sin.iF. 
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SECTION IV. 

On the summation of certain series of sineSy cosines^ ^c, 

of multiple arcs. 

(405.) When the law of a series is known, the most direct 
method of obtaining its sum between proposed* limits, or, in 
other words, the sum of any given number of terms com- 
mencing at a given term, is by the principles of the Calculus 
of DiflFerences. This method will be found fully explained 
in my treatise on the Differential and Integral Calculus, 
Part IV., Section V. Several examples are given there, 
and they occur in still greater numbers in the examples on 
the Calculus of Differences by Herschel, which accompany 
the examples on the Differential and Integral Calculus by 
Peacock. As, however, this general method is not con- 
sidered svifiiciently elementiary for students at a certmn stage 
of their progress, other contrivances for obtaining the sums 
of particular series which rest upon more simple principles, 
and are derivable from the established formulae of trigono- 
naetry, are resorted to. 

The defect of this way of obtaining the sums of trigono- 
metrical series is, that it has few or no general principles; 
that die means of obtaining the sum of one series do not 
suggest the means of summing another ; that there is a dif- 
ferent artifice or contrivance, in fact, a different method in 
each particular case to which we have nothing to direct us 
but the peculiar nature of the series under examination. 
These methods, if they can be called so, stand in exactly the 
same relation to that which is founded upon the principles 
of the Calculus of Differences^ as the various contrivances 

u 






of the ancient geometer to draw tangents to cunrefty lo 
rectify them, &c. do to the general methods of sobmg tM^ 
problems by the modem calculus *. 

We shall, in the piiesent secfionVlimit our investigations 
to the sunimation of a few of the most common series; it 
be^^ mradi better f(Hr the student who deiareS aa exted^vef^ 
ao(]uaintance with the subject to Acquire a knowledge of the 
necessary parts of the calculus of differences, than to burthen 
faisimemory with iiie trigohometiical artifices heoesaary to 

solve such probleips otherwise. 

/ i . ■ , • ' - ' • * ' ■ 

, roop. evil. 

(404.) Toji^mith^ swn qf^ sm$ ^a 9^tin itfarcs 
which aa*e in aHthmetkal progression. 

Let the propoised series be 
rin.A+8in.(A4a?)+sin.(A+2*)««-sin.[A+(n--l)4r]5K8*-«[t]. 
''^ C^tbotfi sides be m^ultiplied by -g(dn.4jr. Btenoe 

— 2sin.44: sin.A— 28104-^ sin.(A+j:) — Ssin.^o? sin.(A+^)— 
.... — 2sin.4:^sin.[A4-(w— 1)^]=— ^sin.4.rs. • 

Every term of this series is of the form, 

— 2sin4^ sin. (a + mx) ; 

and by (45.), [9], we have 

— 9.sm.\x sin.(A + mx) = cos.(a H — x), 

2w— 1 , 

~ cos.(a H 3 — x). 

, By substituting successively 0, 1, 2, 3, • • • • (n —1) for m 
in this formula, we shall obtain the values of the successive 
terms of the above series, and it is plain that, except the 



* See Geometry. Introductioi), p. xxiii. 
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first and last, they will mutually destroy each other, so that 
the result will be 

- cos.(a — 4^) + cos.(a + ~g— a?) = — 2ssin.|a', 

which by (45.), [9], becomes 

. , w— 1 , . w ^ . 
sm.(A H g— a7)sm.-5-a? = Sssm.iar, 

. n— 1 . 71 

sin.(A4---^^)sin.-a? 

. » — . , • 

sin.4^ 

(405.) If A = a?, the series becomes * 

sin.a? 4- sin.So? + sin.3j7 . . . . + sin.nac = s . . . • [2], 
and we have 

. n+1 . n 

sm.— TT—^sm.-TT^ 
2 2 

S = r— ^ 

(406.) It will be perceived that the contrivance by which 
the summation of the proposed series has been effected is 
the conversion of it into another series^ every term of which 
bdng the double product of two sines, admits of being re- 
solved into two simple cosines with different signs. In this 
case one of the cosines into which each term is resolved de- 
stroys one of the cosines into which the next term is re- 
solved ; so that, however numerous the terms of the series 
may be, the total result can only contain one of the cosines 
of the first pair, and one of the last pair. If the last coidne 
continually diminished or approached any value as a limit, 
as the number of terms in the series increased, we should be 
entitled to conclude, that the sum of the proposed series 
continued ad infinitum would be expressed by the first 
cosine and the limiting value of the last. If we assume that 

u2 
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the sunt of the series ad iiif. is expressed by the first term 
alone, it is equivalent to assumiag that the last diminishes 
without limit. 

This, however, is not the case. The last cosine alter- 
nately increases and decreases as the arc changes its relation 
to an exact multiple of the circumference, and therefore thefj 
series increases and decreases alternately, and a])proaches no, 
limiting state, as its terms increase in number a<i inf. In 
other words, the series not teing convergent, does not admit 
of having its sum assigned when the number of its terms is 
infinite. 

(407.) If iP be commensurable with the circumference or 
3ff, the series will be periodic, that is, after a certain number 
of terms, the same terms ■will continually recur. Let the ( 
least integers in the ratio of x to Sir be m', 71', so that 



In that case, when the series [1] has been continued to «" 
termn, the (rf + l)th term will be 

»n.(A + n'x) = sin. {a + Sm'ff) = sin. a. 

In like manner the following term will be 

an.[A + («' + l)j:] =sin.{A + 37+ 2»i'ir) = sin.{A + x), 

which is equal to the second term of the series, and so the 
terms from the (n' + I)th to the 2n'th inclusive, will be 
respectively equal to those from the first to the n'th in- 
clusive. 

In this case the value of the period of the series may be 

found by substituting — j- for x and m' for n in the value 

of s already found, which gives 



SECT. IT. THS ANALYSIS OF ANGULAR SECTIONS. 99^ 



sin. [a -f ^^ -f Jsin.mV 



. mV 
sin, — j- 
m 

If -^ be not an integer, the value of s must = 0> for 

f/t'lT 

$in.i7rV = 0. and in this case sin. — r cannot = 0, There- 

n 

fore, in this case, the terms of the period mutually destroy 
one another ; or the whole period might be divided into two 
periods, the terms of which differ only in their signs. But 

if -y be an integer, then sin. -y- = 0, and the value of s as- 
sumes the form -^. In this case .r is an exact uuiltiplo of 

^TT, and the terms of the scries are all equal to the first term 
sin. A, which is in this case the period. 

(408.) One meaning of the sum of a periodic narm con- 
tinued ad itifl would evidently Imj the product of tho valiio 
of the period and an infinite integer, or the pericHl added to 
itself ad inf. It may, however, be considered, that if (*4>n- 
tinued ad inf., every term of the period han an strong a 
claim as the last term to be considered the laiit term of ihii 
series. 

The sum of a periodic series, whoMo |)cri(»d m (), c!<iii« 
tinned ad inf is therefore susceptible of an niafiy df/flmn^ 
values as there are different terms in its ]Hsr\(Hl, If i\w Inut 
term of the series be the fimt temi of a |>eriod, iUni iifrut 
will be equal to the sum. If the last term hi i\w M><U)tMl 
term of a period, the sum will hi; <^)uiil Ut flii« first f wo 
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terms; and if the last term be the third term of a period, 
the sum will be the first three terras, juid so on. It is there- 
fore evident that the variety of values of which the sum is 
susceptible is limited by the number of terms in the period. 
Now the sum of the series continued ad inf. has been said 
to be equal to a mean of all its different values, or to the 
sum of all the different values divided by their number. 
We shall give an instance of this in the series of which we 
have already obtained the mm. 

If nT be the number of tenns hi the period, we shaU (4>^ 
tnn dn ti Aff ere nt Talun of the series » by micceBRrely 
aidMtittiling 0, 1, 1^^. . . .it'ftn'fliatile eqnadini 



C(».(A- 

~ Lei if be tfie sum of all the corresponding vahiea tH a. 
Since the sum of all the corresponding values of 

n'co8.(A — ix) = aa'ain.t.r, 
. . ®' _ cob.(a— ja:) 

This is the value for s, which would be obtained by neg- 
lecting the last cosine in the investigation in (404.), and it 
hence appears that we cannot infer that the sum of the series 
ad i^.has this value, except when the series is periodic, and 
its period = 0; and then the sum ad inf. has this value 
only in the sense above expliuned, which is, that the sum 
ad ir^, is susceptible of as many different values as there 
are terms in the period, and that which is found above is its 
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mean value, or the sum of all its diffierent values divided by 
th^ number. 

We have enlarged somewhat upon the subject, to remove 
the misooncepticHis into which we are aware many students 
have been led by investigating the sums of various trigono- 
metrical series continued ad inf. by the method which we 
have here explained, and which is never applicable^ except 
under the particular circumstances, and in the particular 
sense which have been above stated. 



PEOP. CVIII. 

(409.) Tojind the sum of the cosines of a series of arcs 
in arithmetical progression. 

In [1], (404.), let x be changed into — a?, and a into 

-7z — A, and the sedes becomes 

COS,A + co8.(a + a) + cos.{a + 2*) .... 

+ cos.[a + (« — 1)«] = s . . . . [S]. 

The same changes being made in the value obtained for 
the sum, we have 

n— 1 . . n 
co8.(a H — ^x)sm.-^x 

S= r-7 • 

sm.t^ 
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If A = X, the scries becomes 



cos.jr + cos.Sjr + cos.Sr + ....cos.nx = 



The observations on the series for the sines continued ad 
inf. also apply here. When x is commensurable with 9ir, 
but not a multiple of it, the mean value of the sura of the 
series continued ad inf. is 



"•(I— ' + ■■■) 



and when a =: ^, under the same restrictions, 



PEOP, cix. 



4 



(410.) Tojind the sum o/'thc sines iif' a serifs o/'arcs in 
arithmetical progression, Hie terms of the series bang taken 
ajtematehf positive atid negative. 

Let the series be 
Mn.A — sin.(A ■\-x) + un.(A + Six) — ±(dn.[A + (n— l)x] =8 

In [1], let X be changed into m + x, and it becomes 
identical with this series. The same change being made in 
the value of the sum, gives 

. /n-1 n-\ \. /n n \ 

„ _ ^°\— ^ + A+^.Jsm.(^^^+ ^xj 

COS-fi^ 

If H be even, this becomes 
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, «— 1 . . n 

cos.(a+ — 5— xjsin.— 4: 

and if n be odd, 

. . , w— 1 n 

sin.(A H — g— a?)cos.— jr 

S = ; . 

If A = X, 

/i + 1 . n 
cos, — ^ — a;sin,-^j? 

s = (^ even), 

cos4«^ 

. w+1 n 

2 2 

s = ; (n odd). 

003.407 



PROP. ex. 

(411.) To find the sum of the cosines of a series of arcs 
in arithmetical progresstcn^ ilie terms being taken alter* 
fiately positive and negative. 

Let the series be 
COS.A — cos.(a + ^) + cos.(a +ar) - .... ± cos.[a + (n— l)ar] = s 

[6]. 

By changing a into — + a in [5], the series becomes 

identical with this. Making this change in the values of s, 
we find 

sin.(A + — g— ^)8in.-5-4? 

8 = , (n even), 

cos4dr ^ '' 

, n— 1 . n 
cos.(a4' -^x)cos.-^4? 

s = ; (;/ odd). 






.ftt mtmmmmmm mfMrnmiaMmlnfimi' nikiikiHi^ 



^^H + l V « 






• ■ i. * ' - 



008*1^ ^ ,.,t fl ..f 



(4lJL} To stmi the series .-. wi 

By [4], (409.% wc^lmt^ - . ^ 

■ ^' ■'"■ ••■■ . -■■■; , ;■ >r+i ". n 

ooB.^ + eoswto + . . • - eosJi jr ai n<i ji < ■ » 

IKfiPerentiatiiig both ndes, we find 






Changing the signs, and reducing the terms by the esta- 
blished formulae, 

^sin.war— wsin4a:cos.(n + 4^)a; 



s = 



2sin.«44r 



_ (n + l)sin.w^— wsin.(n + l)j? 
"" 4sin.'4^ 

(413.) To sum the series 
co8.a? + 9co8.2af + Scos.&r -f . . . . nco8,nx 2= s • • • • [8]. 
By [2], (406.), we have 

. n+l . n 
sm. - -^sm.— .g 

sin..r + sin.2d? + . . . . simnx = 



sm.4:^ 
cos.|a: — cos.( w + ~)a: 



2sin.4^ 
Differentiating and reducing, we obtain 
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8 =: 

8in.iJ?[(n 4'^)8in.(»4- i)J?-"i8ip-^] — ^cob.^[oos4^— oob.(ii4- j)g] 

cos.n^ 4- Snsin.4^sin.(7i 4- 4^)0? — 1 
"^ 4sin.^4^ ' 

(w 4- l)co8.na7 — 9icos.(n + Y)x — 1 

(414.) To sum the series 
111111 11 

By (66.), 

cot. a; = 4(cot4^ — tan.4^), 

Substituting <r, 4^^ |ar^ &c. sucoesi^vely in this equation 

for xy we obtain 

4^tan.4ar = ^cot.-^^ — cot^, 

1111 

^tan.^a? = g^cot g5^a? - 4cot.|a:, 

1 1 11 11 

^tan.^a? = ^cot.^a? - ^cot-^-o?. 



J_ 11 1^ 1 1 

By adding these^ we obtain 

1 1 
s = -^cot.-^^? - cota;. 

We shall find the sum of the series continued ad inf. by 
determining the value of '^^^^'^^ when n is infinite. We 

have 

1 
1 1 T 

32r«Sin.-7rJ? 

lb 




8^ .^^OJI AfUKtttU Of anoulab. sections, sect. lYir 

Jtbc Sm&tg Tilue of oos.-sc ia umty. ftnd that vif 

, , , ■ , . .■ ■ *• ■.': .- *'■'-: ■:\:ii}n^'- 

ttiL^f U-z;. Heooe the HnutiDg Talue KNi^ it — ,«Dd 
tberef<»« when n.is infinft^ 

• ai' — — OOt-df. 

«' ■ ■ 

In thia csm, if ve had aiapttd the mctfiod aonkMiriiei 
.used of li^^ieeiiiig Che last dotangent without aoj tfegard 
tD what ita talua ibight b^ we ahoukL have obCniiefl 
8 = — coLf. ■/' 

(410.) To find the *um of Oie aeriea 

caaec.j!+ooaec.Xr4>caaeo.4ff— '■+etej2(n— l)c=6 [10]. 

By (6a), [401 wis haw '■■'''"■ 

coaeca: = cot^ — 6ot.«; ' ' '•■•' 

and in general, 

ootecM* ^ oot^in* — cXAmx. 

Subadtutiiig 1, 2. 4, 2 (n — 1) sOteemtfAj fix- n, and 

adding the resulti^ we have ' 

a = Got.^ — cot.S(n — l)x. 

(4<16.) The Differential and Integral Calculus furnishes 
means of obtaining the sums of numerous series. In the 
well known series * 



Substitute e 



FwV-l 



S ^/^ sin, 
and we obt^n 

^x = an.ic — ^n.Sx + fsin.Sx — ^n.4« + [H]. 

In which the arc is expressed in a series of anes of its 
multiples. 

* Differential Calculus (73-) 
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(417.) By multiplying [11] by dx, and integrating, we 
obtain ' 

—-- = — cos..r + -rr--cos.2^ — -^^-008.3^: + • • • • + const. 
To determine the constant let a? = 0. This gives 

0= - 1 + -2r""3r+ • • • + const • 

which being subtracted from the former, gives 

x^ 1— cos.a: 1— cos.2a: 1— cos.3a: ^ 

"2? = i 2^ + gi L12]. 

This might be further modified by the formula, 

1 — co^.mx = 2sin.*4w2«r ; 
but we shall not pursue the investigation. 

(418.) By multiplying both sides of [12] by dr, and in- 
tegrating, we obtain 

x^ X — sin.j: 2^— sin.2a: 3^ — sin.So: 



+ 



3.22 1 23 • 3» 

no constant being added, since both sides = when j? = 0. 

(419.) The subject of this section might be extended 
much further without much diBSculty to the author, or much 
benefit to the student. 

The true key to these problems is the Calculus of Dif- 
ferences, and those who desire to enter further into the 
subject will find that the most expeditious and satisfactory 
way of proceeding is at once to acquire a competent know- 
ledge of that part of analytical science. 



SECTION V. 

On the resolution of trigonometrical quantities into factors. 

(420.) An example of the application of the formulae of 
trigonometry to the decomposition of functions into their 



I 
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factors has been already shown in the inv^tigation of the 
theorem of Moivre and Cotes in the first section of this part. 
We now propose to give some further examples of this 
principle. a-^ 

(Ml.) By (fiS.) we have >*«^ 

and in gemnl. 



M in tlii% ud BHiltf|^ri>7 aS Ihe reaultii tagMicr, each «H$. . 
certHg u a u iWa W af the flrrt memter derttbfr jhe |ttBcedu^ 
denomiaator* and ve thtaaa 

^ — 'sfa»4gctm.-!^xeo»rj^s..^.cat.-^x ■ ■ • - [1]. 

If the resolution into factors be continued od inf., we shall 
obtain the result by determining what 

2"sin.— ar ■ 

becomes when n is infinite. Since the sine of an evanescent 
arc equals the arc itaelf, we have, when « is infinite. 



also the final factor of the second member approaches unity 
as its limit. Thus we liave 

[2], 



-^ = cos.4^cos.-^ara3S. gjj: 


ad inf. . . ■ - 


hence 




X = 8m.jrsec.|iFsec.— arsec.^a' ■ ■ 


. . ad inf. 
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where the arc is expressed as the continued product of the 
secants of its submultiples. 

(422.) The roots of the equation sin.^ = are 
j: = 0, X = 7r, X = fbrj &c, 
and in general x = nif. Since 

X x^ x^ 



sm.^- 1 "'(3)"^(5) 
we have by the general theory of equations 



• • • • 



when jr = 0, 



ad inf. 



sin.vr 

= 1 = A. 

X 



Hence 

In a similar manner from the series 
we deduce * 

(423.) If a: = — , we shall have 

n 

^"•ir=T(,* - ;^A* - i^«A* -^^•- t«i. 



* The method used here for resolving sin.x and coft.x into a 
continued product is pointed out by Lacroix, Cal. DifT. of Int. 
Tom. III.9 p. 440. The contents of the present section have 
been selected chiefly from chap. vi. of that volume. 
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If in [5] ^ be chaoged into , they become 

" .G-v)G-?Xi-vXi-f) ■• 






^■5.5-. /] ^Vi _ ^Vi _ ^\ 
4.G.6...\ ""A 9n-A 25«V' 



2 2.2.4.4.G 
whicli by [6] gives 

v^ _ 2.g.4.4.6.6.8.8 

2 ~1.1.3.3.S.5.7.7 ■ - - . 17]. 

The same conclusion might be deduced in a ^milar way 
bv Biibstitutinir -— — for — in [6"!. ] 

(424.) Since 

wITi _j,v=n[ 

e —e = 2 v" - Isin.*, 



we have by changing Xy^ — I into x and x into - 



Hence we find by [3] and [4], 



•<^-^X'-£X^-£)- 



m. 
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X^ (X^ c^ 

(425.) By these formulae, the more general expression 

\;{€^ ± e^y) 
may be resolved into factors. For we have 

2 V 4** A "*" "16^/ 



= e 



• • • 



SECTION VI. 

T!he determination of the roots of certain numerical equa- 
tions by the aid of trigonometrical tables. 

(426.) The formulae which have been established in the 
preceding sections, and vrfiich express the relations between 
the sines and cosines of multiple arcs and those of the simple 
ones, furnish, with the aid of trigonometrical tables, easy 
methods for the solution of certain numerical equations, the 
roots of which could only be found algebraically by a tedious 
and elaborate process. 
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The principle of thQse methods con^sts in finding an 
equation between trigonometrical functions of an angle of 
the same form as the numerical equation proposed for so- 
lution, and then assigning such a value to the angle as will 
render the coefficients or known terms of the proposed equa- 
tion severally equal to the analogous terms of the trigono- 
metrical equation. It may be then inferred that the value 
of the unknown quantity in the proposed equation will be 
equal to that of the corresponding quantity in the trigono- 
metrical equation. In this investigation it should not be 
forgotten that the radius is arbitrary, and that we have the 
power to assign to it such a value as may be found necessary 
to identify the two equations. The principle of this method 
of finding the roots of numerical equations will be easily 
comprehended by its application to examples. 

All equations of the second degree must come under the 
form 

x^ + px = y, 

where p and q may have any values positive or negative. 
If x'y x"y be the roots of this equation, we have 



We shall consider separately the cases where q is positive 
and negative. 



1°. If g > 0, let tan.'cp = — ^, ••• ^ = Vycot.^. 
Hence 



P' 



— — cos.^ — 1 
.t' = - ^/§rcot.(p(l - sectp) = - ^/q ^ . 

- cos.<D 4- 1 

x'^ z=: ^ ^q 



sin.<3 
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Hence we find 

af =^ -- Vq oot^f . 
It 18 always poeable to find an angle (f) whose tangent it 

equal to —-^ because the tangent of an angle is susceptible 

of all values firom to infinity. 
9P. Ifq < 0, the values af^ s^y become 



«' = -ip{i-\/i-^}.- 



Let ffln.«<p = -^j 



^^ • • 

of = -^ ip(l — cos.f ) ^ —p sin.^i^p = — -/y tan.lf I 

a:" = — ip(l + cos.?) = — pco8.%(p = — v^'gcot.l?. 

4df 
In this case, if —^ < ^f ^^ *® always possible to find an 

angle whose dne is equal to — ^, and if — ^ > 1| the rootji 

are both imaginary. 

In each case it is obvious that the sum of the roots is — /;, 
and their product q^ which are well known properties. 

(4^.) The most general form for equations of the third 
order is 

x' + Aj:* + B^ + c = 0. 
But once the second term can always be removed by a 
tnmsformation determined in the elements of algebm, wt 
shall conader the equation reduced to the form 

a^ + ps + q ssO* 
To solve this a traosfiMrmation is necemmry. l/?i 



p 



%% 



which bebg 



««*Sfc^^ 



Hit^ beiiig a qiuldmtic. eqiiatioB w^% ropp^ io jf^ 
aolvedt and gives I 



• i 



37 



^\ 



i^ Ai 



V- t 









(-is+y^+ij^y-.i 



■i.i 






Multiplybg both numerator aiid-d^iotniiiatdl^i^ 

' I / I, . s .. 

we obtain ♦ 

In this formula p and 9 may have any values positive or 
negative. It will be necessary to consider separately the 
cases where ^ is positive and negative. 

1<>. If p > 0. 

Let tan.*p = 57^) which is always possible since jp > 0. 
Hence 



* This is Cardan's rule. It fails, as will be seen, when 



27 4' 
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^ = V45(— 1 + sec?)) + l/lq{ — 1 - sec.?)). 

— H 
Let 2 ^^p = r, ••• p = -^r^, and q = 7; . Hence we 

obtain > 

* l^v sin.^ V sin.p J 

•.• a? = ir(Vtan4(p — Vcot.^^?)). 

. Let tan.0 = Vtan4<p, •.• cot.fl = ^cot^^. Hence we 
obtain 

^ = — r X |:(cot.fl — tan.9) = — rcot.2d. 

But r = -^ >v//?5 '.' X =. & cot.2d. 

The root may therefore be computed by means of the 
three equations, 

tan.p = -^ , 
S^.q 



tan.9 == ^tan.i<p, 

a: = — 3 a/^P cot.29. 
In this case there is but one real root. The imaginary 
' roots may be found by means of the two imaginary cube 
roots of unity determined in (368.) 

If q were negative, the results would be similar, except 
. that the second member of the last equation would be po- 
sitive, and we should have 

^ = 2 v^^ cot.2d. 
2^. tfp < 0, the formula becomes 
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It will be necessary to consider separately the cases where 
4p' 



Vl(f 



< 1 and > 1. 



If ^ <!'!«' 



sin* ^ = 



« Hence 

* = [tJC - 1 + cos.^)]* + [i9( - 1 - cos.?>)p. 

Let r*. = -^, ••• 7 =s -r-, — . Hence 
3 ' ^ 4sin.^ 



a? = - ir(Vtan.i<p + Vcot.i?>) 

Let tan.fi = ^tan.f^, ••• 

ar = — ir(tan.fl f cot.d) = — roosec^fl. 
Hence the value of x is determined by the equations, 

sin.« = — =L, 



tan.9 = ^tan.i<p, 

^ = — 2 V^p cosec.25. 
In this case also the other two roots are imaginary. 

If q be negative, the second member of the last equation 
will be positive, and we shall have 

a? = 2 V j-p cosec.25. 

If ^^ > .1, there is no angle whose sine is equal to it, 

and the analytical formula for the roots contains imaginary 
radicals, although it is known that in this case the three 
roots are real. This is what is called in algebra the vrre* 
dvjcible case. To obtain its solution by trigonometry, we 
need only compare the equation 

with a trigonometrical equation of the same form derived 
from the methods of expressing the sines and cosines of mul- 
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aicB in terms of the powers of those of the ample arc. 
By (89L)9 we have 

aiii^ s= Ssin.^ — 4nn.'99 
which^ by supplying the radius r, becomes 

rHanSf =? Sf^an.f) — ^sin^f, 
••• flin.'^ — j:f^sin.f -h -^r^sin^ = 0. 
By comparing this with the proposed equation, it is plain that 
if p = ^ and q = .JT%in.3^ we shall have x s sin.^. I^ 
this case, therefore^ the value of jr is determined by the 
equations 

an.S0 = — , 
P 

In this case the ones are related to the radius 2 Vip- Re- 
dudng them to the radius unity, we have 

SlQ.3^ = — =- ■ 



P 2-/^ 

1 

X = . 8m.<ft» 

The value of 3<)> bdng determined by the former equation, 
the fflne of one-third of that value substituted for sin.^ in the 
latter will determine the value of op. But here it must be 
remarked, that there are an infinite variety of values of S^ 
which will satisfy the former equation. The question really 
to be solved by the former equation is to find an angle 
(3^), of which the sine has a given value less than unity. 

Let (3^) be an acute angle satisfying this condition* It 
is evident that the same condition will he satisfied by 

* — 3p, Stt + 3^, 
Sir — 3^, 4r + 3^, 



and in general by the angles 

Hence the sines of the third parts of these arcs being 



. ''■.''sf' 



▼dues of ». Here then an apparent ^ptf|cbl#f iriiei^ IT 
the number of aiii^esisRlSiickiatiify theJbtt equation be un- 
limitedy will not^hoie^iiJhiehiaatisfyidift^i^^ be^idlbfui^ 
limited, and so, the 'given equation idtt have an unlimited 
number <lf-iro(^sf ToremoVe tins d^cukyy it shouJd be 
ooajdemli dial Jildmig^ therd may^be an'unliuntpdnimi- 
Jplr of an|^ to be substituted m tbe second equation^ yet 
It by nd^means fiiiiows' that the mesof li»s8e aisles have jA 
different values* The angles to be substituted lanst be^ 

one <Mr other of the forms ^ 

2«+l an ^ 






&nce n is an iut^j»^ tlw nii^nl^ b« jg^Dir.oti^r 



of the forms ^ 

\ * — • - 

^ ■ -^ y, w» -r y ^ 



, '5^%: 



«i, iiir+ T> w + * • 



111 being also an integer* 
If "TT = ^» we have 



^ + 1 

-— — jr — ^ = 2;wir + ({if — <p), 

271 

'.• sin.C — ^ — ir— 9j = sin-ds* — (p), 

sm.( -^-Tj* -f ^ 1 = sin.(p. 

If — = m + -Q-j we have 

2^ + 1 

— - — ,r -* ^ = (2m + ly — ?, 
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Jg . / <2n-f 1 \ 

^^ •.' 8m.l — 5 — It — 9 J = sin.^, 

in/ -j^ + 9 j = sin.d-TJ' + ^) = sin.(f* - <p). 



sin 



n ^ 



If -^ = f7» + — , we have 

— g— TT- 9 = (2m + l)7r + (l^r - 9), 

-^^r + <p = (2»» + 1)* 4- (j^ir + ?>), 

(2w-hl \ 

— 5 — ir — ^ J= — sin.(^*— ^)= — sin.(4*+^), 

sin.r -g-* + ?>J = — 8in.(fir + (p). 

Amongst these values there are but three which differ, 
and which therefore correspond to the three roots of the 
equation^ which are in this case all real, and represented 
severally by 

1 

X = = sin. a, 

X =: =sin.(60® + 0). 




From this proposition Legendre dedi 

" Let B be the number of solid angles in a polyedron. 
number of its ^es, a the numbeT of its edges; then, in all cases, 
we shall have b + h = a + 3. 

" Within the polyedron, take a point, from wHicli draw straight 
lines to the vertiiies of all its angles; conceive next, that ^om 
the same point as a centre, a spherical surface is described, meet- 
ing all these straight lines in as many points; join these points 
by area of great circles, so aa to form on the sur&ce of the sphere 
polygons corresponding in position and number ipith the faces 
of the polyedron. Let abode be one of these polygons, n the 
number of its sides; its surface will be * — 2n + 4, i being the 
sum of the angles A, B, G, o, a. If the surface of each polygon 
is estimated in a similar manner, and afterwards the whole are 
added together, we shall find their sum, or the surface of the 
sphere represented by 8, to be equal to the sum of all the angles 
in the polygons, minus twice the number of their sides, plus 4 
taken as many times as there are faces. Now, since all the angles 
which lie round any one point A are equal to four ri^t angles, 
the sum of oU the angles in the polygons must be equal to 4 
taken as many times as there ore aohd angles ; it is therefore 
equal to 4s. Also, thrice the number of sides ab, bc, cd, &c. is 
equal to four times the number of edges, or to 4a ; becanse 
the same edge is always a side in two faces, Hence we have 
8 = 4s— 4a + ^; or dividing all by 4, we have 2 = b — a + h; 
hence s + b = a + 2. 

" Cor. From this it follows, that the mm of all the plane 
anglei, which Jbrm the solid angles of a polyedron, is equal to as 
many times Jbiir right angles as there are units in b — 2, s l/elng 
the number of solid angles in ike polyedron. 

" For, examining a face the number of whose sides is n, the 
sum of the angles io this iace (25. I.) will be 2a — 4 risht 
ani^. But the sum of these 2n's, or twice the number of u^ea 
in all the &ces, will be aa ; and 4 taken as many times as there 
are &ceB will be 4h : hence the sum of the angles in all the faces 
is 4a ^ 4h. Now, by the Theorem just demonstrated, we hare 
A — B = 8 — 2, and consequently 4a — 4h = 4(b — 2). Hence 
the sum of all the plane angles, ^c* 



NOTE. 315 

^' First Let a be the number of triangles, b the number of quadrilateraLi, 
c the number of pentagons, &c.» composing the surfitce of a poiyedron ; the 
total number of faces will be a -^ b -{- c •■{- d '\' &c. ; and the total number of 
their sides will be3a4'4^+3^ + ^4' &^ ^lu> latter number is twice that 
of the edges, since the same edge belongs at once to two faces ; hence we 
shall have 

H =a -)-& -f^^ 4-d + &c 
2a = 3a + 46 4- 6c 4- ft* 4- &C. 
And since, by the theorem in question, s 4* h = a + 2, we obtain 

28 = 4 -f a -f 26 4- 3c + 4d 4 &c. 

The first thing which strikes us in these values is, that the number of faces 
haying an odd number of sides is always even. 

'^ For the sake of brevity, we may put « = 6 4 2c 4- 3<^ 4* &c. ; we shall 
then' have 

A = f H 4 ^-i 

8 = 2 4 ^H 4- i*^ 

Thus in every poiyedron, we have always a > }h, and s > 2 4 ^H, it being 

observed that the sign > does not exclude equality if we should ever have 

'^ The number of all the plane angles in the poiyedron is 2a, that of the solid 
angles is s ; so that the mean number of plane angles which go to the formation 

2a 

of a solid angle is — . 
" 8 

*' This number cannot be less^than 3, because at least three plane angles axe 
required to form a solid angle ; hence we must have 2a > 38, the sign > not 
excluding equality. If in place of a and s^ we substitute their values in terms 
of H and «, we shall have 3h 4* <» > 6 4 jf H 4- i**) or 3h > 12 4- «. Bring 
back the values of h and « into terms of a, 6, c, &c., we shall have 

3a +26 4-0 12+c + g/'4-a^4.&c.; 

from which it appears that a, 6, c cannot all be nothing at once, and that con^ 
sequently there exists no poiyedron all whose faces have each more than five sides. 

'^ Since we have h > 4 4 ^^ by substituting the values of s and a we get 
8 > 4 4- f**) aiid A > 6 4 **• But at the same time, we have « < 3h — 12 ; 
and from it there result 8 < 2h — 4, and a < 3h — 6, where it must be 
recollected that the signs > and < do not exclude equality. These limits are 
observed in all polyedrons generally. 

'^ Second. Suppose 2a > 48, which is true of a multitude of polyedronsy 
and particularly of those which have all their solid angles formed by four planes 
or more ; we shall in this case have h > 8 4* **) or by substituting^ 

a>84c4-2(i43c4&c 

Hence the solid must at least have eight triangular faces ; the limit H > 8 4 *• 
gives 8 ^ 6 4 ^> f>^^ A > 12 4" ^» But we have, at the same Ume, 
« > H — 8 ; and from this there result s > h — 2, and a > 2h — 4. 

^' Third. Suppose 2a > 68, which, among other polyedrons, includes all such 
as have each of their solid angles formed by five planes at least ; there will result 
from it H > 20 4 3a>, or 

a > 20 4 26 4- 6c 4- 8i 4 &c. 

We shall at the same time have 8 > 12 + 2a>, and a > 30 + 6« ; and, 
lastly, from « > ^B — 20), we shall deduce the limits 8 > }(h — 2), and 
A > Kh - 2). 

" We cannot suppose 2a = 6s : because we have 2a -f 2« 4- 12 = 6s 
generally ; hence there is no poiyedron which has all its solid angles formed of 
six planes or more ; and accordingly, the least value which each plane angle 
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tiglei make Siyai 

** JtMriti Lei uB cismine a polyednin whose facea are all triaDgnkr ; we 
duB bne « = o, which wiU gire A = |a, and s :^ 3 + ^H. Suppose lartber, 
diat dw Mild angles of the polfedron are in pan quintuple, in pait KXluple ; let 
f ba tbe DOrnber of the quintuple lolid angles, q of seilDple ; wc &hUl have 
■ =/ -f- f aiid 2a = S/i H~ ^S< which give 69 — Sa = ji : but ve have besides 

" — nd B ;^ 2+4h{ heneep = Cs —3a = 12. Hence if a polytdnm ■ 
1km irianenlar, and ifili tolid anglti are In part quintuple, in pari 
» nuinirr ofquiHlapk loHd angki will afmi^i avumat In t2. The 
niAHipni msv be in any nambu whatever : ihua, leavii^ g undetennineii, we 
Adl l>Tt lU (hose Bolid angles b = 12 + ;, n = 20 -|- 2v^ * = 30 + H^. 
. **W« ahall finish these applications by investigating the number of conditiona 
K data DaeCHary for deieniiimng any polyedion ; an interesting question, which 
dan nol j>«t seem to have been resolved. 

" Soirpoae, GrsI, that the polyedion is of a Jctermiaate kind, in other words. 
Am «e know the number of iti faces, the number of their sides individually, 
._! j.^ (ttrangement with regard to one another. We therefore know the 
I, and likewise o, 6, r, rf, &c. ; we only want farther to discover 
«B aEHUH muiiuer of given quantities, lines or angles, by means af which the 
p al witoB may be eonslmcted and deteimincd. 

^ Let H examine one of the polyedron's faces, wliich we shall regard as its 
bai^ Snppose n 10 be the number of iti sides; there will be 2n — 3 data 
lam iiw d to deteimine this base. The solid angles out oF this base amount in 
wiinltfT Id • — n : the vertex of eacii solid an^^ requites three data for de- 
tmoiqfaw it; hence the position of b — n vertices will Tcquirc He — 3n; to which 
•Mteg MM *n — 3 data of the baae, we shall have in all 3a — n — 3. But this, 
namlMt in general is 100 great ; it must be diminished by the number of con. 
^itkoi tucaasary (or making the vuriiceii Khich correspoad to the same face lie 
dl la ona plaii& We have called the number of sides in the base n ( let us in 
like mODS caU the number of sides in the other faces n', n", &c. Three points 
detomine a plane ; hence vihatevet more timn 3 are found in earh nf th^ nombeis 
«', n", &c., will gi*e juat io many couditiDns lor making the different m t icea 
lie in the planes of the faces to which they belong { and the total number of 
conditions will be equal to the sum (n' — 3) + (n" — 3) + (n"' — 3) + &c .Bat 
the number of terms in thii Bcriea is h — 1 ; and, moreover, n -\- n -\- u" ■^- &c. 
= 2a : hence the sum of the aeriea will be 2a — <■ — 3(h — I). From tliia 
mm take away 3s — <• — 3 ; there will remain Ss — 2a -)• 3ii — 6, a quantity, 
which by reason of b -)- h — a -^ 2, may be reduced to a. Hence tAt luimAer 
of data Tttceitary Jbr determining a polyedron, among all thou of the lame 
ipeciet, if equal to the numier oflu edge: 

" Obserra, however, that the data liere spoken of mast not be taken at 
random among the lines and angles which constitute the elements of the 
polyedron ; for although there were as many equations as unknown quaotitiea, 
it might happen that certain relations between the known quantities might tender 
the problem indeterminate. Thus from the theorem just discovered, it might 
seem that a knowledge of the edges alone would be enough for detomining the 
polyedron ; yet there are cases in which this knowledge of itself is not auffioent. 
If, for example, any prism not triangular were given, an infinite number of other 
priioiB might be formed having edges equ|il and placed in the same manner. 
For, whenever the base has more than three sidea, the angles may be changed 
though the same sides are retained, and thus the base njay have an iizfiniie 
number of different fonns ; also the position of the prism's longitudinal edge 
with regard to the platie of the base may be changed ; finally, these two chai^^es 
may be combined with each oilier t and from every new arrougonent, a new 
prism will result still having its edges or sides unchanged. From all whidi, it 
n clear, itiul in this case the edges alone arc not enough for delei '~" 
the solid. 



tenmning 

lenninatenes^ >nd ^ve abwdutelj onlv one Kila- 
tioa. And fint, the bue abcse will be deter- 
mined by tha amoDg otber moda ; bj knoving 
the dde ab vith ihe adjacent uglea bac, abc 
for the point c; the uiglea bad, a3d fbi the 
pcrint D ; and lo fbi all the mt. Next, let m be 
a ptdnE without the baAc whose portion it k 
required to determine i this point will be deter- 
iniiied, if, umgining the pyramid mabc or ilinply 
the plane aiAB, we know Ihe snglea mab, abu, „ 
■Dd the inclinatiaD of the plane mab to the base " 
ABC. If by meaua of three analogoua data, the -irV 
poiition of eadi vertex lying without the base of T] 
the potyadroD b detenniiied, the polyednm, it is 
eviaent, will ba abaolntafy detetmmed. Mid so 
that two poljedioDa craatiacted with the aame 
data mnat of Deecanty be equal ; <a symmetiically equal, if aautrueted ea W- 
ferent aidca of the jdaiw of the base. 

" It ia not always required to have three data for detennlDii^ eadh *ertex of 
a pdjedron ; for if the point u iQuat be found in a plane aln»dy deteimined, 
whoae intertection with the base is FO, It will be sufficient, after having «««htiiii^ 
FQ at will, if we know the aogles nor, xro ; and thus one datam leas will be 
oiouglL If the point h most be fbund in two planes already determined. Or In 




- I of given angles deleimins a polytdroD ( 
anotner tsae aiaomea at pieasuie and the same angles determined a dmilar 
polyednm. Henee it follow* that ihe nunder of eondttiamt meauary fitr ie^ 
tertniBiti/(l/>etlnMiritj/oftioopoh/edn>iu bebmgiHg tolhe lame tpccki u tgiuU 
to ihe number (fedgti minus mu. 

" The queatiaD we have juit resolved would be much nmplcr, i^ instead of ' 
knowing ttie species of the polyednm, we knew on^ s Ihe numbet of lu saHd 
angles. In that ease, deCennine three vertices at pleasure by means of a triangle 
in which are three data; this triangls will be regarded as Uie base of tha aolia ; 
then the numlm of vertices out of this liaie will be s — 3 ; and since the deter. 
minaCion of each of them require! three data, the total Dumber of daM neecaaaiy 
for determining the polvedrou will evidenUy be 3 + 3(a — 3), or 3a — 6. 

'■ Hence 3a — 7 condiCiDas will be Decessary fin determining Che simUaiity (f 
iwo polygons having the sams niunba a of acdid angles." 
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The most useful formulae in thei 
1.* sin.^ctf -h cos.*» ~ 1. 



_ ^ 8m.tt; 

2.* = tan.tti. 

cos. a; 



^- COS.ai 

O.* -: = COt.W. 

sm.ci; 
4.* tan.tt;cot.a; = 1. 

5.* secctfcos.o; = 1. 

6.* cosec.a; sin.co =1. 
7.* 1 + tan.*a; =r sec.'o;. 

8. 1 + cot*w = cosec.^o;. 

9.* ver.sin.oi = 1 — cos^o;. 

10. cover.sin,a» = 1 — ^n.o;, 

11. suver.8in.w = 1 + oos.c(;. 
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The most useful formulae in thei 



1.* sin.^ctf -h cos.^(ci — 1. 



_ ^ 8m.w 

2.* = tan.(tf. 

COS. a; 



^ -. COS.O; 

O.* -: = COt.w. 

Sm.tt; 

4.* tan.a; cot.o; = 1. 

5.* sec.ctfcos.tt; = 1. 

6.* cosec.o; sin.o; = 1. 

7.* 1 + tan.*cw =r sec.'o;. 

8. 1 + cot'w = cosec^o;. 

9.* ver.sin.tt; = 1 — cos.tt;. 

10. cover.sin.fti = 1 — sin.o;. 

11. suver.sin.tt; = 1 -|- cos.a;. 
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